Formation of 'I
Partial Differential
Equations

Department of Astronomy and Space
Saad Al-Momen College of Science - University of Baghdad




Formation
of PDE by
elimination
of arbitrary
constants




» |fthe number of arbitrary
constants to be eliminated is
equal to the number of
Independent variables, we
obtained a 15t order PDE.
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» |fthe number of arbitrary
constants to be eliminated is
more than the number of
iIndependent variables, we get
PDE of 2 or higher order.
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Formation
of PDE by
elimination
of arbitrary
functions
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» The elimination of one

arbitrary function from a given

relation gives a PDE of 15t
order.
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» Elimination of two arbitrary
functions from a given
relation give a 2" or higher
order PDE.
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Formation of PDE
by elimination of
arbitrary function

¢(u,v)=0
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» Formation of PDE by
eliminating of arbitrary
function ¢ from ¢(u,v), where u
and v are functions of x and y.
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Pz,+Qz,=R
where P,Q and R are functions of x,y and z
dx dy dz
P Q R
Lagrange's auxiliary equations

If u=aandv = b are two solutions of
Lagrange's auxiliary equations then the
solution given by ¢(u,v) =0



Method of
‘ Grouping
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Single

Method of
‘Multipliers Double




Single
Multipliers




» Choose any three multipliers (I, m,n)
may be constants or functions of x, y
and z we have

dx _dy _dz _ ldx+mdy+ndy

P Q R [P+mQ+nR



If It Is possible to choose (I,m,n) such that

[P + mQ + nR = 0 then
ldx + mdy + ndy =0

If ldx + mdy + ndy is perfect differential of
some function, say u(x,y,z) then du =0
= u = a Is the solution.

If IP + mQ +nR # 0 for any (I,m,n) then go
to double multipliers.
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Double
Multipliers




» Choose double multipliers (I;, m{,n4)
and (l,,m,,n,)May be constants or
functions of x,y and z we have
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Integrating both sides of
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» A partial differential equation can be
solved by successive integration in all
cases where the dependent variable
occurs only in the partial derivatives.
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> Any solution of PDE in which the
number of arbitrary constants is equal
to the number of independent
variables is called the Complete
Integral.



» Any solution obtained from the
complete integral by given particular
values to the arbitrary constants is
called a Particular Integral.



» Any solution obtained from the

complete integral by eliminating the

arbitrary constants is called a Singular
Integral.



> A PDE which involves only 15t order

. . . 0z 0z .
partial derivatives p = - and q = 3y IS
called a first order PDE, and the

general formis f(x,y,z,p,q) = 0.
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» Charpit's method is a general
method to solve non-linear
PDEs of the 1st order. It Is used
when it is difficult to put the
PDE in one of the standard
forms.




Let the given equation br f(x,y,z,p,q) =0 ...(1)

If we succeed to find another relation
F(x,y,z,p,q) =0 ...(2)

then we can solve (1) and (2)for p and q

Since z consists of two independent variables
x and y then
dz = pdx + qdy N R)



For determining F,dif frentiate (1) and (2)

w.r.t.x and y respectively
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Clearly this Lagrange's equation with x,y,z,p, q
as independent vriables and F as dependent
variable, so
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» A linear partial differential
equation in which all partial
derivatives are of the same order

Is called homogeneous linear
PDE.




A homogeneous linear PDE of nth order with constant coefficients
is of the form

0"z "z d"z
Qoo t N o1y +toet A gym = F(x,y)

where ay, a4, ..., a, are constants.

This equation also can be written in the form

aoD™ + a; D™ D' + -+ a,D'" = F(x,y)

0 / 0 !
whereD =—, D == = f(D,D") =F(x,y)

The particular solution is called the particular integral function
and given by: F(x,y)

PL=zpon




Hence the complete solution

/=Complementary Function + Particular Integral

/=C.F.+P.l.



