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Definition 2.11: Let (G, *) be a group and (H, *), (K, *) be two subgroups of
G, then the product of H and K is the set:
H+xK={h+k : h € H, k € K}

Notes 2.12:

(1) H=H is write H?

(2) If H={a}, then H*xK = axK . If K = {b}, then H*K = Hx*Db .
(3) HUK € H*K .

Theorem 2.13: Let (G, *) be a group and (H, *), (K, *) are two subgroups of
(G, *), then
(1) H*K £ AH*K S G
(2) HcH=*Kand K € HxK
(3) (H=K, =) is a subgroup of (G, *) iff H*K = K«H
(4) If (G, =) is commutative group, then (H*K, *) is a subgroup of (G,*).
Proof:
(1) wve€eH AeeK=exe=eeH=*K
s H*K £ ¢
Andletx e HtK = x=a*b32aeHCc G andbeKc G
—=a€eG AbeG

= a*bh=xX€eG

~ HxK € G
(2) LetxeH=x=xx*ee€H=*K
= X € H*K
.~ H < H*k

Similarly K € H+K
(3) (=) suppose (H*K, *) is a subgroup of (G, *) To prove, H*K = KxH
(ie.) H#*K < K#H A K#H € H+xK
Letxe H*K =>x=a*hsaeHAbeK
Since H*K is subgroup of G = x~1 € H*K
Letx l=c*d3ceH A deK
X=(x"H1=(c*d)"t=d*c15d1eK A cleH
~x=d sl e KxH
s H*K € K=*H.
KxH € H+xK (Home Work)

S P ST w— 3. s gy (1 Sty s 9oy 0 H)Jd_m_gﬁ_«_huu G i g dlae) 27




Groups Theory 2024-2025 o i 4 b
(&) Let H*xK = K+H To prove, ( H*K, *) is subgroup of(G, *)
HxK # ¢ and H*xK € G (by 1)

Let x, y € H¥*K To prove, x+y~1 € H*xK
XEH*K = x=a*bh3a€eH AbekK
yeEH*K = y=cxd3ceH AdeK
xxy~t = (axb)*(cxd) ™

= (axb)*(d"1xc™1)

:a*(@__i)*g

eK €eH
s (bxd™1) *¢71 € KxH = H*K
~(b*d™1) *c7le HxK
=>3IpeH,teK3(b*d™ 1) *c™ 1 =p=*L
~ax(bxd 1) *¢71 = axpx £ € HxK
EH €K

~ xxy~1 e Hxk
~ (H*K, *) is subgroup of (G, *)

(4) If (G, %) is commutative group, then (H*K, *) is subgroup of (G, *).
Proof: HxK #¢ and HxK € G (by 1)
Let x, y € H*K To prove, x*y~1e H*K
XEH+*K = x=a*h3aeH AbeK
yEH*K = y=cxd3ceH AdeK
xxy =t = (axb)*(cxd) ™!
= (a*b)*(c"1*d™1) (since G is commutative)
=ax(bxc™1)*d™1  (*is associative)
= (a*c ™ D)*(bxd™1) (*is commutative and associative)
. x#ky e HxK
~ (H=K, *) is a subgroup of (G,*)

Example 2.14: In (Zs, +s), Let H = {0, 4} and K= {0, 2, 4, 6}.
Find H +gK
Solution: H+sK = {0, 2, 4, 6}.
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Notes 2.15: Let (H, *) and (K, *) are two subgroup of (G, *), then :
(1) H:K#K«H
(2) (H+K, +) need not be subgroup of (G,+). Give example (Home Work)

Exercises (1): Is (H, *) a subgroup of (G, *) each of the following:
(1) (Zs, +g), H={0,6}. Find H2.
(2) (Z4, +4), H=1{0,1,2}. Find H2. (Home Work 5)

Definition 2.16: The center of a group (G,*) denoted by Cent(G) or C(G) is
the set

C(G) ={c e G: cxx =xx*C, V X € G}
3)@)&\Jmhcd5c.qdjbﬁ&m)mhﬂ\ﬁf‘)j\)sf

Note 2.17: Cent(G) # ¢, since Ie e Gs.t.exx =x*xe VX EG = e € Cent(G).

Examples 2.18:
(1) Inagroup (R\{0},.)

Cent(R\{0}) = R\{0},since R\{0} with multiplication is commutative
(2) Inagroup (Ss, o), Cent(Ss3) = {f1}

Since Cent(S;3) = {f € S3: fog = gof V g € S3} = {f1}

Theorem 2.19: Let (G, *) be a group. Then (Cent(G), *) is a subgroup of
(G, *).
Proof: Cent(G)#¢  (by note (2.17))
Cent(G)={aeG:xxa=a*xx,VXEG} S G
Let a, b € Cent(G) To prove, axb™! € Cent(G)
a € Cent(G) >a*xx=x*a, VXEG
b € Cent(G) = bxx =x*b, VX €G
To prove, (axb™1) *x = xx(a*xb™1) VX €G
Now, (a*b~1) *x = ax(b~1#x)
= ax(x"1xb)~!
=ax(b*x~1)"1 (since b € Cent (G))
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