Groups Theory 2024-2025 s il 4 L

Example 1.21: Let G = {1,—1,i,—i} be asetand "." be operation on G.
Is (G,.) agroup ? Comm. ?

Solution:

(1) Closure is true.

(2) Asso. Law is true A B O A
(3) 1lisan identity element. 111 1=11 i [ =i

4 17 =1,-1t=-1it=—i—-i"t =
(5) Comm .is true
(G, .)isacomm.group.

Example 1.22: Let G ={ [g 2] ,a, b €Z}. Show that (G, +) group?
Is (G, +) is a comm. group? (Home Work).

Solution:
, a 0] f[c O
(1) Closure: Let [0 bl [0 d] e G such that a,b,c,d € Z, then
a 0 c 0]_f[a+c 0
b »l*ls o=l beal €6

Since a+c €Z and b+d € Z Closure is true
(2) Asso. Law: (Home WorKk).
(3) Identity:

sice [ 3]+ lo ol =l ol *lo pl=[5 plten

01. L
0 [O O] Is an identity element of G

(4) Inverse: Let a,b € Z ,then —a,—b € Z and since

A+B =] 2]+[0—a —(I)j]z C(l)+(_a)b+(—b§)l=[8 8]

~B=A' vAeG3IBeGsuchthatB=A"
~ (G, +) isagroup.
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Let G=RXR={(a,b):a,b e R,a+# 0} and * be defined by
(a,b)*(c,d)=(ac,bc+d)

Prove that (G, =) is group. Is (G, *) Comm.”?

Solution:

(1) Closure: Let (a,b),(c,d)eG=a+0,c#0=ac+#0
(a,b)*(c,d)=(ac,bc+d)eG ac+0
(2) Asso.:Let(a,b), (c,d),(e,f)e G, wehave
(a,b)*[(c,d)*(e,f)]=(a,b)=*(ce,de+Tf)
=(ace,bce+de+1)...... (1)
[(a,b)*(c,d)]*(e,f)=(ac,bc +d)=(e,f)
= (ace, (bc+d)e+f))

= (ace,bce+de+f).....(2)
~ (1) = (2) , then asso. is true

(3) ldenitity : Let (a,b),(x,y)€G

(a,b) * (x,y) = (x,y) * (a,b) = (a,b)

(a,b) x (x,y) ; (ax ,bx+y) = (a,b)
caXx=a =2x=1

andbx +y =b =2b+y=b =2y=0
= (x,¥) = (1,0)

Also, (x,y)* (a,b)= (xa,ya+b) = (a,b)
~Xxa=a =x=1
va+b=b=ya=b—b=ya=0=y=0
~(x,y) =(1,0)
~ (1,0) is an identity element of G
(4) Inverse: Let (a,b), (c,d)€ G ,a#0,c#0
(a,b)* (c,d)= (c,d)* (a,b)=(1,0)
(c,d)* (a,b)=(1,0)

(ac,bc+d)=(10)=ac=1=c=~

a
bc+d=0=>b-+d=0 =d= —>
~(c,d) = (i ,_ab) is an inverse of G

(5) Comm : G is not comm. , since Take ( 3,5), (4,6)

(3,5) = (4,6)=(12,26) } = G s not comm..
(4,6) = (3,5) =(12, 23)

At (5 ) 3 |
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Example 1.24: Let (G, *) be an arbitrary group. The set of the function from G
iNtoG:Feg={fa:ae G}, faG-G st. fa(x)=a*xx ,xeGC,
With the composition (Fg, 0) is forms a group, prove that.
Solution:
(1) Closure: Letfy, fheFc,a,beG
(fao fo) (x) = fa (fo (x)) = fa (b * X)
=ax* (b *X)
= (a *b) »x, since G is a group.
=fan(X) €EFg,since  axb € G
(2) Asso: Letf, fy, fc€EFc,a,b,ceG
(fa 0 fb) 0 fc = faxp O fc = famny=c
since * is asso. on G
= fa*(b*c) = fa 0] fb*c = fa 0] (fa 0] fC)
(3) ldentity : fe is an identity of Fg, since
faofe=fae=fexa=fe0 fa=fa
(4) Inverse : The inverse of f, in Fg is fa%, since
fa0 fal=fal=fala =folofa= 1.
Also, if G is comm. group, then (Fg, 0) is comm. group .

Exercises (3): Determine the systems (G, *) . Is (G,*) group? Is (G,*) comm.
group? (Home Work 3).
[1] (G = {fl, fz, f3, f4, f5, fe}, O) , where

fi(X) =%, T2 () = =, s () =14, fax) = =,
[2] G ={(a,b):a,beR,a#0,b=0}st.

(a, b) * (c, d) = (ac, b+d)

[8] (G={am:meZ}, K +)
ab

[4] G:Q”,a*b:?

[5] G=Z,axb=a+b-2
6] LetG={ [(1) 2] A€z} Is (G, +) group?
[7] Let={fi,fo, f3, fa},Where f; i =1,2,3,4, are mappings on R\{0} 3

i@ =xf0=-x.00=1 i@ =-1
Show that (G, ) isa group. Is (G, ) Comm. ?

1

5 = 7 fo0) = 75

x+1
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