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1.
Formation 
of PDE by 
elimination 
of arbitrary 
constants
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“▸ If the number of arbitrary 
constants to be eliminated is 
equal to the number of 
independent variables, we 
obtained a 1st order PDE.
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“▸ If the number of arbitrary 
constants to be eliminated is 
more than the number of 
independent variables, we get 
PDE of 2nd or higher order.
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2.
Formation 
of PDE by 
elimination 
of arbitrary 
functions
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“▸ The elimination of one
arbitrary function from a given 
relation gives a PDE of 1st

order.
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“▸ Elimination of two arbitrary 
functions from a given 
relation give a 2nd or higher
order PDE.
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3.Formation of PDE 
by elimination of 
arbitrary function 
(u,v)=0
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“▸ Formation of PDE by 
eliminating of arbitrary 
function  from (u,v), where u 
and v are functions of x and y.
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Any questions?

You can find me at:

saad.m@sc.uobaghdad.edu.iq

46

Thank You
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𝑷 𝒛𝒙 + 𝑸 𝒛𝒚 = 𝑹

𝒅𝒙

𝑷
= 
𝒅𝒚

𝑸
= 
𝒅𝒛

𝑹

𝐰𝐡𝒆𝒓𝒆 𝑷,𝑸 𝒂𝒏𝒅 𝑹 𝒂𝒓𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒙, 𝒚 𝒂𝒏𝒅 𝒛

𝑳𝒂𝒈𝒓𝒂𝒏𝒈𝒆′𝒔 𝒂𝒖𝒙𝒊𝒍𝒊𝒂𝒓𝒚 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔

𝑰𝒇 𝒖 = 𝒂 𝒂𝒏𝒅 𝒗 = 𝒃 𝒂𝒓𝒆 𝒕𝒘𝒐 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔 𝒐𝒇
𝑳𝒂𝒈𝒓𝒂𝒏𝒈𝒆′𝒔 𝒂𝒖𝒙𝒊𝒍𝒊𝒂𝒓𝒚 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒕𝒉𝒆𝒏 𝒕𝒉𝒆
𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒈𝒊𝒗𝒆𝒏 𝒃𝒚 𝝋 𝒖, 𝒗 = 𝟎



1. Method of 
Grouping











2.Method of 
Multipliers

Single Multipliers

Double Multipliers



Single
Multipliers



“▸ Choose any three multipliers 𝑙, 𝑚, 𝑛
may be constants or functions of 𝑥, 𝑦
and 𝑧 we have 

𝑑𝑥

𝑃
= 𝑑𝑦

𝑄
= 𝑑𝑧

𝑅
=

𝑙𝑑𝑥+𝑚𝑑𝑦+𝑛𝑑𝑦

𝑙𝑃+𝑚𝑄+𝑛𝑅



If it is possible to choose 𝑙, 𝑚, 𝑛 such that 
𝑙𝑃 + 𝑚𝑄 + 𝑛𝑅 = 0 then

𝑙𝑑𝑥 +𝑚𝑑𝑦 + 𝑛𝑑𝑦 = 0

If 𝑙𝑑𝑥 + 𝑚𝑑𝑦 + 𝑛𝑑𝑦 is perfect differential of 
some function, say 𝑢 𝑥, 𝑦, 𝑧 then 𝑑𝑢 = 0
֜ 𝑢 = 𝑎 is the solution.

If 𝑙𝑃 + 𝑚𝑄 + 𝑛𝑅 ≠ 0 for any 𝑙,𝑚, 𝑛 then go 
to double multipliers.





