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Integration

Integration is a mathematical technique used to find the area under a curve or an
accumulation of a quantity over an interval by dividing it into smaller parts and
adding them up. It is the inverse operation of differentiation and involves finding
the antiderivative of a primitive function of a given function. In simpler terms,
integration is the process of finding the whole from its parts.

AY AY AY
y=rx y =[x y=f

[1 Indefinite Integral

Definition: A function F is called an antiderivative of a function f on a given
open interval if F'(x) = f(x) for all x in the interval.

For example the function F(x) = §x3 is the antiderivative of f(x) = x? on the
interval (—oo, +00) because for each x in this interval

d 1 ,
P = |54 =2 =@

However, F(x) =§x3 is not the only antiderivative of f(x) = x2 on this

interval. If we add any constant C to §x3, then the function G (x) = §x3 +Cis
also an antiderivative of f on (—oo, +), since

d il
G'(x) =a[§x3 +C] =x2+0=f(x)

Definition: The indefinite integral of f(x) is given by
[fl)dx=F(x)+C

where C any constant and F (x) integration of f.
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Example: Find [ 3x%dx

3
Solution: [ 3x%dx = 3% +C=x3+C

Theorem: (Rules of Indefinite Integral)

[ldx=x+C

[fadx=ax+C

[af(x)dx = af f(x)dx

JEFP@dx = [ f(x)dx F [ g(x)dx

J laifi(x) + azfo(x) + -+ apfu(X)]dx = a1ff1(x)dx +
ayJ f(x)dx F - F anf fr(x)dx

[ x"dx = " 4 C, wheren % —1

ANl A

X
n+1
[cosxdx =sinx + C

6

1.

8. [sinxdx=—cosx+C
9. [sec’xdx =tanx+C

10. [ secxtanxdx = secx + C
11. [ cotxcscxdx = —cscx + C

Example: Evaluate the following

1) f x“-;—l

X

%3
3

Z+C
X

dx = [ (x? + x Hdx =
2) [ (sinx + x)dx = [ sinxdx + [ xdx = —COSX-I—%Z-I-C

COoS X 1 cosx
3) [ —=dx =) ——"=dx = [ cscxcotxdx = —cscx + C
sinZ x sinx sinx

0§ o (DD (a2
2t +C

[1 Definite Integral

Definition: Definite Integral has start and end points. In other words, there is an
interval [a, b]

The points are put at the bottom and top of the [ as ff

f(f f (x) dx definite integral from a to b

®



[0 The First Fundamental Theorem of Calculus

Theorem: Let f be a continuous function on the closed interval [a, b], then

b
| e =r) - F@

Where F is any integration of f on [a, b].
Example: Find ff 2xdx =x?|3=32-12=8
Properties of Definite Integral:

1. faaf(x)dx =0

[P f@dx = — [ fx)dx

[7 kf ()dx=k [ f (x)dx, where k constant.

[0 F 9@dx = [7fdx T [ g()dx

12 F)dx = [ F)dx + [° F(x)dx, where c € [a, b]

If £ is continuous on [a, b], then f is integrable on [a, b].
If £ is integrable on [a, b] and f(x) = 0 Vx € [a, b], then f(ff(x)dx > 0.
If f and g are integrable on [a,b] and f(x) = g(x)Vx € [a, b] then

[]f)dx > [ g(x)dx
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[0 The Second Fundamental Theorem of Calculus

Theorem: Let f a continouse function on the closed interval [a, b], and define
Gx)=[ f()dt,a<x<bh
Then,

d X
0w = 2| [ roa] = e
For example,

1) ifxcostdt=cosx

x dt
) dx f 1462 1+x2




Remarks:

1) L[99 f(nde = f(g(x) - g' ()

2) 120 f(tydt = f(g2 () - g5 () — £(9:(0)) - 912
For Example,

1) L [¥sintdt = (sinx?)(2x)

2) LA+ de= (1 +x2)(2%) ~ (1+20(2)

[1 Integration by Substitution

Substitution applies to integrals of the form

J £(g(x))g’ (x)dx

Note that, we have g(x) and its derivative g’ (x).

