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CHAPTER 6:
Logarithm and Exponential Fun.

The Natural Logarithm Function:
We denote it by "In"

y=In(x);x>0 :

ln 1 = 0 -~ - i
e

In: (0,0) - R —

In2 = 0.69 +
In10 = 2.3 s

Properties of In:

Let x > 0 and y > 0, then:

1 In(x.y)=Inx+Iny
X
2 ln(;) =Ilnx—Iny

3 In(x%) =alnx

Examples: Evaluate the following if you know that (In2 = 0.69) :

1 In16 =1In2* =4In2 = 4.(0.69) = 2.76
2 In8=1n2%=3.In2 =3.(0.69) = 2.07

3 In-=In1-1In2=0-(0.69) = —0.69

1
4 InVZ=In22=>-In2==-(0.69) = 0.345

The Derivative of In




Examples: Find y’ for the following functions:

1y =In(x?+ 2x)
;__ 2x+2
T x2+2x

=

2 y =In(sinx * x?)
1
=y = ——— . [si 2x + x?
Y = [sinx * 2x + x“cos x]
3 y =In(tanx + secx)

sec?x 4+ secx -tanx

ﬁy’ =
tan x + secx

4 y=(nx)*
1
= y' = 3(Inx)? =

5 v = (Intanx)® - cos x?

= y' = (Intanx)® - (—=sinx? - 2x) + cosx? - 5(In tan x)* - sec®x

tan x
6 y =In(cosx)

., —sin )
- = = —
Y = Cosx anx
7 vy = In(Inx)
1
/ X
=y ==
Y T Inx
-1
8 y=lnx—%1n(1+xz)—taln ad
1 1 2x X+-———tan lx
=>y1=____ _ 1+x2
x 2 14+x? x?
9 y = x[sin(Inx) + cos(Inx)]

1 1
=y =x [Cos(ln X) T sin(In x) ;] + [sin(Inx) + cos(Inx)] - 1
10y =xsec 'x —In(x +Vx2 —1);x > 1

1
1 1+%(x2—1)_5-2x
+seclx-1—

x-—
|x|Vx? —1 x+Vx2—1

=y =




The Limit of In

limlnx = +o
X— 00 P
lim Inx = — -
x—-0+ 1 B
27 4
kil
7 te

Examples: Proof the following:

1 lim,_;(x —Inx) 1
Proof: lim,_;(x —Inx) =1—-In1=1-0=1
2. lim,,_,; cos(In x) z 1
Proof: lim,_,; cos(Inx) = cos(In1) = cos(0) = 1
3. lim,; Inx**V 20
Proof: lim,_,; Inx**Y = lim,_,; (x + 1)Inx
=}Ci_r>1}(x+1)}ci_rglnx =(1+1)-In1=2-0=0
4 lim,_,o ln(xTH) =

1
=y In(x+1) L'R .. L 1 1 1 1 _
Proof: lim,._,, —— = limy S =limyy —=-—=-=1

5. lim,,_,,In(2 — x)2°5% = @

Proof: lim,_,;In(2 — x)?°°S* = lim,_,; [2cos x - In(2 — x)]
= ZLi_r)r}cos X - Li_r)r%ln(Z —X)
=2-cos(1)In(2—1)=2-cos(1)-0=0

Problems (6.1): Find y’ of the following functions:

1 y= ln(x\/m)

2 y=—5In(3xVx +2)

3 y=tlnt— cost?

— 3 _x
4 y=x"lnx —




N P
5 Y=y
sinw
6 y=-3In—
_1 secx
7y =y

8 y=In(t?+4) - ttan‘lg
9 y=2z(nz)*
10y = csc3xInx3 +tan tlnx

The Exponential Function:

a -

y=e*x

We denote it by " e* or "exp(x) "

w &= o
T

N

y =¢e* 5 -4 -3 -2 41

e*:R — (0, ) l

e* =In"1(x) i

ed =1, e? =729 aly=Inx
St

Properties of e*:

1 e’=1

o ex1 . exz — ex1+x2
ﬁ = eX17%2
ex2

(e =e™,VreR

o a0 b~ W

_ 1
e =—

ex
el"* = x = Ine*




Examples: Simplify the following:

1 ln(e‘xz) = —x?