Complementary
Function




PutD=mandD =1in f(D,D") =0
The auxiliary equation f(m,1) = 0 will be
agm™+am*1+--+a,=0

Let the roots of this equation be my, m,, ..., m,

If the roots are real (or imaginary) and distinct. Then,

CFR=fA+mx)+ Ly +myx) + -+ f(y + myx)



PutD=mandD =1in f(D,D") =0

The auxiliary equation f(m,1) = 0 will be
agm™+am*1+--+a,=0

Let the roots of this equation be my, m,, ..., m,

CASE Il (a)

If any two roots are equal (i.e., m; = m, = m) and others are distinct.
Then,

CF=f@+mx)+xf,(y + mx) + f3(y + mgx) + -+ f,(y + myx)



PutD=mandD =1in f(D,D") =0
The auxiliary equation f(m,1) = 0 will be
agm™+am*1+--+a,=0

Let the roots of this equation be my, m,, ..., m,

If any three roots are equal (i.e., m; = m, = my=m) and others are
distinct. Then,

C.F.=fily + mx) + xfo,(y + mx) + x*f3(y + mx) + fo(y + myx) + -+ + f,(y + mpx)
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Particular Integral




If F(x,y) = e**bY then

1

P.l.= ——@x+by

£(0.0)
1

f(ab)
If f(a,b) = 0, then

e¥*by vrovided f(a,b) # 0

1
P.l.=x———e®tby
f'(D,D")
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If F(x,y) = sin(ax + by), then

P.l.= sin(ax + by)

1
f(D,D")
Replace D? by —a?, D'? by —b? and DD’ by —ab

If f(D,D") =0, then

P.l.=x sin(ax + by)

1
f'(D,0")

Similar formal for F(x,y) = cos(ax + by)
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It F(x,y) = x™y", then

1
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= [f(D, D] 1x™y"

P.l.=

xmyn

Expand [f(D,D')]"! is ascending powers of D, D' and the operate
on x™My™,

Note: if m > n, then try to write f(D,D") as a function of% and if
m < n try to write it as a function of%

Note: % denotes integration w.r.t. x and % denotes integration

w.r.t. y.
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If F(x,y) is any function, resolve f(D,D") into linear factors say
(D —myD"), (D —m,D"), ..., (D —m,D")

D—- mD’F(x }’)—fF(x C—mx)dx Wherey_c_mx

F(x,y) = [ F(x,c + mx)dx, Where y = ¢ + mx

D+mD’
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» The basic idea of this method is that
the solution is assumed to consist of
product of two or more functions.
Each function being the function of
one independent variable only.
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Definition

Definition: Given a function f(t), ¢t > 0, its Laplace transform F(s) = L{f(t)} is defined as

Fio) = £} = [ ey = Jim / " e r) at

We say the transform converges if the limit exists, and diverges if not.

Next we will give examples on computing the Laplace transform of given functions by defini-
tion.



Example 1.[ i) = l]for t>0.

A 1 A
F(s) = L{f(t)} = lim jﬂ et 1dt = Jim —le®

A—oco §

] 1

0




Example 2. [{(t) =‘e°}

A A
F(s) = L{ft)} = lim /o e edi= lim [o e O Vdt

A 1
= lim - (e—24 _1)

~(s—a)t
- 0 A—oo S —a

1
= lim -
A—soco S—a

(s>a)




Example 3. [f(t) = t’ﬂ' for n > 1 integer.

F(s) = lim e st dt
A

Il
5
,_A—\
Lo
~
ml
=4

L{t"} = %C{t"‘l}, Vn,




= 2L, v
|

S bh Lo L{t"T} = £{t"'3}
L{ry = Sy = ;( s 1) fpn2y
_ g(ns 1) (ns 2) p sy
- ... = %(n;n(n;Z)”éz{l}
n! 1 -

(s >0)

sns sﬂ-i-l ’



Example 4. Find the Laplace transform of sin at and cos af.
Method 1. Compute by definition, with integration-by-parts,

twice. (lots of work...)