Let u = g(x) be a differentiable function. Then du = g'(x)dx and
Jf(g()g' ()dx = | f(wdu = F(w) + C
Also

b g(b)
| #lot)g'@ax= [ fadu = F(g®) - Flg(@)

a g(a)
Example: Find [ cos x? - 2xdx

Solution: Let u = x?, then du = 2xdx

= [cosx?-2xdx = [ cosudu = sinu+ C = sinx?+ C

Example: Find [ sin(x + 9) dx
Solution: Letu = x + 9, then du = dx

= [sin(x +9)dx = [ sinudu = —cosu+C = —cos(x +9) + C

Example: Find [ (x — 8)?3dx

Solution: Letu = x — 8, then du = dx

®



U2 (x — 8)%
234y — (12340 — — _
= [ (x —8)%dx = [ u*du 24+C >4 +C

Example: Find [ cosx? - 6x dx

Solution: Let u = x?2, then du = 2xdx
= [ cosx?-6xdx = Jcosxz-Zx-de = 3f cosudu

= 3sinu+C = 3sinx?+C

Example: Find [(sinx)? cos x dx

sin3 x

Solution: [(sinx)?cosx dx = [ +C

cosx dox

Example: Find [ N

Solution: fcojg\/;dx = fcos\/fx/%dx = f%cosﬁ%dx = chosﬁﬁdx

= 2jsin\/§dx

Example: Find [ t43/3 — 5t5d¢
Solution:

Letu = 3 — 5¢t5, then du = —25t*dt or —2—15du — t*dt

4

1 1 .1 1 u3

43 —_ 5 = —_—— 3 = —_—— 3 = —-—
[t*{/3 — 5t5dt Zsfﬁdu Zsfusdu 25£+C

3

3 5 o5yh
= — 3
100(3 t>)3+C



The Natural Logarithm Function

Definition: The natural logarithm function is defined as:
1
Inx = f —dt, x>0
.t

Remarks:

1) Domain of Inx = R* 4‘.
2) Rangeoflnx = R 5 ¥ =In(x)
11

3) ln1=f1;dt=0 o
4) Inx is continues function 1 /
5 Inab =lna+1Inb i A 2 3 4 5 87
6) In-=1Ina—Inb !

b 2
7) Iny = —Inb 3

4

8) Ina™ =nlna
Examples:

1) In6=In2+1n3
2) In>=1In4—In5
3) In8§=1In23=3In2

[1 The Derivative of y=Inx

The derivative of y = In x is given by

y’—d—y—i[lnx]zi,(x>0)

T dx  dx
In general
d 1 du
T

if u =u(x) > 0, and u is differentiable at x.

Example: Find y’ for the following functions:

1) y=In3x=> y’=%=%
2x

x2+3

2) y=In(x*+3)=> y' =

®



Remark:

6j[—x[ln|x|] = %, ifx#0
In general
] = 0
dx udx

ifu = u(x) # 0, and u is differentiable at x.

Example: Find y'for the function y = In | sin x|

. d CcosXx
Solution; 2 = £
dx sinx

= cotx

.
Example: Find y’for the function y = In (X\/ls%x)

. .dy _ d o1
Solution: — = [2 Inx + Insinx - In(1 + x)]

_2+cosx 1 _2+ ) 1
~x  sinx 2(14+x) x cotx 2+ 2x

[] Integration Related to the Natural Logarithm

1) fidx=1n|x|+C,x¢O
2) f%du = In|u| + C, if u = u(x) # 0, and u is differentiable at x.

3x?

Example: Find [ S dx
2
Solution: | ——dx = In|x® + 5| + C
x°+5

Example: Find [ tanx dx

sinx

Solution: [ tanx dx = [ v

dx = —In|cosx| + C



The Exponential Function

Definition: The exponential function y = exp(x) = e”* is the invers of the
natural logarithm function

e*=In"1x
Remarks: ;
1) Domain of e* = R '1 ;
2) Range of e* = R* :
3) e®=1 5
4) Ine* = x :
5) eln* = x )
6) e™* = eix
7) ex+y — exey 76 5 4 3 2 A 1 2 3 4x
_ e* !
8) ¥ =% :
Examples:
1) Ine? =2

2) IneS"* = sinx

3) In""=1Ine? —In5 = 2x —In5

[1 Derivative of y = e*

The derivative of y = e* is given by

! d X — pX
y =ae =e
In general
, o d L, au
y =a€ =e a

if u = u(x) is differentiable at x.
Example: Find y’ for the following functions:

1) y = eSin* = y' = eSiN¥ o5 x
2) y=e ¥y ' =e*(-1)=—e""*
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) y=e =y =¥ :—x(x3) = 3x2e*’

4) y=e >y = e‘zx;—x(—Zx) = —2e" %

[1 Integration Related to the Exponential Function

[e*du=¢e*+C
if u = u(x) is differentiable at x.
Example: Find [ 3e3**1dx

Solution: Letu =3x+ 1 :Z—z= 3 = du = 3dx

[e3**1(3dx) = [e*du=e%* + C = e3**1 +

Example: Find [ e5*dx

Solution: Letu = 5x = Z_Z =5 %du — dx

feSxdlefe”duzle”+C=195x+C
5 5 5
. etan_lx
Example: Find [ ———dx
Solution: Letu = tan~1x = & = 2 ~-=du = dxz
dx 1+x 1+x
etan_lx dx

dx = [ etan™'x = [etdu=e*+C=e™" % 4(C

/

Example: Find f;n3 e*(1+e*)V2dx

1+ x2 1+ x2

Solution: Letu=1+ex=>3—;‘=ex=>du=exdx
x=02u=1+e’=1+1=2
x=In3=2u=1+e™¥=1+3=4
* 2 *o2