2 In (ei) =%

1
- 1

elnX
x

3

4 ezlnx — elnxz = x2
5 exp(lnx —2Iny) = exp(Inx — Iny?) = exp (ln)%) ==
6

y2
eXxtnx — ox  olnx — ox o — 5. X
The Derivative of e*
d du
N eu ] u., ___
dx dx
Examples: Find y' for the following functions:
1 y= etan™'x
_ 1
— v/ = ptan"'x .
Y 14 x2

2 y =-exp(3) - exp(sin 360)
=y’ = exp(3) - exp(sin36) - cos 36 - 3

3
=y’ =e* - 3x?

1 (1+e¥)e* —e*e*
e” (1+ ex)?

5 y=5(e —e™)
1. .
=y’ = E(esmx -cosx — e~ - (=2))

6 y=sec 1(e?¥)

!

1
=7y = .e?* .2
|62x| /(er)Z — 1
7 y = esian
=y’ = eS"2¥ . cos2x.2




8 y= e (Inx)*
1
- y, = e(lnx)3 . 3(1nx)2 . ;

9 y= ecos(xz)
= y' = 5@ . _gin(x?) - 2x
2
10y = e(Sx—e )

=y = e(3x—e_x2) . (3 —e". (—ZX))

Problems (6.2): Find y’ of the following functions:

2
1 y=x2e>*

2 y =exp(m) - x + exp(cosmx)

. eZ_e VA
3 Y= eZ+e2
4 y= esin‘lx x
5 y = (9t? — 6t + 2)exp(3t)
6 y = exp(tant) - Int®
7 y=w’-e W
8 y= e(%ﬂanxz)
9 y = exp(tan~1(t?))

10y = ln(e—sine _ 6_93+5)




The General Logarithm Function:
We denote it by ‘log, x

Inx
y=10gax=m;x>0,a>0,a¢ 1

log, x: (0,00) — R

ol l0g,x)_— s '-09,,(*)

Properties of log,, x:

1 log,(x.y) =log,x +log,y

2 log, (g) =log,x —log, y

3 log,x” = ylog, x

4 log,a=1

5 log;,1=01In1=0
Examples: Simplify the following:

Ini6 In2% 4In2

1 logz 16 = In 2 - In2 - In2 =4
2
o 10g1 49 — In49 _ In7 _ 2ln7 — 7
1n— —1n7 —-In7
3 10g10 10 = 1

4 10g10 100 = loglo 102 = 210g10 10 = 2.1 = 2
5 10g10 1000 10g10 10 = _310g10 10 —_ _3 1 —_ 3

The Derivative of log, x

d 1 1 du

—1 — . —.— ,wh
dx og,u “Tna u dx ,whereu >0,a >0,a#0




Examples:

Find y' for the following functions:

1

2

1 1
(x2+3x) In2

y =log,(x*+3x) =y’ = - (2x + 3)
y = logs x° - cos x?
=y’ =logz x° - (—sinx? - 2x) + cosx? - —-— - 5x

y = log,(tan x + sin x)
1 1
(tanx +sinx) In7

=y = - (sec? x + cos x)

y =Inx-logox =>y’=1nx-§-ni-1+log10x-§

- X .
= log, sin"! x + —, where a is a constant.
y 8a ox

) 1 1 1 e* 1—x-e*-1
=y = +

sin"1x - Ina /1 — 2 e2x

Problems (6.3): Find y’ of the following functions:

1

2

9

y = xlogs x — cos x?

y = e *log,(1 — t) + log,(3t?), where a is a constant.
y = log,(cos 3w) secvVw

y = log,, (tan(3mt))

y = 3/1 + log;(z5)

y = log,(cos™ ) + sin 6.log; t?, where n is a constant.

y = (loge(52))°

y = sin(log, 6) + sec 62

y = log,(we"") + sin~! w, where b is a constant.

10 y = cot(log, t?) t%




The General Exponential Function:

We denoteitby "a*"

y=a*=e""%q>0
a*:R — (0, )

Properties of a™:

1 a!'=a,wherea >0
2 %=1

3 a*-a’=a

m\n
(@) =ar
5 (a.b)* =a“.b*, wherea>0and b >0

The Derivative of a*

au — eulna

d_x) % at = %(eulna)

d . u du
— —a"=a"-Ina-—
dx dx

Examples: Find y’ for the following functions:

1 y = 2% ¥secx —y yf = PX*¥SeCX |y 2. (2x + sec x tan x)

1
V1—x2

3 y=x"-1* =2y =x"-7*-Inw-1+n*-w-x"1.1

2 y= 4sin™tx =7y = 4sin™tx 1n 4.




