EXAMPLE 2  Find af /oy as a function if f(x, ¥) = v sin xy.

Solution We treat x as a constant and f as a product of y and sin xy:

af il . d . . o
— — —_— ¥ 2 ¥ — 3 — b ¥ + g J ¥ — "
e p (ysinxy) =y e Sin Xy (s1n xy )dy (v)

0 . :
= (ycos x_\{)g(x_v) + SIN XY = XY COS Xy + SIn Xy.

EXAMPLE 3  Find f, and f, as functions if

2y

J&Y) =¥ cosx

Solution We treat f as a quotient. With y held constant, we get

3 d
(2 ( oy ) (3 + cosX) 7o (2y) — 2y 5r(y + cosx)
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ax \y + cosx (v + cos _1')3
_ (y + cosx)0) — 2y(—sinx)  2ysinx
(v + cos x)? (v + cosx)*

With x held constant, we get

d o
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y=m5\3+cosx (v + cos x)?
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3.6 Implicit differentiation

It works for partial derivatives the way it works for ordinary derivatives, as the next

example illustrates.

EXAMPLE 4  Find az/ax if the equation
y2-lnz=x+y

defines z as a function of the two independent variables x and y and the partial derivative
exists.



Solution We differentiate both sides of the equation with respect to x, holding y constant
and treating z as a differentiable function of x:

a i Inz - iy & ay
ax (Y2 — N =ae +
2 A With v constant,
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3.7 Functions of More Than Two Variables

EXAMPLE 6  Ifx. v, and z are independent variables and
f(x,v,2) = xsin(y + 32),

daf : : a . :

52 =z [¥sin(y +32)] = xzsin(y + 32)

= xcos(y + 32)%()’ + 32) = 3xcos (y + 32).



Other examples of evaluating partial derivatives
(i) z=In(x%-y). Then 92 9 and

- R— ()-v e ‘_‘1 ’
355 -y dy, 27—y
(i) z=xcosy + ye'. Then —=cosy + ye* and —= —xsiny + &~

(iii) z=y sinxy. Then 5:: y(y cosXy) = y2 cosxy and a_yF: = yXCOSXy + SInxy.

(iv) If X2+ yZ2+ z2= | find the rate at which z is changing with respect to y at the
point (% 3:3)-
Solution. We have z= (1 - xZ- y2)1/2. We want g—;~ when

(x,y) = ii)

0z 1/3 B
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3.8 Second-Order Partial Derivatives
When we differentiate a function f(X, y) twice, we produce its second-order
derivatives. These derivatives are usually denoted by

= f i f
ax? r'r)‘ or fyys
H'f ri"f

oy or fy. and v or fiy.

The defining equations are

9 ") -
d"‘f ” df c'!"f B i u‘f
o ar\ax axay  ax\av )
and so on. Notice the order in which the mixed partial derivatives are taken:
r'r3f
lr'_'l‘r":\'

Differentiate first with respect to v, then with respect to x.

T = (fd Means the same thing.



Example
If fix,y) = xcosy + ye', find the second-order derivatives

a2 f a2 f a2 f af
— — and

adt ady’

Solution The first step is to calculate both first partial derivatives.

af @ d o
— =—(xcosy + ye') —f —(xcosy + ye¥)
ox olx * ~ dy dy . .

I
I

= cosy + ye" = —xsiny + e'

Now we find both partial derivatives of each first partial:

Pf o (of P a(of . ,
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ff_\'ri.l' ay \ dx Y v E axdy dx \ oy o UL
7 _a(f)_ . f _ o (of

— — 3=t 3] = Y =+—|=—) =—xcosy.
ax2 ox \ dx ) ':WB ay \ dy X COS ¥

Example
Let z=4xZ - 8xy*+ 7y5 - 3. Find all the first and second order partial derivatives of
z.the first and second order partial derivatives of the function z= sinxy.

0z

5 — YeosTy

% . I COS 1Y

By = 201

a2

% = —y’sinzy

(922 2 .

E = % sinzy

g2 g (& a(rcm;t) x(—ysinay) + cosxy Ty sin xy + cos x

= — | 5| = s=(zcoszy) = z(—ysinz 0S TY = —TYSinx 5

dxdy dz \ dy Oz / v Y H Y Y
o 9[22 2[ cosxy) = y(—rsinzy) + cosry = —rysinzy + cos ry
dydz oy \ox) oy T TV - =it #