In3
f ex(1+ex)1/2dx=f ul/? du = —ud?| = [4%2 - 23/?]
0 2 3 > 3

16 —4v2
=



The Function y = a*

Definition: For any number a > 0, then a* = e*In¢

y=>b"
OD<b<) AY

—>

Examples:
1) eV3Inz — V3

2) 37T — enln3

[1 Properties of a*

1) Domainof a* = R
2) Range of a* = R*

3) a* is a continuous function

4) a®=1
5) al =a
6) a**Y =a*-a¥

X
x-y — &
7) a ==

1

8) a*=—=

aXx

9 ()Y = (@) =a™

[1 Derivative and Integral of a*

Derivative

Integral

a(a") =a*ln a
—(a*) = a* lna@
dx dx

X

a
X - C
fa dx 1na+

u

a
u - C
fa dx lna+



Examples:
1) y=37% =y = dd—x3—x =3%In3 (-1) =—-3""In3

2) y = Ssinx = yl — igsinx — 35inx1n3 (COSX)

dx
2x
X —
3) [2¥dx=—+C |
. 5sinx
sinx —
4) [5M ¥ cosxdx =——+C



The Function y = log, x

Definition: For any numbera > 0,a # 1

y = loga x

(ISR

(R

Inx

Ina

y

=log, x.
\y  y=log, x.
] = r

y=log,x

L y=log,yx
J | |

Remarks:

1) log, x is the inverse of a*
Inx In x

2) Ifa=1,thenlog,x = — =22 =2%

Ina In1

[1 Properties of y = log, x

3 3

_f 1

T T T A
345678910

X

1) Domain of log, x = (0, )

2) Range of log,x =R

3) log, x is a continuous function
4) log, xy =log, x +log,y

5) loga§ = log, x —log, y

6) log,x¥ = ylog, x

[1 Derivative and Integral of log, x

Derivative Integral
d log, x In x
a(logax)_xlna I x_fxlna
=1 [lnx dx
d a ) 1 du Ina a x)2
—_— — —_— 1 n
dx - 082" = Unadx = Zx +C




Examples:

1) flogszdx=f Y gx=— [ 2Xax = (Inx)? +C

xln2 In2 X 2In2
2) f3210g2(x—1) dx = f3 2ln(x-1) =if31n(x—1) =i(1“(x—1))2 3
2 x—1 2 (x-1)In2 In272 (x-1) In2 2 2

= L [nG = 1)) = (N2 - 1))2] = —[(n 2)? — (In 1)?]
" In2 " In2
_ (In2)? _

7 In2




Exercise

1. Rewrite the expressmn as a single logarithm:
L 2In(x+1) +- lnx — In(cos x)
ii. 4log2 —log 3 + log 16
iii. ~logx — 3log(sin 2x) + 2

2. Solve for x without using a calculating utility
I. logio(1 + x) =3
ii. logovVx = —
iii. In==-2
X
iv. 1ni+ln2x3 =1In 3
V. 3* =2
vi. 572 =3
vil. xe™* +2e™* =0
viii. e™?* —3e™* = —2. [Hint: Rewrite the equation as a quartatic equation
inu =e™]

3. Find the following integrals
f2X2+1

x3+x

i [—

xInx

1
111. fmdx




Hyperbolic Functions

Function Domain Range Graph
x -x Ir
e’ —e y=3¢
Slnh X = R R - — X
2 (A Ty=-1e
e + e_ v = _l(?_ .\'__j_\.::_/ y = ]?e X
coshx = — R [1, 0] I
sinh x e
tanh x = R (-1,1) z
coshx | | 7 | 7 -
-1
cosh x 1 L
cothx = — — | | T |
S R—{0} | |yl >1 -
~ tanhx j“‘_l ________
h ! 1
sechx =
coshx R 01] /\1
ex — e—x
1
cschx = — - K |
SEE L R-{0} | R—{0} :
eX+e™* \




[1 Properties of the hyperbolic functions

20_g0

1) sinh0 = =0

2) cosh0 =

2 2

e%+e® 141

—x_g=(-%)

1

—-X X

e "—e

3) sinh(—x) == .