Method 2. Use the Euler’s formula,

iat

e'" = cosat + isinat, = L{e"*} = L{cosat} + iﬁ% at}.
L{eft) = - 1 1(s +ia) s +ia 3 . a

= = = + f—.
S—ia (s—ia)(s+ia) s2+a2 s2+a% s +a?



Example 5. Find the Laplace transform of

LT e

We do this by definition:

F(s) = lme""f(t) g3 e /0 Cestds 4 /2 °°(

1 2 o0 A
- __e-st ok (t - 2)__1__6—.“ - 1
=8 t=0 =S t=2 J2
1 1 1 -
= —(e®*-1)+(0-0)+- —c
=S S —38 =2

(e 2 ) L

-5 52




Properties of




Ll

Properties

Linearity: £{c1f(t) + c2g(t)} = a1 L{f(t)} + c2L{g(t)}.
First derivative: £{f(2)} = sL{f(t)} — f(0).
Second derivative: L{f"(t)} = s2L{f(t)} — sf(0) — f'(0).

Higher order derivative:

LTI} = L{ @)} = 57 £(0) = 8 72F(0) = -+ = 82 (0) = F72A0).

L{-tf(t)} = F'(s) where F(s) = L{f(t)}. This also implies L{tf(t)} = —F'(s).
L{e®f(t)} = F(s — a) where F(s) = £L{f(t)}. This implies e*f(t) = L7{F(s —a)}.



£{e‘“t"} =
(s —
a)n+1 )

n!
sn""l '

L{t"} =




b

L{e* sinbt} = (
s—a)?+ b

b
32+b2

L{sinbt} =




S—a

L{e* cosbt} = Goril

S
2 + b2

L{cosbt} =



L{® + 5t — 2} = L{t*} +5L{t} — 2L{1} = + sg — 21




[z:{ta 45t — 2} = L{*} + 5L{t} — 2L{1} = > + sg - 21]

! 1
3 1 9

L{e*(t* + 5t — 2)} B I s k)




Example 6

2 4 s+1
L{(t* +4)e* — et cost} = 2P - 53 1P+l

4
s’

2 4
o

C{t2+4}-—+ AT

= L{(t* + 4)e”} =




L{te™} = - (8 - a)’




Example 8

, 5 Y —2bs
Ll = (s2+b2) (82 +82)2




Example 9

L{tcosbt} = — (




Inverse of




LHFE}=F), € Fs)=L{f0)}









" 1
= [ 1 8 —r1
{s2+4}+2£ {

1
= c0s 2 +§sin2t.

2
st +4

j







f(t) fort>0

F=c)= [~ esyas

Table of LT




f(t) fort>0

1

F=c)= [~ esyas
1

8

Table of LT




f(t) fort>0

F=c)= [~ esyas

1

et

[ A

Table of LT




f(t) fort>0

F=c)= [~ esyas

1

[ A

e

tﬂ

n!
8ﬂ+1

(n=0,1,...)

Table of LT




f(t) fort>0

F=c(f) = /nm e~ f(t) dt

1 1
$
eat 1
s§—a
n!
" 7 (1=0,1,...)
e l"(a+ 1)

go+T (a>0)

Table of LT




f(t) fort>0 f=£(f)=_/me"‘f(t)dt Table Of LT
1 1
s
et 1
s—a
" sﬂl (n=0,1,...)
e I‘(::l ) (a>0)
. b
sin bt ATE




f() fort>0 f=£(f)=_/me"‘f(t)dt Table Of LT
1 1
s
&0t 1
s—a
" 8:4!'1 (n=0,1,...)
¢ I‘(::l J (a>0)
A b
sin bt =Th
cos bt =g
§? + b?