Double
Multipliers



“▸ Choose double multipliers 𝑙1, 𝑚1, 𝑛1
and 𝑙2, 𝑚2, 𝑛2 may be constants or 
functions of 𝑥, 𝑦 and 𝑧 we have 

Integrating both sides of

𝑑𝑥

𝑃
= 𝑑𝑦

𝑄
= 𝑑𝑧

𝑅
=

𝑙1𝑑𝑥+𝑚1𝑑𝑦+𝑛1𝑑𝑦

𝑙1𝑃+𝑚1𝑄+𝑛1𝑅
=

𝑙2𝑑𝑥+𝑚2𝑑𝑦+𝑛2𝑑𝑦

𝑙2𝑃+𝑚2𝑄+𝑛2𝑅

𝑙1𝑑𝑥 +𝑚1𝑑𝑦 + 𝑛1𝑑𝑦

𝑙1𝑃 +𝑚1𝑄 + 𝑛1𝑅
=
𝑙2𝑑𝑥 +𝑚2𝑑𝑦 + 𝑛2𝑑𝑦

𝑙2𝑃 +𝑚2𝑄 + 𝑛2𝑅







Any questions?

You can find me at:

saad.m@sc.uobaghdad.edu.iqThank You
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“▸ A partial differential equation can be 
solved by successive integration in all 
cases where the dependent variable 
occurs only in the partial derivatives.



Example 1



Example 2



Example 3



Example 4



Example 4



Any questions?

You can find me at:

saad.m@sc.uobaghdad.edu.iqThank You



Solution of 
Standard Types of 
1st Order PDEs MATHEMATICAL PHYSICS I

Master Degree Class

Department of Astronomy and Space

College of Science - University of BaghdadSaad Al-Momen

4



“▸ Any solution of PDE in which the 
number of arbitrary constants is equal
to the number of independent 
variables is called the Complete 
Integral.



“▸ Any solution obtained from the 
complete integral by given particular 
values to the arbitrary constants is 
called a Particular Integral.



“▸ Any solution obtained from the 
complete integral by eliminating the 
arbitrary constants is called a Singular 
Integral.



“▸ A PDE which involves only 1st order 
partial derivatives 𝑝 = 𝜕𝑧

𝜕𝑥
and 𝑞 = 𝜕𝑧

𝜕𝑦
is 

called a first order PDE, and the 
general form is 𝒇 𝒙, 𝒚, 𝒛, 𝒑, 𝒒 = 𝟎.



1. TYPE I
𝒇 𝒑, 𝒒 = 𝟎



TYPE I



TYPE I



Example 1

TYPE I



2.TYPE II
𝒛 = 𝒑𝒙 + 𝒒𝒚 + 𝒇(𝒑, 𝒒)



TYPE II



TYPE II



Example 2

TYPE II



3.TYPE III
𝒇 𝒛, 𝒑, 𝒒 = 𝟎



TYPE III



TYPE III



Example 3

TYPE III



4. TYPE IV
𝒇 𝒙, 𝒑 = 𝒈(𝒚, 𝒒)



TYPE IV



TYPE IV



Example 4

TYPE IV



Any questions?

You can find me at:

saad.m@sc.uobaghdad.edu.iqThank You
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“▸ Charpit’s method is a general 
method to solve non-linear 
PDEs of the 1st order. It is used 
when it is difficult to put the 
PDE in one of the standard 
forms.



𝑳𝒆𝒕 𝒕𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒃𝒓 𝒇 𝒙, 𝒚, 𝒛, 𝒑, 𝒒 = 𝟎 …(1)

𝒕𝒉𝒆𝒏 𝒘𝒆 𝒄𝒂𝒏 𝒔𝒐𝒍𝒗𝒆 𝟏 𝒂𝒏𝒅 𝟐 𝒇𝒐𝒓 𝒑 𝒂𝒏𝒅 𝒒

𝑰𝒇 𝒘𝒆 𝒔𝒖𝒄𝒄𝒆𝒆𝒅 𝒕𝒐 𝒇𝒊𝒏𝒅 𝒂𝒏𝒐𝒕𝒉𝒆𝒓 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏
𝑭 𝒙, 𝒚, 𝒛, 𝒑, 𝒒 = 𝟎 …(2)

