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CHAPTER THREE: Limits and Continuity

Definition: If the values of f(x) approaches the value L as x approaches c, we say
that f has limit equal to L as x approaches c, and we write it as:

limf(x) =L

X—C

Example: Let f(x) = x2 + 3, find the limit of f(x) as x approaches 2 .

x -2t b 3 |25 | 23 | 21 | 201 | 2.001 | 2.0001

(fromtheright) | f(x) [ 12 | 9.25 | 8.25 | 7.44 | 7.040 | 7.004 | 7.0007 | =7

X - 2” X 1112 | 14 | 15 1.9 1.99 | 1.999

f(x)| 4 | 444 1496|595 | 598 | 698 | 6999 | =7

From the table, we notice that:
e When x approaches 2 from the right, f(x) approaches 7
(i.e., xlir%f(x) =7).
e \When x approaches 2 from the left, f(x) approaches 7
(i.e., xligl_f(x) =7).

Properties of Limits: Let limf;(x) = L; and limf,(x) = L,
X—C X—C

where ¢, K, L, L, € R, then:

1. imx=c
X—C

2. }Cl_r)r}:[fl(x) + ()] = }Ci_r)réfl(x) + fcil)”’clfz(x) = Ly + L,
3. }Cl_r)r}:[fl(x) * ()] = }Ci_rgﬁ(x) * fcil)"'clfz (x) =Ly x L

4. m[K + f,(0)| = K limfy (x) = K * Ly
X—C X—C
. filz _imfi(@ Ly

M = umpe 1 Where Lz # 0
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6. lim[f, (1" = [tim £, ()] =

X—C

7. lim Y fi(x)=" llmfl(x) ="/Ly

X—C

Examples: Evaluate the following limits:

. V4+n-2 V4+5-2 1
1. lim = ==
n->5 n 5 5

X242x+4 2242244 12

xo2  x+2 242 4
3 lim x%-25 _ (x+5)(x-5) _ li x+5 545 10
" x5 3(x=5) xo5 3(x-5) x—>5 3 3
4 lim (2+h)?—4 — lim 4+4h+h?-4 — lim h(4+h)
" h>0 h h—0 h h—0
—glmé(4+h) =4+0=0
. Va+n-2 . VA+n-2 Jatn+2
5. lim = lim .
n-o0 n n-o0 n Vva+n+2

I 4+n—-4 I n
= lim = lim
n-0 n(\/4+n+2) n->0n(v4+n+2)
1 1

= lim

1
n—>0(\/4+n+2) TVA+0+2 2+2 4

Right and L eft Hand-Side Limits:
Sometimes the value of a function f(x) lend to different limits as x approaches c
from different sides.

Theorem: Suppose that f(x) is defined on an open interval that containing c. Then
limf (x) is defined if and only if llm L f (x) and lzm L f(x) are both defined and

galjal
e,
limf(x) =L & llm L f(x) = llm L f(x) =L

X—C




Note: If lim f(x) # lim f(x) = limf(x) "Does Not Exist"
x—ct x—c~ xX—C

Example 1: Evaluate the following, where f(x) is defined as shown below:

v
6

4% e

. f(6)=2
.« f(1)=4
o lmf(r)=5, limf(x)=5 = lmf(x)=5

o limf(x)=4 , lir{grf(x) =-2= lin}f(x) "Does Note Exists"
xX— xX—

x—-1"

2—4 ifx<
Example 2: Let f(x) = {x 1 x=3
5 ifx >3

Find lim f(x), lim f(x), and limf (x)
x—-37 x—-3~ x—3

Solution:-
tlm e = lims =
e limf(x)=1limx?—4=32-4=9—-4=5
x—3~ x—3"
o lirr?w;f(x) =7
X—
wlimf(x) = limf(x) =5=limf(x) =5
x—-3% x—-3~ x—3




vx+4—-1 1ifx<0

Example 3: Lef g(x) = { —2 ifx=20
= if x >0
x+3
Find lim g(x), lim g(x), and limg(x)
x—-0% x—0" x—0
Solution:-
; — Iim X =0 _
+ limo() = lim 25 == 0
o lirgt_g(x)= lirggr\/x+4—1=\/0+4—1=2—1= 1
X— X—

e limg(x)=1+0-= li%’t_g(x) = lirr&g(x) “ Does Not Exists”
X— X—

x—-0t

Example 4: Evaluate lirr(l)lxl ?
X—

Solution :
: X if x=0
3161_r>r(1)|x|—{ x ifx<0

+ lim el = fim () =0
+ Jiplel = Jig (=) =0

e v lim|x|=Ilim|x|=0 = lim|x| =0
x—0% x—0~ x—0




Infinite (Foo ) limits: Let £ (x) be defined as follows, then:

’ w

(a) (h) (¢)