Example: Find the value of x, where 3* = 2**1

Solution; 3% = 2**1

= In 3% = [n2**1

= xIn3=(x+1)In2
= xIn3=xn2+1In2
= x In3—-xin2=1In2

= x(In3—-In2)=1In2

3 In2
=X (ln—)zlnz — X =—3
2 lnE

Problems (6.4): Find y’ of the following functions:
1 y= gx?+x—1

2 y= GSinw+inw+3

3 y=2secVt
4 y = esx3tanx
2
5 y=1In e 3+72
6 y=2"cost?
7 y= TCosx pVX _ p—4x®

8 y=In(1+ er)5x
9 y=—4lnw + = 2sin¥w)

10y = gcos n@ln\/g + 3sec(59)




The Relation between a* and log, x

log,y=x=y=a%a>0&a+0

>
8 10 \10 8 -6 4‘.-?/2 4 8 8 10
7
7 -4
-5 // 6
A, 1
s (x) = log,x Z/ s (x) =log,,x
\?10
O<a<l1

Logarithmic Differentiation
If in a function where the base and the exponent are variables, we should change the
form before we take the derivative.

Examples: Find y' for the following;:

2
1. y=x"

l
N Iny = In x*°

— Iny = x?Inx

d
ax y' 1
jl:xz —+Inx.2x
y X
1
—>y’=y*(x2;+lnx.2x>

N

xx

1
>y =x" s (x2;+lnx.2x>

<
1l




2, y= (xz + 1)1nx

3 y = (sinx)@n¥

!
5 Iny = In(x? + 1)!"*

— Iny =InxIn(x? + 1)
d

ax y' X 1
—>;=lnx-x2+1+ln(x2+1)-;

— vy = (1 1 ( 2 1) —>
* . .
y y nx 2 + In(x“ +

—y = (x?+1)nx (lnx :

S fIn(x? + 1) 1)
n * —
x%2+1 x b

!
5 Iny = In(sin x)%@n*

— Iny = tanx - In(sin x)
d
ax y' cosx
- —=tanx - —

y sinx

+ In(sinx) - sec? x

. (t cosx+1 (sinx) 5 )
N =v=*(tanx n(sinx) - sec“ x
y y sin x

CoS X

— y' = (sinx)@n¥ « (tanx Snx + In(sin x) - sec? x)

sinx cosx

— y’ = (sin x)tanx * ( + ln(sin X) - sec? X)

cosx Sinx
— y' = (sinx)®"* % (1 + sec? x - In(sin x))

5 [(x+2)3(x+1)?
4V = \/(x—4)2(x+3)

1

((x+2)3(x+1)%\5
—Y= ((x—4)2(x+3))
In _1 (x+2)3(x+1)2
—>Iny = 5 In ( (x—4)2(x+3))

— Iny =2 In((x + 2)*(x + 1)?) — In((x — 9% (x + 3))




— Iny = % * (In(x + 2)3 + In(x + 1)2) — (In(x — 4)? + In(x + 3))

1
—Iny = o BIn(x + 2) + 2In(x + 1) — 2In(x — 4) — In(x + 3))

d
ax y' 1( 3 2 2 1 )
> =_ + - —
y S5\u+2 x+1 x—4 x+3
, 1( 3 N 2 2 1 )
e d = X — —_ —
Y 5x+2 x+1 x—4 x+3

s|(x + 2)3(x + 1)? 1( 3 N 2 2 1 )
el = k — — —
Y (x—4)?(x+3) 5\x+2 x+1 x—4 x+3

Problems (6.5):
1 Find y’ for the following;:

(a)y = x*

(b) y = eV#™+¢
)y = xV5+Inx
@y =n"

(e) y = (tant)3sin™'¢

2 Using L'R. proof the following:
: 3x%+x+4 3
(@) limy oo —5—— =1

5x2+8x 5
: sinx—1
(b) lim -

=0

Cos Xx

(€) lim,ygp = = 0

142
X
1

(d) lirnx—>oo %

N—r

=1

xInx—x+1 .

(e) limy_4 —omx — 1

eX—1-x-— 4
. A
() lim,._, — = =

. 3x—-2
(g) 11rnx—>—oo :7 =0