𝑺𝒊𝒏𝒄𝒆 𝒛 𝒄𝒐𝒏𝒔𝒊𝒔𝒕𝒔 𝒐𝒇 𝒕𝒘𝒐 𝒊𝒏𝒅𝒆𝒑𝒆𝒏𝒅𝒆𝒏𝒕 𝒗𝒂𝒓𝒊𝒂𝒃𝒍𝒆𝒔
𝒙 𝒂𝒏𝒅 𝒚 then 

𝒅𝒛 = 𝒑𝒅𝒙 + 𝒒𝒅𝒚 …(3)



𝑭𝒐𝒓 𝒅𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒊𝒏𝒈 𝑭, 𝒅𝒊𝒇𝒇𝒓𝒆𝒏𝒕𝒊𝒂𝒕𝒆 𝟏 𝒂𝒏𝒅 𝟐
𝒘. 𝒓. 𝒕. 𝒙 𝒂𝒏𝒅 𝒚 𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚

ቑ

𝝏𝒇

𝝏𝒙
+

𝝏𝒇

𝝏𝒛
𝒑 +

𝝏𝒇

𝝏𝒑

𝝏𝒑

𝝏𝒙
+

𝝏𝒇

𝝏𝒒

𝝏𝒒

𝝏𝒙
= 𝟎

𝝏𝑭

𝝏𝒙
+

𝝏𝑭

𝝏𝒛
𝒑 +

𝝏𝑭

𝝏𝒑

𝝏𝒑

𝝏𝒙
+

𝝏𝑭

𝝏𝒒

𝝏𝒒

𝝏𝒙
= 𝟎

…(4)

ቑ

𝝏𝒇

𝝏𝒚
+

𝝏𝒇

𝝏𝒛
𝒒 +

𝝏𝒇

𝝏𝒑

𝝏𝒑

𝝏𝒚
+

𝝏𝒇

𝝏𝒒

𝝏𝒒

𝝏𝒚
= 𝟎

𝝏𝑭

𝝏𝒚
+

𝝏𝑭

𝝏𝒛
𝒒 +

𝝏𝑭

𝝏𝒑

𝝏𝒑

𝝏𝒚
+

𝝏𝑭

𝝏𝒒

𝝏𝒒

𝝏𝒚
= 𝟎

…(5)



𝑬𝒍𝒊𝒎𝒊𝒏𝒂𝒕𝒊𝒏𝒈
𝝏𝒑

𝝏𝒙
𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝒑𝒂𝒊𝒓 𝟒 ,𝒘𝒆 𝒈𝒆𝒕

𝝏𝒇

𝝏𝒙

𝝏𝑭

𝝏𝒑
−

𝝏𝑭

𝝏𝒙

𝝏𝒇

𝝏𝒑
+

𝝏𝒇

𝝏𝒛

𝝏𝑭

𝝏𝒑
−

𝝏𝑭

𝝏𝒛

𝝏𝒇

𝝏𝒑
𝒑 +

𝝏𝒇

𝝏𝒒

𝝏𝑭

𝝏𝒑
−

𝝏𝑭

𝝏𝒒

𝝏𝒇

𝝏𝒑

𝝏𝒒

𝝏𝒙
= 𝟎 …(6)

𝑬𝒍𝒊𝒎𝒊𝒏𝒂𝒕𝒊𝒏𝒈
𝝏𝒒

𝝏𝒚
𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒔𝒆𝒄𝒐𝒏𝒅 𝒑𝒂𝒊𝒓 𝟓 ,𝒘𝒆 𝒈𝒆𝒕

𝝏𝒇

𝝏𝒚

𝝏𝑭

𝝏𝒒
−

𝝏𝑭

𝝏𝒚

𝝏𝒇

𝝏𝒒
+

𝝏𝒇

𝝏𝒛

𝝏𝑭

𝝏𝒒
−

𝝏𝑭

𝝏𝒛

𝝏𝒇

𝝏𝒒
𝒒 +

𝝏𝒇

𝝏𝒑

𝝏𝑭

𝝏𝒒
−

𝝏𝑭

𝝏𝒑

𝝏𝒇

𝝏𝒒

𝝏𝒑

𝝏𝒚
= 𝟎 …(7)