4) cosh(—x) =

e e~ (%) e *+e*

= —sinhx (odd function)

2

2
coshx +sinhx = e
coshx —sinhx =e "
cosh? x — sinh?>x = 1
| — tanh® x = sech? x
coth? x — | = csch? x

cosh(—x) = coshx

sinh(—x) = —sinh x

= = coshx
2

(even function)

sinh(x 4+ y) = sinh x cosh y + cosh x sinh y
cosh(x + y) = cosh x cosh y + sinh x sinh y
sinh(x — y) = sinh x cosh y — cosh x sinh y
cosh(x — y) = coshx cosh y — sinh x sinh y
sinh 2x = 2 sinh x cosh x

cosh 2x = cosh? x + sinh? x

cosh2x = 2sinh’x + 1 =2cosh®>x — 1

[ Derivative and Integral of the Hyperbolic Functions

(sinh u] = cosh du
T sinhu] = coshu T

_ du
—[coshu] = sinhu —
dx dx

du

fcnsh udu =simhu 4+ C

sinhudu = coshu + C

d
d—[tanh u] = sech® u . f sech’ u du = tanhu + C
X X
d 9 u 2
d—[cnth u] = —csch” u Tx csch®*udu = —cothu + C
X X
d du
d—[sech u] = —sech u tanh u — sech u tanhu du = —sechu + C
X X
d du
d—[csch u] = —csch u coth u e f csch ucothudu = —cschu + C
X X



Examples:

1) y = coshx3 = y’ = sinh x3 (3x?)
sech? x

2) y =In(tanhx) =y’ =

tanh x

3) y = eSinhx yl = eSInhx ~ooh

4) Find the integral: [ sinh® x cosh x dx

sinh® x
6

f sinh® x cosh x dx =
5) Find the integral: [ tanh x dx

sinh x
jtanhxdxzf dx =In|coshx|+ C
cosh x

6) Find the integral: [ ““*2 dx = sinh(Inx) + C




Inverse of Hyperbolic Functions

Function Domain Range Graph
— cinh=1 v i
y = sinh X iff R R .
x = sinhy
y = cosh™1 x iff /
x = coshy [1,e0] R !
T
| |
y = tanh™! x iff B | L
x = tanhy (=11 R 1] L
| |
| |
| |
T
y = coth™! x iff e .
x = COthy |X| >1 R — {0} _1i 11
.
| |
= sech 1 x iff \ :
’ x = sechy (0.1] [0, ) 1 g
= csch™! x iff K‘
’ X = cschy R = {0} R = {0} -




[ Derivative and Integral of the Inverse Hyperb. Fun.

A 1 du
—(sinh™ u) = —
dx 1 4+ 2 dx
d . 1 du
—(cosh™ u) = —.
dx /u?2 — 1dx
d 1 d
(tanh™! u) = . —u,

dx | —u- dx

f du
va? + u?
du

[ du
a? —u?
1 _
= ——sech

f du
uv a? — u? a

! —1
= ——csch —

/‘ du
uv a? + u? a

Examples:

u| < 1

d
—(coth™!
dx

d
— (sech™
dx

d i
—(csch
dx

tanh ( )—l—C, lu| < a

or

—CI}[]l_I ( )—I—C, lu| > a

) 1
|‘E‘—|—C or ——ln(a+
a a

1 a—+
- ——1In
a u|

1

2a

a — U

— sinh™! (E) +C or mMu+vu+a2)+C
a

= cosh™ (E) +C or mMu+vu?l—a?)+C, u>a
a

|ue

2 2
a+ u )+C,

1) Find y' for the function y = cosh™!(secx),0 < x < %

d(secx)

1
Y _\/seczx—l

X dx
j\/4 Tx 2 j\/zz T x2

dx

vVtan? x

9—x?2
f dx _f _
9—x2 | 32_—x2

o™

3+x
|+c
—-x

x
= sinh‘l(z) +C

_11
_gn

3+x
3—x

1 du
u) = w2 dx’ |u| = 1
u):—;d—u, 0<u<l1
uy/ 1 — u2dx
lu):— : du u+=0
]/ 1+ u-dt
~m|2T b C ul £a
a—u

2
)+C, 0<|ul <a

u#0

(secxtanx) = secx

|+¢



[] Integration Form of Inverse Trigonometric Functions

d
" = sin 'E+C
a? —u? a
d ]
f - ! _— _—tan' =4+ C
a4+ u- a a
du | |
= —sec -+ C
uv u? — a? a a
Examples:
dx _ -1
1) [ 7= =sin"lx+C
dx ax . —1.%
|z =g =sin@+C
dx _ -1
3) fxm—sec x+C

Exercise

Find the following:

d
1) J.S—:;Z

2) [

1+x2

3) [—~_dx

1+e




Integration by Parts

The formula for integration by parts is given by
fudv=uv—-[vdu

And for definite integrals the formula is given by

b b
judvzuvlﬁ—}vdu
a a

Example: Evaluate [ x cosx dx
Solution: Letu = x and dv = cosx dx
du=dxandv = [ cosx dx = sinx