X—C

In (b):xlircrgrf(x) = +o0 and xlircn_f(x) =40 = ii_r)rgf(x) = 4o
In (c): xlircrgrf(x) = —oo and xlircn_f(x) =—00 = limf(x)=—oo

In (a): xlircrg_f(x) = —oo and xli?gl_f(x) =+ = limf(x) "Does Not Exist"

xX—cC
Remark:
0 (+) value N (—) value
_— ) _— m , _— = -
(+) value 0 0
. 1
Example 1: Evaluate lim = ?
x—0 X
Solution:-
1
o [im == = 400
x—0% X "a positive value that is very close to zero"
. 1 1
e lim == — : = 400
x—0— X2 a positive value that is very close to zero
1 1 .
v lim —= lim — =40 = lim — = 4
x—0t x2  x-0~ x?2 x—0~ x?2
. 1
Example 2: Evaluate lim — ?
x—=2 X—2
Solution:-
1 1
o lim = — : = 40
x—=2+t x—2 "a positive value that is very close to zero"
. 1 1
e [im = - - = —00
x—2~ X—2 "a negative value that is very close to zero"
. 1 . 1 .1 "
“ lim — # lim — = lim — DOES NOT EXIST
x-2t x=2  x-27 x-2 x—>2 X—2
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Example 3: Evaluate lim —’?

x—--1
Solution:-
. X negative value
o [i = = —00
x—>—1F 14X "a positive value that is very close to zero "
. X negativevalue
o [im = - - — = 400
x——1" 1+x "a negative Value that is very close to Zero

lim — # lim : = lim,_,_ 17 "DOES NOT EXIST"

x—-—11T 1+x x—>—-1"

Evaluating Limits at Infinite (+o):

Remark (1): %0 =0

Example: lim I=l=0= lim

x—oo X o X——0o

Remark (2): To find the limit of a rational function as x — oo (when the

limit exists), we divided the numerator and denominator by the highest

power of x in the denominator.

Examples:
X2 +2x+1
. xX24+2x+1 : %2
° lim ———=1 5
x—00 5x2+2 x—oo 5X7+2
22
x2 2x 1 2 1
. 2t It
lim ¥ = lim ==
x—oo 5X%, 2 X—00 4+
x2  x2
. 14+0+0 1
= lim ==
x—o0o 540 5




X 2
, xX—2 ; "7
o [im S, oo — lim —éc x
x—00 2X“=7x+5  x—o00 2XZ_7X, 5
x2 x2 x2

1_2 0
: X x: . B
"2 7.5 aS2-0+0
1 x x2
54,2
li x®+x242 li ad +;; +2
* x1—>oo x3+ _xl_mo x3+1
3
1 2
2
X ARt 4040
= lim = lim = +
X 1 “xom 140
1+—=
X
—4x3+7x
li —4x3+7x lim — 2
* xl—>nolo 2x2-3x-10 xl_,@, 2x2-3x-10
2
7
= lim — —
xs0, 3100 2-0-0
X x?

Problems (3.1):
1. Evaluate the following limits:

2

. X ) 1
(a) }Cl_rg x3-9 (g) xllglJr 3
(b) lim Y2224 (h) lim 10x5+x*+31
x—>—3 xX+3 hieibe 6 —
i 1 . . -X 5x+2
©) }Cl_rg x%-16 1) ;l_rf;lo (7x+4 T 2x3—1)
] 1 . ) x2%-2
(@ i 5 () tim_ ==

: 1
(e) lim,, o+ -




9—x—x3
3+2x+x2

() lim

X—>— 00

=
N

=

2. Let f(x) = {xl‘
Find:
(a) £(0)

(b) Lim f(x)

X—+ 00

(©) lim f(x)

X——00

—Xx
3.Letg(x) =

N[R OV W

Find:
(@) 9(2)
(b) g(3)

(e) lim g(x)

X—2~

. 2x+3
(k) lim <
ifx <0
ifx>0
(@) lim f(x)
(e) lim f(x)
x—0~
(f) Does the Limit existsat x = 0 ?
ifx <2
ifx =2
ifx > 2
(€) g(=1)

(d) lim g(x)

x—-27t

(f) Does the Limit exists at x =2?




Continuity (Continuous Function)

We say f is a continuous function at the point x, if there is no interrupt at x,, and f
IS a contimous function at the interval x, if there is no any interrupt in this interval.

Definition: f is a continuous function at x, <

1. f(x) exists

2. lim f(x) exists (i.e., xl_é}ranrf(x) = xl_éxm_f(x) =1L)

3. Jim f(x) = £ (xo).

Definitions:

o If lim f(x) = f(xo),then f(x) is continuous from the right at x,
X—=Xo

o If lim f(x) = f(xq), then f(x) is continuous from the left at x,
X=X

e f(x)iscontinuous at x, & f(x) is continuous from the right and the left.