𝒔𝒊𝒏𝒄𝒆
𝝏𝒒

𝝏𝒙
=

𝝏𝟐𝒛

𝝏𝒙𝝏𝒚
=
𝝏𝒑

𝝏𝒚
, 𝒉𝒆𝒏𝒄𝒆 𝒕𝒉𝒆 𝒍𝒂𝒔𝒕 𝒕𝒆𝒓𝒎𝒔 𝒊𝒏

𝟔 𝒂𝒏𝒅 𝟕 𝒂𝒓𝒆 𝒐𝒑𝒑𝒑𝒔𝒊𝒕𝒆 𝒔𝒊𝒈𝒏𝒔. 𝑨𝒅𝒅𝒊𝒏𝒈 𝟔 𝒂𝒏𝒅 (𝟕)



𝝏𝒇

𝝏𝒙
+ 𝒑

𝝏𝒇

𝝏𝒛

𝝏𝑭

𝝏𝒑
+

𝝏𝒇

𝝏𝒚
+ 𝒒

𝝏𝒇

𝝏𝒛

𝝏𝑭

𝝏𝒒
+ −𝒑

𝝏𝒇

𝝏𝒑
− 𝒒

𝝏𝒇

𝝏𝒒

𝝏𝑭

𝝏𝒛
+ −

𝝏𝒇

𝝏𝒑

𝝏𝑭

𝝏𝒙
+

−
𝝏𝒇

𝝏𝒒

𝝏𝑭

𝝏𝒚
= 𝟎 …(8)

𝑪𝒍𝒆𝒂𝒓𝒍𝒚 𝒕𝒉𝒊𝒔 𝑳𝒂𝒈𝒓𝒂𝒏𝒈𝒆′𝒔 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒘𝒊𝒕𝒉 𝒙, 𝒚, 𝒛, 𝒑, 𝒒
𝒂𝒔 𝒊𝒏𝒅𝒆𝒑𝒆𝒏𝒅𝒆𝒏𝒕 𝒗𝒓𝒊𝒂𝒃𝒍𝒆𝒔 𝒂𝒏𝒅 𝑭 𝒂𝒔 𝒅𝒆𝒑𝒆𝒏𝒅𝒆𝒏𝒕
𝒗𝒂𝒓𝒊𝒂𝒃𝒍𝒆, 𝒔𝒐



The
Auxiliary
Equations

𝒅𝒑

𝝏𝒇
𝝏𝒙

+ 𝒑
𝝏𝒇
𝝏𝒛

=
𝒅𝒒

𝝏𝒇
𝝏𝒚

+ 𝒒
𝝏𝒇
𝝏𝒛

=
𝒅𝒛

−𝒑
𝝏𝒇
𝝏𝒑

− 𝒒
𝝏𝒇
𝝏𝒒

=
𝒅𝒙

−
𝝏𝒇
𝝏𝒑

=
𝒅𝒚

−
𝝏𝒇
𝝏𝒒

=
𝒅𝑭

𝟎



Example 1



Example 1



Example 1



Example 2



Example 2



Example 2



Example 2



Any questions?

You can find me at:

saad.m@sc.uobaghdad.edu.iqThank You
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“▸ A linear partial differential 
equation in which all partial 
derivatives are of the same order
is called homogeneous linear 
PDE.



A homogeneous linear PDE of nth order with constant coefficients 
is of the form

𝑎0
𝜕𝑛𝑧

𝜕𝑥𝑛
+ 𝑎1

𝜕𝑛𝑧

𝜕𝑥𝑛−1𝜕𝑦
+ ⋯+ 𝑎𝑛

𝜕𝑛𝑧

𝜕𝑦𝑛
= F(x, y)

where 𝑎0, 𝑎1, …, 𝑎𝑛 are constants.