f() fort>0 f=£(f)=_/me"‘f(t)dt Table Of LT
1 1
s
&0t 1
s—a
F Al 8:4!‘1 (ﬂ =0, 1, )
¢ I‘(::l J (a>0)
. b
sin bt =Th
cos bt .
§% + b2
3 b
sinh bt 5=




f() fort>0 f=£(f)=_/me"‘f(t)dt Table Of LT
n
1 1
s
ot 1
s—a
h n!
t pree; (n=0,1,...)
a Ta+1
t (3“1 )(a.>0)
2 b
sin bt =Th
cos bt oy
52 + b2
: b
sinh bt
52 — b2
h S
cosh bt i




f(t) fort>0 f=£(f)=_/me"‘f(t)dt Table Of LT
1 z
&0t 1
s—a
" 8:'!'1 (n=0,1,...)
¢ I‘(::l J (a>0)
A b
sin bt =Th
cos bt - .
§2 + b2
5 b
sinh bt 5=
cosh bt .9?;;67
f'@) sL(f) - £(0)




f(t) fort>0 f=£(f)=_/me"‘f(t)dt Table Of LT
1 :
&0t 1
s—a
" 8:'!'1 (n=0,1,...)
e I‘(::l ) (a>0)
: b
sin bt =Th
cos bt - g
§% + b?
5 b
sinh bt S
cosh bt .9?;;67
f'@) sL(f) - £(0)
F() $*L(f) - s£(0) - £(0)




f(t) fort>0 f=£(f)=_/me"‘f(t)dt Table Of LT
1 1
$
oot 1
s§—a
" sfil (n=0,1,...)
e I‘(::l ) (a>0)
, b
sin bt =Th
cos bt g
52 + b2
; b
sinh bt 5=
cosh bt .9?;;67
f'(t) sC(f) - £(0)
() $*L(f) - s£(0) - £(0)
£ (t) (—1)"if (s)




f(t) fort>0 f=£(f)=_/me"‘f(t)dt Table Of LT
1 z
et 1
s—a
" sfil (n=0,1,...)
e I‘(::l ) (a>0)
. b
sin bt =Th
cos bt - g
§% + b2
; b
sinh bt 5=
cosh bt .9?;;67
@ sL(f) - £(0)
F(¥) $L(f) = s£(0) - f'(0)
£ £(2) (—1)"if (s)
e®f(t) L(f)(s - a)




Any guestions?

You can find me at:
Thank You saad.m@sc.uobaghdad.edu.iq
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First derivative: L{f'(¢)} = sL{f(t)} — f(0).
Second derivative: £{f"(t)} = s2L{f(t)} — sf(0) — f'(0).

Higher order derivative:

LIUFO()} = s"L{f ()} = s F(0) = 8" 2f/(0) = ++- = sf®D(0) = F"7(0).







Solve the initial value problem by Laplace transform,
y' =3y —10y=2,  y(0)=1,5(0)=2.
Step 1. Take Laplace transform on both sides: Let £{y(t)} = Y(s), and then
L{y (@)} = sY(s) — y(0) = s¥ -1,
L{Y'(0)} = Y () — sy(0) = ¢/ (0) = 'Y — 5 - 2.

Note the initial conditions are the first thing to go in!

L{y" (1)} = 3L{y' (1)} — 10L{y(t)} = L{2},

= szY—s—2—3(sY—l)—10Y=§.

Now we get an algebraic equation for Y (s).



Step 2: Solve it for Y(s):

2
(=35 = 10)Y(s) = 2 45 42-3= £23+2

s ?

s2—s54+2
= Y(s) =
() s(s — 5Ms+ 2\’

Step 3: Take inverse Laplace transform to get #(t) = L7 {Y (s)}.

The main technique here is partial fraction.

2
Y(s) = §°—s+2 =£ B C
(5) s(s = 5)(s + 2) s+s—5+s+2

_A(s—5)(s+2) + Bs(s+2) + Cs(s — 5)
s(s = 5)(s +2)




Compare the numerators:

s°—s+2=A(s=5)(s +2) + Bs(s + 2) + Cs(s — 5).
The previous equation holds for all values of s.
Set s=0: weget —104=2,s0 A= —3.

