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Example 1.21: Let 𝐺 = {1,−1, 𝑖, −𝑖} be a set and "." be operation on G.  

Is (𝐺, . ) a group ? Comm. ? 

Solution: 

(1) Closure is true. 

(2) Asso. Law is true 

(3) 1 is an identity element. 

(4) 1−1 = 1 , −1−1 = −1, 𝑖−1 = −𝑖, −𝑖−1 = 𝑖 

(5) Comm .is true  

∴     ( G , . ) is a comm.group. 

 

 

. 1 −1 𝑖 −𝑖 

1 1 −1 𝑖 −𝑖 

−1 −1 1 −𝑖 𝑖 

𝑖 𝑖 −𝑖 −1 1 

−𝑖 −𝑖 𝑖 1 −1 
 

 

Example 1.22:  Let G = { [
𝑎     0
0     𝑏

]  , a, b ∈ Z }. Show that (G, +) group?  

Is (G, +) is  a comm. group? (Home Work).  

Solution: 

(1) Closure:  Let [
𝑎     0
0     𝑏

], [
𝑐     0
0     𝑑

]  G such that a,b,c,d ∈ Z, then 

 [
𝑎     0
0     𝑏

] + [
𝑐     0
0     𝑑

] = [
𝑎 + 𝑐              0
0              𝑏 + 𝑑

] ∈ 𝐺   

Since  a+c ∈Z and b+d ∈ Z   Closure is true  

(2) Asso. Law: (Home Work). 

(3) Identity:   

Since [
𝑎     0
0     𝑏

] + [
0     0
0     0

] = [
0     0
0     0

] + [
𝑎     0
0     𝑏

] = [
𝑎     0
0     𝑏

], then 

0 [
    0
0     0

] is an identity element of G  

(4) Inverse: Let  𝑎, 𝑏 ∈ 𝑍  , then −𝑎,−𝑏 ∈ 𝑍  and since  

𝐴 + 𝐵 = [
𝑎     0
0     𝑏

] +  [
−𝑎        0
0       − 𝑏

] =  [
𝑎 + (−𝑎)                0
0               𝑏 + (−𝑏)

] =  [
0     0
0     0

] 

∴ B = A-1  ∀ A ∈ G ∃ B ∈ G such that B = A-1. 

 ∴ ( G , + )  is a group. 
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Example 1.23:   

Let G = R×R = {(a, b) : a , b ∈  R, 𝑎 ≠ 0 } and ∗ be defined by 

 ( a , b ) ∗ ( c , d ) = ( ac , bc + d ) 

 Prove that (G , ∗ ) is group. Is (G, ∗) Comm.? 

Solution: 

(1) Closure : Let  ( a , b ) , ( c , d ) ∈ G ⟹ a ≠ 0 ,  c ≠ 0 ⟹ ac ≠ 0 

( a , b ) ∗ ( c , d ) = ( ac , bc + d ) ∈ G  ac ≠ 0  

(2) Asso. : Let ( a , b ) ,  ( c , d ) , ( e , f ) ∈ G , we have 

( a , b ) ∗[ ( c , d ) ∗ ( e , f ) ] = ( a , b ) ∗ ( ce , de + f )  

                                              = ( ace , bce + de + f) ……(1) 

[( a , b ) ∗ ( c , d ) ] ∗ ( e , f ) = ( ac , bc  + d ) ∗ ( e , f )  

                                              =  ( ace , ( bc + d )e + f)) 

                                              =  ( ace , bce + de + f )….. (2) 

∴ (1) = (2)  , then asso. is true 

(3) Idenitity : Let  ( a , b ) , ( x , y ) ∈ G 

( 𝑎 , 𝑏 )  ∗   (𝑥 , 𝑦 )  =  (𝑥 , 𝑦 )  ∗  ( 𝑎 , 𝑏 )  =  ( 𝑎 , 𝑏 ) 
       ( 𝑎 , 𝑏 )  ∗   (𝑥 , 𝑦 )  =  (𝑎𝑥 , 𝑏𝑥 + 𝑦 )  =  ( 𝑎 , 𝑏 ) 
        ∴ ax = a    𝑥 = 1 

        and 𝑏𝑥 + 𝑦 = 𝑏   𝑏 + 𝑦 = 𝑏    𝑦 = 0 

     ∴ (𝑥, 𝑦) = (1,0) 
      Also, (𝑥 , 𝑦 ) ∗  ( 𝑎 , 𝑏 ) =  (𝑥𝑎 , 𝑦𝑎 + 𝑏 ) = (𝑎, 𝑏)  
       ∴ xa = a   𝑥 = 1 

