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CHAPTER ONE: The Real Numbers R

The subsets of:
1. Natural Numbers (denoted by N ) such that:
N ={1,234,..}
2. Intager Numbers (denote by I or Z ) such that:
lorZ ={..,—4,-3,-2,-1,0,1,2,3,4, ...}
3. Rational Numbers (denoted by Q) : it is all numbers of the form E, such that p and g are
integersand g # O :

Q={XER:x=§,wherep,qEZandqio}
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Example: -,=,0,—, ...
2°3 10

Note (1): The rational Numbers can be written as decimal form

<1—03331—025 )
3— . ,4— . ) nen .

4. Irrational Numbers (denoted by Q'): A number which is not rational is said to be
irrational.

Example: {v2,v/3,V5,V7,m = 3.14, ...}
Note (2):dcNcZc Qc Rand QUQ' =R

Properties of Real Numbers with Addition: (R, +)
Let a,b,c € R, then:

1. a+ b e R (Closure)
a+b=>b+a (Commutative)
a+ (b+c)=(a+b)+c (Associative)

a+0=0+a=a (ldentity Element)

a ~ w

3(—a) € Rsuchthata + (—a) = (—a) + a = 0 (Additive Inverse)




Properties of Real Numbers with Multiplication: (R,.)
Leta,b,c € R, then:

1. a.b € R (Closure)

2. a.b = b.a (Commutative)

3. a.(b.c) = (a.b).c (Associative)

4. 1.a = a.1 = a (Multiplicative ldentity)

5 a.(b+c) =a.b+ a.c (Distributive)
(b+c)-a=b-a+c-a

6. da ' €Rsuchthat a-al=a-

Qlr

= 1 (Multiplication Inverse)

Intervals:-

1. Finite intervals:- Let a,b € R such that a < b then:

(@) Open Interval: {x € R:a < x < b} = (a,b) X
«—F >
(Note: a & (a,b) and b & (a,b)) a b
(b) Closed Interval: {x € R:a < x < b} = [a, b] X
g — >
(Note: € [a,b] and b € [a, b]) a b

(c) The Half Open Interval: {x € R:a < x < b} = (a,b] (Note: b € (a,b] and a & (a, b])

OR: - ——y
The Half Open Interval: {x € R:a < x < b} = [a, b) ) . ’
(Note: & [a,b) and a € [a, b)) — T‘E -
2. Infinite intervals: Let each of a, b € R such
@{x€R;a<x<o (orx>a)}= (a ) + —-:;? = .
b)) {x€ER;a<x <o (orx=a)}=[a ) - - = .
C){x€R; —w<x<a(orx<a)}=(—x,a) e,
d{x€eER; —,o<x<a(orx<a)}=(—x,a] x
e){xER; —0 <x <o}= (—00,00) =R 2

3 « L,




Inequalities:-

Leta,b € R, b isgreater than aand denotedby b > aif b —a > 0.

Solving Inequalities:-

Solving the inequalities means obtaining all values of x for which the inequality is true.

Properties of Inequalities:-
Leta, b, c € R, then:

1. Ifa<b,thena+c<b+c
2. fa<bandc > 0,thena.c < b.c

3. Ifa<bandc < 0,thena.c > b.c
4. Ifa,b € Rora,b € R , a<b,then%>%

Note: In general, we have linear and non-linear inequalities.

Linear Inequalities Examples:-
Example (1): Solve the following inequality: 3(x +2) < 57?
Solution:

3(x+2)<5—>3x+6<5—>3x+6—6<5—6—>3x<—1—>x<_?1

Hence, the solution set § = {x ER:x < _?1} = (—oo, _?1)

-+

Jw
w| L

Example (2): Solve the following inequality: 7 < 2x +3 < 117?
Solution:

7<2x+3<11—>7—-3<2x4+3—-3<11-3—>04<2x<8—> 2<x<4

X

Hence, the solution set S = {x € R: 2 < x < 4} = (2,4). ‘—ﬁ__’

Non-Linear Inequalities Examples:-
Example (1): Solve the following inequality: x? < 25 ?
Solution:

x?2<25 > x?—-25<25-25 > (x=5)(x+5)<0
Since the result is negative, then there are two possibilities: +.—<0or—+<0
Either:




B

(x+5)>0and (x —5)<0—x>-5andx <5 _=
So, the solution set is S; = (—5,5) -3
Or:

(x+5) <0and(x—5)>0— x<—-5and x>5
So, the solution setis S, = @

Therefore, the solution set for the inequality is:

Llnj
mr}]

X
-5 5
Example (2): Solve the following inequality: x% —5x > 6 ?