Set s = 5: we get 358 =22, s0 B = 2
Set s = —2: we get 14C = 8,50 C = 3.




i

Now, Y (s) is written into sum of terms which we can find the inverse transform:

1 1 1
t) = e 1l -1 - -1f_—
y(t) = AL {s}+B£ {3_5}+C'£ {S_’_2






y' +y=rcos2t, y(0)=2 y'(0) = 1.

s’Y —2s—14+Y = L{cos2t} _ _S
s+ 4

" 8 237 + 8> + 95 + 4
1)Y(s) = —— =
@+ 0¥ () = o 4201 2L E S
Y(s)____233+82+93+4_A3+B Cs+D
2+4)(2+1) ~ 5211 T 2Zxd
25° + 52+ 93+ 4 = (As + B)(s® + 4) + (Cs+ D)(s* +1).
7 s 1 1 s 7

Y i __ = B=1A= -,
(s) 3s2+1+s2+1 382+4 =

y(t) = %cost+sint — %cosizt. ’ 3




Any guestions?

You can find me at:
Thank You saad.m@sc.uobaghdad.edu.iq
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Introduction



Given a function u(x,t) defined for all ¢ > 0 and assumned to be bounded we can apply the
Laplace transform in ¢ considering  as a parameter,

o0

L(u(z,t)) =/0 e tu(z,t)dt = U(z,s)

In applications to PDEs we need the following:

o0

L(u(z,t) = / e uy(z,t) dt = e~ u(z, t)|) + s/ e u(z, t)dt = sU(x, s) — u(x,0)
0 0

s0 we have
L(uy(z,t) = sU(z, s) — u(z,0)

In exactly the same way we obtain

L(uy(z,t) = s*U(z, s) — su(z,0) — u,(z,0).



We also need the corresponding transforms of the z derivatives:

L(us(z, 1)) = /Ooo e ug(z,t) dt = Ug(z, s)

i, 53] = / & gy (2, 8) dt = Upa(z, 5)
0



1D Wave
Equation




o%u 0%

o 0= gl
u(z,0) =0, wu(z,0)=0
u(0,t) =0 wu(l,t) =0.

Taking the Laplace transform and applying the initial conditions we obtain

z,t) +sin(rz), 0<z<1, t>0,

ng(x s) = s?U(, s) — su(z,0) — uy(z, 0) — smgzra:) = s*U(z, s) — sin(wx)‘
d*U ; '
—7(@,8) = s*U(z,5) = -S‘“g’r‘”)

U(z,s) = Up(z, s) + Uy(z, s)

Uh(x, S) = 1% 4 cpe™%*

Up(z,s) = Acos(nz) + Bsin(rz).



Up(,s) = Acos(rz) + Bsin(rz).

d
- p(Z,8) = —mwAsin(nz) + 7B cos(mz),
d2
d_szp(x’s) = —7m’Acos(mz) — w2 Bsin(nz).
d2
@Up(fv; s) — SQUP("E’ s)

= (=% — §%)[A cos(mz) + Bsin(nz)]
sin(7z)

S
—(s*+71)A=0, and - (s®+ 7°)B = .

1
s(s? + n2)’

A=0, B=




sin(7x)
s(a* +72)
u(0,t) =0 u(1,t) =0.|

U(z,s) = c1€° + coe™% +

Next we apply the BCs to find ¢; and c;.

0=U(0,8) =c1+c;, and 0=U(l,s)=cre® + cye™*
which implies ¢; = 0 and ¢y = 0. So we arrive at

sin(mz)
s(s? + m2)’
Finally we apply the inverse Laplace transform to obtain

Ui(n,8) =

u(z,t) = L~Y(U(z,s)) = L~} (3(32 :_ 1r2)) sin(mz)

1 - bs+c 1 (1 s |
s(2+7%) s (2472 a2 \s (s + 72




1 1 $
= — L_l - = .

- (s (52 +7r2)) sin(mz)
1

= p(1 — cos(mt)) sin(wz).




Any gquestions?

You can find me at:
Thank You saad.m@sc.uobaghdad.edu.iq
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