Example 1: Let f(x) be defined as shown below. Check if f(x) is continuous at x,,
where

x, = 10,6, -2, —8.

:
INT YV TV 1T

©
|
| L L

e f(10)=0

10




e lim f(x)=0

x—10%

lim_f(x) =0

: h% f(x)= llIlrcl)_ f(x)=0= hm f (x) = 0 "Exists"
x— -

o = xli_)nllof(x) = f(10) = f(x) is continuous at 10

Note f(x) is contimous from the right and from the left at x, = 10
« f(6)=5
e lim, .+f(x)=5
lim f(x) =2

X—6~

v lim f(x) #= lim f(x) = lim f(x) "Does Not Exists"
x—6% X—6~ xX—6

w lim,_¢ f(x) "Does Not Exists" = f(x) is discontinuous at 6

Note f(x) is continuous from the right at x, = 6

o f(-2)=3
o x11£n2 f(x) =+
i f60 =3

lim f(x) # lim f(x) = lim f(x) "Does Not Exists"
x——2% xX—>—2" x—>=2
e = lim f(x) "Does Not Exists" = f(x) is discontinuous at -2

X—>—

Note f(x) is continuous from the left at x, = —2

¢ f(-8)=-3
e lim f(x)=—

x—>-8%
hm f(x)=-—

—-—-8~
11




lim f(x)= lim f(x)=—-6= lim f(x) =—6 "EXists"
+ x——8~ x——8

x——8

Note f(x) is Not continuous neither from the right nor from the left at x, = —8

x+1 ifx=>0

1 ifx <0
Is f(x) continuous at x, = 0 ?
Solution:

Example 2: Let f(x) = {

o fF(O)=0+1=1

) Ji%f(x)=fi%(x+1)=0+1=1

lim f(x) = lim (1) =1

x—-0~" x—0~
v lim f(x) = lim f(x) =1 = limf(x) = 1 "Exists"
x-0% x—0~ x—0

o limy,of(x) = f(0) = f(x) is continuous at 0

iy # 2
Example 3: Let f(x) = { x-2
3 ifx =2

Is f(x) continuous at x, = 2 ?

Solution:
e f(2)=3
2_ -
o limf(x)= lim 222 = lim E2%*D _ iy (x+2) =4
x-2% x—2% x=2 x—-2% xX—=2 x-2%
: e x%—4 o (x=2)(x+2) . _
o) = Jim S = Jip I i G ) = 4

v lim f(x) = ,}Lr?- fx) =4= }Cl_rg f(x) = 4 "Exists"

x—2t

plci—@f(x) #+ f(2) = f(x) is discontinuous at 2

12




x3-1 .
fx+1 : : :
Example 4: Let f(x) = { x-1 nx be a continuous function at x, = 1, Find

K ifx=1
the value of K ?

Solution:
v f(x) is continuous functionatx, = 1 = f(1) = lirrlzf(x)
X—

+ lim fQo) = lim f(x) = lim f(x)

x3—1 (x—Dx*+x+1)

. _ . _ . _ . 2 _

Jim £ = Jim S = fim S = i (e D) =3
x3—1 (x—1Dx%?+x+1)

. _ . _ . _ . 2 _

Jim 00 = Jim S = Jim = Jim G x4 1) =3

Hence, lirr%f(x) =3=f(1)=k=K=3
X—

x% -2 ifx <2

Cx+3 ifx>2
be a continuous function at x, = 2, Find the value of C ?

Example 5: Let f(x) = {

Solution:
+ f(x) is continuous function at x, = 2 = lin%f(x) exists
X—

» lim f() = lim £(x) = lim £ (x)

x—-2%

lim f(x) = limx?—-2=22-2=2

xX—-27 xX—27

xlirzrgf(x)=xlirzrng+3=ZC+3

vlimfx)=limf(x) >2=20+3=2C=-1=
X2~ x—-2t

c ==
2

13




Problems (3.2):

1. Let f(x) be defined as shown below. Check if f(x) is continuous at x,, where
xo = —4,—1,2,4. If itis not continuous, is it right (or left) continuous at x, ?
why?

T T T 1

x343x

2. Let f(x) ={ . fx#0

0 ifx=0

, 1S f(x) continuous function at x, = 0 ? If f(x) is discontimuous, redefine
f(x) to be continuous at x, = 0 ?

ax + 3 ifx>1

3. Let f(x) =
) {3x2+1 ifx<1

, be a continuous function at x, = 1, find the value of a ?

2x+M ifx<-1

4. Let f(x) =
f ) {x2+N ifx>-—1

, be a continuous function at x, = —1 and f(2) = 7, find the values of M and N?
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