       𝑦𝑎 + 𝑏 = 𝑏  𝑦𝑎 = 𝑏 − 𝑏  𝑦𝑎 = 0   𝑦 = 0 

∴ (𝑥, 𝑦) = (1, 0) 
∴ (1,0) 𝑖𝑠 𝑎𝑛 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝐺 

(4) Inverse:  𝐿𝑒𝑡 ( 𝑎 , 𝑏 ), (𝑐 , 𝑑 ) ∈  𝐺  , 𝑎 ≠ 0 , 𝑐 ≠ 0 

 ( 𝑎 , 𝑏 ) ∗   (𝑐 , 𝑑) =  (𝑐 , 𝑑 ) ∗  ( 𝑎 , 𝑏 ) =  ( 1 , 0 ) 
     (𝑐 , 𝑑 ) ∗  ( 𝑎 , 𝑏 ) =  ( 1 , 0 ) 

     (𝑎𝑐 , 𝑏𝑐 + 𝑑 ) = (1,0)   𝑎𝑐 = 1    𝑐 =
1

𝑎
 

      𝑏𝑐 + 𝑑 = 0    𝑏
1

𝑎
+ 𝑑 = 0     𝑑 =  −

𝑏

𝑎
 

     ∴ (𝑐 , 𝑑) = (
1

𝑎
 ,
−𝑏

𝑎
) 𝑖𝑠 𝑎𝑛 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝐺 

(5) Comm : G is not comm. , since  Take ( 3,5) , (4,6) 

(3, 5 ) ∗ (4, 6) = ( 12, 26 )              G is not comm..  

(4, 6) ∗ (3, 5) = (12 , 23)   
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Example 1.24:  Let (G , *) be an arbitrary group. The set of the function from G 

in to G : FG = {fa : a ∈  G }, fa: G → 𝐺  s.t.   fa (x) = a∗ x   , x ∈ G, 

With the composition  )FG , o) is forms a group, prove that. 

Solution: 

(1) Closure: Let fa, fb ∈ FG , a, b ∈ G   

(fa o fb ) (x) = fa (fb (x)) = fa (b ∗ x)  

    = a ∗ (b ∗ x)  

                                      = (a ∗ b) ∗ x ,  since G is a group. 

                                      = fa*b (x) ∈ FG , since      a∗b ∈ G  

(2) Asso : Let fa, fb, fc ∈ FG , a, b, c ∈ G  

(fa o fb) o fc = fa*b  o fc = f(a*b)*c 

since *  is asso. on G  

                   = f a*(b*c) = fa o fb*c = fa o (fa o fc) 

(3) Identity : fe is an identity of FG, since  

fa o fe = fa*e = fe*a = fe o  fa = fa 

(4) Inverse : The inverse of fa in FG is fa
-1, since  

fa o fa
-1= fa*a

-1= fa
-1

*a = fa
-1o fa = fe 

Also, if G is comm. group, then (FG, o) is comm. group . 
 

Exercises (3): Determine the systems (G, ∗) . Is (G,*) group? Is (G,*) comm. 

group?                                                               (Home Work 3). 

[1] (G = {f1, f2, f3, f4, f5, f6}, o) , where  

    f1(x) = x, f2 (x) = 
1

𝑥
 , f3 (x) =1+x , f4(x) = 

𝑥+1

𝑥
 , f5(x) = 

𝑥

𝑥+1
 , f6(x) = 

1

1+𝑥
 

[2] G  = {(a, b) : a, b ∈ R , a ≠ 0 , b ≠ 0} s.t.  

      (a, b) ∗ (c, d) = (ac, b+d)  

[3]  (G = { am : m ∈ Z } , +)  

[4]  G = Q+ , a ∗ b = 
𝑎𝑏

5
. 

[5]  G = Z, a ∗ b = a + b - 2  

[6] Let G = { [
1     0
0     𝑎

]    , a ∈ Z }. Is (G, +) group?  

[7] Let = {𝑓1, 𝑓2, 𝑓3, 𝑓4} , where 𝑓𝑖 ∋ 𝑖 = 1, 2, 3, 4, are mappings on 𝑅\{0} ∋

 𝑓1 (𝑥) = 𝑥, 𝑓2 (𝑥) = −𝑥 , 𝑓3 (𝑥) =
1

𝑥
  , 𝑓4 (𝑥) = −

1

𝑥
.  

Show that (𝐺, ) is a group. Is (G ,  ) Comm. ? 

 