[xcosx dx=uv—[vdu

=xsinx—fsinx dx = xsinx +cosx + C

Example: Evaluate [ x e* dx

Solution: Letu = x and dv = e* dx

du=dxandv = [ e*dx = e*
[xe*dx=uv—[vdu

=xe*— [e*dx =xe*—e*+C

Example: Evaluate [ Inx dx

Solution: Letu = Inx and dv = dx
du=%dxandv=f dx = x

[Inxdx=uv—-[vdu

dx
=x1nx—fx7=xlnx—x+C

00



Example: Evaluate [ x%e™* dx
Solution: Letu = x% and dv = e ™ dx
du=2xdxandv =/ e *dx=—e*
[x?e™ dx =x?(—e™®)— [ —e™*2xdx =—x%?e ™™ + 2 xe ¥dx
Now letu = x and dv = e *dx
du=dxandv = —e™
s fx?e™ dx = —x?e™* +2x(—e™*) =2 [ —e*dx

=—x?e*—2xe ¥ —2e ¥ =—(x*+2x+2)e*+C

Example: Evaluate [ e* cosx dx
Solution: Let u = cosx and dv = e*dx
du = —sinxdxandv = e”*
[ e*cosx dx = e*cosx +[f sinxexdx]
Let u = sinx and dv = e*dx
du = cosxdx andv = e* /

Now,[f sinx e*dx = e*sinx — [ cosxe*dx }

[f e* cos x dx]z e* cosx + e* sinx[— [ cosxexdx]

2[ e*cosx dx = e* cosx + e¥sinx

ex
[ e*cosx dx =7(cosx+sinx) +C

Example: Evaluate fol tan~t x dx

Solution: Letu = tan" ! x and dv = dx

1

1+x2

du = dxandv = x

1

dx

1
f tan"lxdx = xtan" 1 x|} —f
0 0

Q00

1+ x2



Now,

o 1 (1 2x 1 .1
f dx——J dx ==In(1+x?)|} ==In2
0 0

1+x2 2 1+x2 2 T2
1 T 1 T
. -1 — [ _ - —
..jotan xdx—(4 O) 2ln2—4 Inv?2
Exercise

Evaluate: [ e* sinx dx

[l A Tabular Method for Repeated Integration by Parts

For integrals of the form

Step 1.

Step 2.
Step 3.

Step 4.
Step 5.

S p(0)f (x) dx

Differentiate p(x) repeatedly until you obtain 0, and list the results in the
first column.

Integrate f(x) repeatedly and list the results in the second column.

Draw an arrow from each entry in the first column to the entry that is one
row down in the second column.

Label the arrows with alternating + and — signs, starting with a +.

For each arrow, form the product of the expressions at its tip and tail and
then multiply that product by +1 or —1 in accordance with the sign on
the arrow. Add the results to obtain the value of the integral.



Example: Evaluate [ (x? — x) cos x dx

Solution:
Repeated Repeated
Differentiation Integration
2 +

X —x\ CoS x
2x—1\ sinx
2 +

— COS X

0 \’ —sinx

[ (x? —=x)cosxdx = (x> —x)sinx + (2x — 1) cosx — 2sinx + C
=(x?—-—x—-2)sinx+ (2x—1)cosx + C
Example: Evaluate [ x%v/x — 1dx

Solution:

Repeated Repeated

Differentiation Integration

2

X \ (x — 1)1/?
2x - 2 3/2
\ g(x—l) /

2 + 4 5
(v — /2
\ T (x—1)
0 8 7
 (y — /2
s> b

2 3 8 16
[ x%Vx —1dx = §x2(x - 1)2 —l—sx(x — 1)5/2+r'5(x -1)7"2+¢C



Integration of Trigonometric Functions

00000000.00000000

Integrals of the form
[sin®xdx and [ cos™xdx

where n is positive integer.

0 When n is Even

If n is even, use the following

cos?x = %(1 +cos2x) or sin®x = %(1 — €0s 2X)
to reduce the power of cos x and sin x
Example: Evaluate [ sin® x dx

. . 1
n = 2 is even, we shall use sin? x = ~ (1 — cos 2x)

N| -

[sin?xdx = | %(1—c052x)dx = =[f dx — [ cos 2x dx]
1 1 1 1
=§[x—§sin2x+C] =§x—zsin2x+61
Example: Evaluate [ cos? x dx

. 1
n = 2 is even, we shall use cos? x = > (1 + cos 2x)

fcoszxdx=f%(1+c052x)dx=%[fdx+fc052xdx]

= et Zsinan 4l = 2x+Ssinzx 4 C
—E[x ESIH X ]—Ex ZSIH X 1

Example: Evaluate [ sin* x dx

- . 1
n = 4 is even, we shall use sin? x = ~(1 — cos 2x)