This equation also can be written in the form

𝑎0𝐷
𝑛 + 𝑎1𝐷

𝑛−1𝐷′ +⋯+ 𝑎𝑛𝐷
′𝑛 = 𝐹(𝑥, 𝑦)

where 𝐷 =
𝜕

𝜕𝑥
, 𝐷′ =

𝜕

𝜕𝑦
→ 𝑓 𝐷, 𝐷′ = 𝐹(𝑥, 𝑦)

The particular solution is called the particular integral function 
and given by:

𝑃. 𝐼. =
𝐹(𝑥, 𝑦)

𝑓(𝐷, 𝐷′)



Hence the complete solution 

Z=Complementary Function + Particular Integral

Z= C.F. + P.I.



1.
Complementary
Function



Put 𝐷 = 𝑚 and 𝐷′ = 1 in 𝑓 𝐷, 𝐷′ = 0

The auxiliary equation 𝑓 𝑚, 1 = 0 will be

Let the roots of this equation be 𝑚1, 𝑚2, …, 𝑚𝑛

𝑎0𝑚
𝑛 + 𝑎1𝑚

𝑛−1 +⋯+ 𝑎𝑛 = 0

CASE I

C.F.= 𝑓1 𝑦 +𝑚1𝑥 + 𝑓2 𝑦 + 𝑚2𝑥 +⋯+ 𝑓𝑛 𝑦 +𝑚𝑛𝑥

If the roots are real (or imaginary) and distinct. Then,



Put 𝐷 = 𝑚 and 𝐷′ = 1 in 𝑓 𝐷, 𝐷′ = 0

The auxiliary equation 𝑓 𝑚, 1 = 0 will be

Let the roots of this equation be 𝑚1, 𝑚2, …, 𝑚𝑛

𝑎0𝑚
𝑛 + 𝑎1𝑚

𝑛−1 +⋯+ 𝑎𝑛 = 0

CASE II (a)

C.F.= 𝑓1 𝑦 +𝑚𝑥 + 𝑥𝑓2 𝑦 +𝑚𝑥 + 𝑓3 𝑦 +𝑚3𝑥 +⋯+ 𝑓𝑛 𝑦 +𝑚𝑛𝑥

If any two roots are equal (i.e., 𝑚1 = 𝑚2 = 𝑚) and others are distinct. 
Then,



Put 𝐷 = 𝑚 and 𝐷′ = 1 in 𝑓 𝐷, 𝐷′ = 0

The auxiliary equation 𝑓 𝑚, 1 = 0 will be

Let the roots of this equation be 𝑚1, 𝑚2, …, 𝑚𝑛

𝑎0𝑚
𝑛 + 𝑎1𝑚

𝑛−1 +⋯+ 𝑎𝑛 = 0

CASE II (b)

C.F.= 𝑓1 𝑦 + 𝑚𝑥 + 𝑥𝑓2 𝑦 + 𝑚𝑥 + 𝑥2𝑓3 𝑦 + 𝑚𝑥 + 𝑓4 𝑦 +𝑚4𝑥 + ⋯+ 𝑓𝑛 𝑦 + 𝑚𝑛𝑥

If any three roots are equal (i.e., 𝑚1 = 𝑚2 = 𝑚3= 𝑚) and others are 
distinct. Then,
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TYPE I

P.I.=
1

𝑓(𝐷,𝐷′)
𝑒𝑎𝑥+𝑏𝑦

If 𝐹 𝑥, 𝑦 = 𝑒𝑎𝑥+𝑏𝑦, then

=
1

𝑓(𝑎,𝑏)
𝑒𝑎𝑥+𝑏𝑦, provided 𝑓(𝑎, 𝑏) ≠ 0

If 𝑓 𝑎, 𝑏 = 0, then

P.I.= 𝑥
1

𝑓′(𝐷,𝐷′)
𝑒𝑎𝑥+𝑏𝑦
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TYPE II

P.I.=
1

𝑓(𝐷,𝐷′)
sin(𝑎𝑥 + 𝑏𝑦)

If 𝐹 𝑥, 𝑦 = sin(𝑎𝑥 + 𝑏𝑦), then

If 𝑓 𝐷, 𝐷′ = 0, then

P.I.= 𝑥
1

𝑓′(𝐷,𝐷′)
sin(𝑎𝑥 + 𝑏𝑦)