Solution:
x2—=5x>6 5> x>-5x—6>6—-6 > (x—6)(x+1)>0

Since the result is Positive, then there are two possibilities: +.+>00r——>0

Either:

(x—6)>0and (x+1)>0—x>6andx > —1 " .
So, the solution set: §; = {x € R:x > 6} = (6,) 6

Or:

(x—6)<0and(x+1)<0— x<6b6and x < -1 X

So, the solution set: S, ={x E R: x < =1} = (—00,—1) * O‘_l -
Therefore, the solution set for the inequality is: i
$=5,U8; = (6,0)U(~e0,~1) =R\ [16]  +==o—o==

Absolute Value:-
The absolute value of a real number x is denoted by |x| and defined as follows:

X ifx>0
|x] =+Vx%2=<X0 ifx=0
—x 1fx<0

Examples: |-8| = 8, |‘?2|=§ 9] =9, |0] = 0, etc.

Properties of Absolute Value:-

1 |—al=]lq|
proof: | — a| = /(—a)? = Va? = |q]

2. llall=|a|
proof: || a|| = /|a|? = VaZ = ||




3. |a.b| = |a| - |b|
proof: |a - b| = /(a - b)? =Va? - b2 =Va? - Vb% = |a| -

al _ |a|

ol = o] ;b #0

ot = ) = 5= 5=

5. |a+b| <|al+|b|

4.

Solving Absolute VValue Inequalities:-
The absolute value of x can be written as follows:

.
R

—x 1fx<O0

The above definition means the absolute value of any real number is a real non-negative
number.

Geometrically, the absolute value of unmber x is the distance point between " x " and the origin
point " 0 ". In general, |a — b| is the distance between a and b on the real number line" R ".

Remarks:
1. To solve the inequality |x| < a where a, x € R.

Case (1): Ifx =2 0= |x| = x, but|x| <a=x<a = S =(—x,a)
Case (2):Ifx<0=|x|]=—x, but|x|<a=-x<a=x>-a=35,=(—a,»)
Since, S =5,NnS,

= {xeR|x|<a}={xeR—-a<x<a}=(—ana)
Similarly,
= {xeR|x|<a}={xeR—-—a<x<a}=[—a,qa]

2. To solve the inequality |x| > a where a, x € R.
Case (1): Ifx=>0=|x|=x, but|x|>a=>x>a= 35 =(a, )
Case 2): Ifx < 0= |x|=—x, but|x|>a=>—-x>a=>x<—-a=3S5, = (-, —a)
Since, S =5, US,

= {xeR|x|>al={x€eRix>ao0rx<—a}=(aoo)U (-0, —a)=R\[—a,dq]




Similarly,
= {xeR|x|=a}l={x€ERx=>aorx <—a}=[ao®o)VU (- —a] =R\ (—a,a)

Examples: Find the solution set for the following inequalities?

e |x|>3 S e,
Solution: -3 3

{xeR|x|>3}={x€eRx>30orx<—3}=(3,0)U (—00,—-3) =R\ [-3,3]

e |x| <4 L B ) —T >
Solution: -4 4

{xeR|x|<4}={xeR -4 <x <4} =[-44]

e |x—4|<5 -« (Cmmm—) >
Solution: -1 0

{xeR:|x—4|<5}={xeR:-5<x—-—4<5} ={xreR-1<x<9}=(-19)

o |7—-4x|=>1 < @ W
Solution: 5

B3| o

(xeR:|7—4x|>1}={xeR:7—4x>1o0r7 —4x < —1}

={x€Ri—4x > —60r —4x < —8}

3
={x€]R:xS§orx22}
(-] vtz
= —Q00, — (00]

’2 [’ )
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Problems 1.1:

1. Write the following sets equivalent interval, and test of these intervals whether they are

Open, Close or Half Open Intervals:

(@ {x:—20 < x < -—12} (€) {x:—1 < x <10}
(b) {x: =3 < x < 4} d) {x: -2 < x < 0}
2. Give a description of the following intervals as sets:
(@) (3,5) (c) [2,7] (e) (=44)
(b) (=3,0) (d) [-5-1) (f) (=0,7]
3. Find the solution set of the following inequalities:
@x(x—3)>4 (hybx —4>7x+2
(D)2 <—;x#0 (i) x% < 16
(c) x? = 25 () 3x%2>2x+5
(d)yx?—2x—24<0 (K)x?>5x+6
(€) =7 < —3x+5 < 14 (=<5
X 1 2
(f) T3 <4 (m) Y > w13
x2+2x-35 x-2 _1
(9)———>0 M= <3

4. Find the solution set of the following inequalities:

(a) Jx| = 5 ()28 <1

(b) x| <2 (h) =2 <1
(©) |3x + 3| = 2 i) x—1]>6
@12 <2 ()12 =2x| <7
(&) 2= = 4 (K ;=] <3

(f) |x+ 1] < |3x + 4]