2
[sin*xdx = [ (sin?x)? = | E(l—cost)] dx=if(1—2c052x+
cos? 2x)dx = %[f dx — [ 2cos2xdx + [ cos? 2x dx]

1 1
v [cos?2xdx = [ §(1+cos4x)dx ZEU dx + [ cos 4x dx]

17 1 11
=E[x+zsm4x+6]=§x+§sm4x+61
1 1 1
.'.fsin4xdx=—[x—sin2x+—x+—sin4x+C1]
4 2 8
3 1

. 1 .
= Zx —Zsm2x +3—251n4x + C,

OO0 When n is Odd

If n is odd, we shall follow the following procedure

1) Split the odd power to (1)+even power.
2) Use cos?x =1—sin?x or sin?x=1-—cos®x

Example: Evaluate [ cos® x dx
n = 5 is odd power of cos x, so split 5 to (1 + 4) and we use
cos?x =1 —sin®x
[ cos®xdx = [ cos*xcosxdx = [ (cos?x)? cosx dx
= [ (1 —sin?x)?cosxdx = [ (1 — 2sin? x + sin* x) cos x dx
= [ cosx dx — 2 sin? x cosx dx + [ sin* x cosx dx

_ sin®x sin®x
= sinx — 2 3 + c +C

Exercise

Evaluate:

1) [ cos* x dx
2) [ cos®x dx
3) [ sin®xdx



00000000-00000000

Integrals of the form
[ sin™ x cos™ x dx

where n and m are positive integers.

0 When 1 and m are Even

If both powers n and m are even integers, then use the following
cos?x = %(1 +cos2x) or sin®x = %(1 — €05 2X)
Example: Evaluate [ sin? x cos? x dx

Here, both n = m = 2, are even integers

1 1
[ sin?xcos?xdx = [ (E (1 — cos 2x)> <§ (1 + cos 2x)> dx

1
= Zf (1 — cos 2x)(1 + cos 2x) dx = [ (1 + cos 2x — cos 2x — cos? 2x)dx

1 1 1 1
sz(l — cos? 2x)dx =Z[x—fcos2 2x dx]| =Z[x—5f (1 +cos4x)dx]
—1[ - (x+ =sin 4 +C]—1 " sindx+C
=7l 2(x 2 Sin X) —8x 32sm x+ C;

0 When n or m is Odd

If one of the powers n or m is odd integer, then we shall follow the following
procedure

1) Split the odd power to (1)+even power.
2) Use cos?x =1—sin?x or sin?x=1-—cos?x

Example: Evaluate [ sin? x cos® x dx
Here, n = 5 is an odd power of cos x, so we split 5 to (4+1) and use

cos?x =1 —sin?x



[ sin? x cos® x dx = [ sin® x cos* x cos x dx
= [ sin? x (1 — sin® x)? cos x dx
= [ sin?x (1 — 2 sin® x + sin* x) cos x dx
= [ sin?x cosx dx — 2 sin* x cosx dx + [ sin® x cos x dx

sin3 x Zsin5x+sin7x+ c
3 5 7

INTEGRATING PRODUCTS OF SINES AND COSINES

f sin” x cos x dx PROCEDURE RELEVANT IDENTITIES

* Split off a factor of cos x.

n odd * Apply the relevant identity. cos?x =1—sin’x
* Make the substitution # = sin x.
* Split off a factor of sin x.
m odd « Apply the relevant identity. sinx = 1 —cos?x
* Make the substitution 4 = cos x.
m even * Use the relevant identities to reduce sinZx = %(1 — cos 2x)
neven the powers on sin x and cos x. cos2 x = %(1 +os 2x)
Exercise
Evaluate:

1) [ sin*x cos® x dx
2) [ sin*x cos* x dx
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Integration of product of sinx and cos x with different arguments. In this
case we use one of the following relations:

1

cos ax cos bx = > (cos(a + b)x + cos(a — b)x)
1

sin ax cos bx = > (sin(a + b)x + sin(a — b)x)

sin ax sin bx = 5 (cos(a — b)x — cos(a + b)x)
00000000000000000

Example: Evaluate [ sin 5x cos 4x dx

1
[ sin5x cos4x dx = Ef (sin(5 + 4)x + sin(5 — 4)x)dx

)+C _ cos9x cosx
CcoS x = 18 >

—1f(' 9x + sinx)d _1( cos 9x
=5 sin9x + sinx x—2 3

Example: Evaluate [ cos 5x cos 7x dx

1
[ cos5x cos 7x dx = Ef (cos(5+ 7)x + cos(5 — 7)x)dx

1 1
= Ef (cos 12x + cos(—2x))dx = Ef (cos 12x + cos 2x)dx

1rsin12x sin2x

b R
sin12x  sin 2x Even function
=54 T T¢C f(=x) = f(x)

cos(—2x) = cos 2x



INTEGRATING RATIONAL FUNCTIONS
BY PARTIAL FRACTIONS

Recall that a rational function is a ratio of two polynomials.