Replace 𝐷2 by −𝑎2, 𝐷′2 by −𝑏2 and 𝐷𝐷′ by −𝑎𝑏

Similar formal for  𝐹 𝑥, 𝑦 = cos(𝑎𝑥 + 𝑏𝑦)
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TYPE III

P.I.=
1

𝑓(𝐷,𝐷′)
𝑥𝑚𝑦𝑛

If 𝐹 𝑥, 𝑦 = 𝑥𝑚𝑦𝑛, then

Expand [𝑓 𝐷, 𝐷′ ]−1 is ascending powers of 𝐷, 𝐷′ and the operate 
on 𝑥𝑚𝑦𝑛.

= [𝑓 𝐷, 𝐷′ ]−1𝑥𝑚𝑦𝑛

Note: if 𝑚 > 𝑛, then try to write 𝑓(𝐷, 𝐷′) as a function of 𝐷
′

𝐷
and if 

𝑚 < 𝑛 try to write it as a function of 𝐷
𝐷′

Note: 1

𝐷
denotes integration w.r.t. 𝑥 and 1

𝐷′ denotes integration 
w.r.t. 𝑦.
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TYPE IV

P.I.=
1

𝑓(𝐷,𝐷′)
𝑒𝑎𝑥+𝑏𝑦𝜑(𝑥, 𝑦)

If 𝐹 𝑥, 𝑦 = 𝑒𝑎𝑥+𝑏𝑦𝜑(𝑥, 𝑦) , then

= 𝑒𝑎𝑥+𝑏𝑦
1

𝑓(𝐷+𝑎,𝐷′+𝑏)
𝜑(𝑥, 𝑦)
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TYPE V

1

𝐷−𝑚𝐷′ 𝐹 𝑥, 𝑦 = 𝐹׬ 𝑥, 𝑐 − 𝑚𝑥 𝑑𝑥, Where 𝑦 = 𝑐 −𝑚𝑥

If 𝐹 𝑥, 𝑦 is any function, resolve 𝑓 𝐷, 𝐷′ into linear factors say 
(𝐷 − 𝑚1𝐷′), 𝐷 −𝑚2𝐷

′ , …, (𝐷 −𝑚𝑛𝐷′)

1

𝐷+𝑚𝐷′ 𝐹 𝑥, 𝑦 = 𝐹׬ 𝑥, 𝑐 + 𝑚𝑥 𝑑𝑥, Where 𝑦 = 𝑐 +𝑚𝑥
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Any questions?

You can find me at:

saad.m@sc.uobaghdad.edu.iqThank You
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“▸ The basic idea of this method is that 
the solution is assumed to consist of 
product of two or more functions. 
Each function being the function of 
one independent variable only.
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saad.m@sc.uobaghdad.edu.iqThank You
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Any questions?

You can find me at:

saad.m@sc.uobaghdad.edu.iqThank You



Introduction to
Laplace Transform MATHEMATICAL PHYSICS I

Master Degree Class

Department of Astronomy and Space

College of Science - University of BaghdadSaad Al-Momen

9



Definition



Example 1



Example 2



Example 3



Example 3



Example 4



Example 5



Properties of
Laplace Transform



Properties



Example 1



Example 2



Example 3



Example 4



Example 5



Example 6



Example 7



Example 8



Example 9



Inverse of
Laplace Transform





Example 1



Example 2



Example 3



Example 4



Table of LT



Table of LT



Table of LT



Table of LT



Table of LT



Table of LT



Table of LT



Table of LT



Table of LT



Table of LT



Table of LT



Table of LT



Table of LT



Any questions?

You can find me at:

saad.m@sc.uobaghdad.edu.iqThank You
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Any questions?

You can find me at:

saad.m@sc.uobaghdad.edu.iqThank You
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1D Wave 
Equation











Any questions?

You can find me at:

saad.m@sc.uobaghdad.edu.iqThank You
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