X

H(x )— () , where Q(x) # 0

In this section we will give a general method for integrating rational functions
that is based on the idea of decomposing a rational function into a sum of simple
rational functions that can be integrated by the methods studied in earlier sections.

[0 Finding the Form of a Partial Fraction Decomposition

The first step in finding the form of the partial fraction decomposition of a proper

rational function QE ; Is to factor Q(x) completely into linear and irreducible

quadratic factors, and then collect all repeated factors so that Q (x) is expressed
as a product of distinct factors of the form
(ax + b)™and (ax? + bx + c)™

[1 Linear Factors
If all of the factors of Q(x) are linear, then the partial fraction decomposition of

PEx; can be determined by using the following rule:

LINEAR FACTOR RULE For each factor of the form (ax 4 b)™, the partial fraction
decomposition contains the following sum of m partial fractions:

A] + AE + + Am
ax+b  (ax + b)? (ax + b)"

where A, A,, ..., A,, are constants to be determined. In the case where m = 1, only
the first term in the sum appears.

d
Example: Evaluate | ———

1
x24+x—-2 (x—=1((x+2)
1 A B

= +
x—-1Dx+2) x—-1) ((x+2)
where 4 and B are constants to be determined.

00



1 _A(x+2)+B(x—-1) (A+B)x+2A-B

x—Dkx+2) (-Dx+2)  (x-Dkx+2)
Now,
(A+B)x+24-B=1
So,
A+B=0=>A=-B
and
1 1
2A—B=1:—2B—B=1:,~—BB:1:,~B=—§=>A=§
p 1 1
N 3
d d
fx2+x—2 f( 1) x+f +2) x
1
=§ln|x— 1] —§1n|x+2| +C =§ln n
Example: Evaluate [ S ax ) )
Iy o f(x—l)(x—l) x f(x—1)2 *
Now,
X A B _Ax-1)+B Ax—-A+B
(x—l)z_(x—l) (x—12 (x—-1)2 = (x—1)2
_Ax+(B-A)
o (x—1)?
A=1andB—-A4A=0=>B=4=1
. X _ 1 4 1
T(x-12 x-1 (x—1)?
X dx dx (x—1)71
— ~ dx= —  —hmx-1+——+C
ad B 1+f(x—1)2 ne =1+ ———+
1
ln|x—1|——1+C
Example: Evaluate | — X2 dx

—2x2

2x+4  2x+4
x3 —2x2  x2(x—2)

Now,
2x + 4 _A B C

xz(x—Z)_;-l_F-l_x—Z
2x+4  Ax(x—2)+B(x—2) +Cx* Ax*®—2Ax + Bx — 2B + Cx?
x2(x—2) x%(x —2) B x2(x —2)
_(A+0Ox*+ (B—2A)x—2B
B x%(x —2)

So,
A+C=0=>A=—-C

00



—2B=4=B=-2
B—2A=2>-2-2A=2=>-2=4=A=-2=(C=2

2x + 4 -2 -2 2
fde—deX'l'deX‘fo_zdx

2 x—2] 2
=—21n|x|+;+21n|x—2|+C=21n |+;+C

[0 Quadratic Factors
If some of the factors of Q(x) are irreducible quadratics, then the contribution of

those factors to the partial fraction decomposition of % can be determined from

the following rule:
QUADRATIC FACTOR RULE For each factor of the form (ax? + bx + ¢)™, the partial
fraction decomposition contains the following sum of m partial fractions:

A]x + Bl + A2x -+ BE 4+ + Amx + Bm
ax24+bx +c  (ax?+ bx + c)? (ax* + bx 4 )™

where Ay, A,, ..., A,. By, By, ..., B,, are constants to be determined. In the case

where m = 1, only the first term in the sum appears.

x%24x-2
3x3-x2+3x-1

Example: Evaluate [
3x3 —x?4+3x—-1=x’CBx—-1D)+Bx—-1)=0CBx—-1Dx*+1)

x*+x-2 A +Bx+C_A(x2+1)+(Bx+C)(3x—1)
3x3—x2+3x—1 3x—-1 x2+1 (Bx — 1)(x2 + 1)

x2+x—-2=(A+3B)x*+(-B+30)x+(4-0)

A+3B=1
—-B+3C=1
A—C=-2
Solving these three equations, we get
A=-I, B=Z (=:



x> +x—2 D — x> +x—2 p
33 —x2+3x -1 I Bx-Dxz+ D
4

_7
=/ 3
7 dx

=2 f

57 3x — 2+1 Xty f 2+1

7 2 3
= —§1n|3x — 1| +§ln|x + 1| +§tan‘ x+C

J

3x*+4x3+16x2+20x+9

Example: Evaluate [ D)’

3x* 4+ 4x3 + 16x2 +20x+9 A Bx+C+ Dx+ E
(x + 2)(x? + 3)? (x+2) x?2+3  (x?+3)?

3x* + 4x3 + 16x%2 +20x + 9
=A% +3)2+Bx+O)(x*+3)(x+2)+ (Dx+E)(x+2)

=(A+B)x*+ 2B+ C)x3+ (6A+ 3B + 2C + D)x?
4+ (6B +3C+ 2D +E)x + (94 + 6C + 2E)
So,

A+B =3
2B+C =4
6A+3B+2C+D =16
6B+ 3C+2D+E =20
9A+6C+ 2E =9

Solving these equations gives
A=1,B=2,C=0,D=4E=0

3x* +4x3 +16x% 4+ 20x+ 9
(x + 2)(x2% + 3)2

2x
= dx+fxz_|_3

)

dx

4x
dx +f mdx

(x+2)

+ C

=ln|x+2|+1n(x2+3)—x2+3



[] Integrating Improper Rational Functions

Although the method of partial fractions only applies to proper rational functions,
an improper rational function can be integrated by performing a long division and
expressing the function as the quotient plus the remainder over the divisor. The
remainder over the divisor will be a proper rational function, which can then be
decomposed into partial fractions.

P(x P (x
) = polynomial + 1 ()

Q(x) Q(x)
This idea is illustrated in the following example.
le: Eval x
Example: Evaluate | ————dx
x—2
X2 +2x+1 x3
x3+2x% +x
2x% — x
2x% —4x — 2
3x+ 2
x3 B N 3x + 2
x2+2x§|—1_x x2+2x+1
X 3x+2
dx = [ (x — 2)d —
fx2+2x+1 X f(x )x+fx2+2x+1 x
B 2 2%+ [ 3x + 2
o T e a1
Since,
3x+ 2 3x+ 2 3x+ 2 A B

x2+2x+1=(x+1)(x+1)=(x+1)2=(x+1)+(x+1)2
_Ax+1)+B Ax+(A+B)

(x+12  (x+1)2

It is clear that
A=3and B = -1
3x+2 3 1

Trari =] (x+1)dx_f Gt

1
=3lnjlx+1|+——+C
x+1

- f

Finally,
3 x2

X 1
dx=——2x+3l 1| +——+C
P i rix =g 243+ 14—t

90

J



3x*+3x3-5x24x-1
xZ4x-2

dx

Example: Evaluate [

3x2+1

x24+x—2|3x*+3x3—-5x?+x—-1
3x* + 3x3 — 6x2

x24+x—-1
X2 +x—-2
1
3x*+3x3—-5x24+x—-1 5
x24+x—2 = (3x +1)+x2+x—2
and hence
3x*+3x3 —-5x%2+x—-1 1
Il R dx=f(3x2+1)dx+f—x2+x_2dx
1)f(3x +1)dx=x3+x+C1
2) f 2+x 2

1 1
x2+x—-2 (x—=1Dx+2)
1 A B

= +
x—-1Dx+2) x-1) ((x+2)
where 4 and B are constants to be determined.

1 A +2)+B(x-1) (A+B)x+24-B
(x—1D(x+2) (x-Dx+2)  (x—1D(x+2)
Now,
(A+B)x+2A-B=1
So,
A+B=0=>A=-B
and
1 1
2A—B=1:>—ZB—B=1=>—3B=1=>B=_§=>,4=§
q 1 1
X 3
o = d
fx2+x—2 f( 1) x+f( +2)
1 1
=§ln|x—1|—§1n|x+2|+62=§lnx+2+C
Finally,
f3x4+3x3—5x2+x—1d L +11 x—1|+C
X%+ x—2 R T PP




[0 Concluding Remarks

There are some cases in which the method of partial fractions is inappropriate.
For example, it would be inefficient to use partial fractions to perform the
integration

3x%+ 2 5
fmdx=ln|x +2x—8|+C
since the substitution u = x3 + 2x — 8 is more direct. Similarly, the integration
2x —1 2x _
1) x2+1dx=fx2+1dx—f x2+1dx=ln(x2+1)—tan x+C

requires only a little algebra since the integrand is already in partial fraction
form.

Exercise

1) Evaluate:

dx
a. f x2-3x—4

b. [ _5XT5  ax

3x2-8x-3
f dx
x2—-6x—7
f x*+6x34+10x%4+x
x2+6x+10
J- x3+x2+x+2
(x2+1)(x2+2)

134

o

—h
—
®
S
|
NS
QU
~

1 1

dx = —In
2a

a+x

a—Xx

2) Show that: [ +C

a2—x2



