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The converse of this theorem is not true, for example:

Let (G={e, a, b, c} *)s.t.a? =b% =c?=e
a’=e >a*a=e > aq 1=a

b’=e =>b*h=e = b71=b

c’=e cxc=e > ¢ 1=

el=e 2> x1=x VXEG

=~ (G, *) is commutative group

But (G, *) is not cyclic group since:
<e>={e}#G
<a>={d*:kezZ}={e,a} #G
<b>={b*:kez}={e, b} #G
<c>={ck:kezZ}={e, c}#G

=~ (G,*) is not cyclic.

Theorem 2.29: Let (G, *) be a group, then<a>=<a"1>vVa€eG

Proof:

<a>={a*kezZ}={(a ) *:-keZ}
={(aH™ :m=-k ez}
=<q~ 1>

Theorem 2.30: If (G, *) is a finite group of order n generated by a, then G =
<a>={a*:keZz}={al,a? ....,a™ = e}such that n is least positive integer

dat =e.

(i.e,) 0(a) = n = 0(G) (s 4y =15 e )l Al gy (A juaiall 4 )

Examples 2.31: Show that (Z,,, +n) is cyclic group.
Solution:

Z,=1{0,1,2,..,n—1} - JREIL (i dgtia 3 e 3l o La

o(Z,)=n.Toprove, Z,=<I1>

<I>={(Dk:kez}={D, D2 D53, ...., (D", (D" = 0}

={1,2,3,..,n=0}=2,
Z, =<1>and o(Z,) = o(1) =n.
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Definition 2.32: (Division Algorithm for Z)  4eudll 4zaj) a
Let a and b be two integer numbers with b > 0, then there is a unique pair of
integer’s g and r such that:

a=bq+r where0<r<b
The number ¢ is called the quotient and r is called the remainder when a is
divided by b.

Examples 2.33: Find the quotient g and remainder r when 38 is divided by 7
according to the division algorithm.

Solution: 38 =7(5)+3 0<3<7

~g=5and r=3.

Examples 2.34: Ifa=23,b=7
23=7(3)+2 0<2<7 = q=3,r=2

Examples 2.35: Ifa=15 , b=2
15=2)(7)+10<1<2 = g=7,r=1

Theorem 2.36: Any subgroup of acyclic group is cyclic.
Proof: (Without proof)

Corollary 2.37: If (G, *) is a finite cyclic group of order n generated by a ,
then every subgroup of G is cyclic generated by a™ 3 mjn

Proof: Suppose (G, *) is a finite and o(G) =n
G=<a>={al,a? ....,a" = ¢}

Let (H, *) be a subgroup of (G, *). Then (H,*) is cyclic (by Theorem 2.35)
such that H = <a™>
To prove, mn (n=mg, g€ 2)
eeH=a" eH, a™ € H, by division algorithm of n and m

=> n=mg+r 0<r<m

r=n-mg = a" =a"*(am) 9

= a =(@m")%eH
ButO<r<m = r=0 = n=mg
s~ min
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Examples 2.38: Find all subgroup of (Z1s, +15)
Solution: 0(Z1s) =15, H=<(1)™> 3 m|n
H=<(1)™>>5m|15

m=1,3,5 15

Ifm=1 = Hi=<1>=7;

Ifm=3 = H;=<(1)3>={3,6,9,12, 0}
Ifm=5 = Hz=<(1)%>={5, 10, 0}
Ifm=15 = Hy=<(1)'*>={0} =<0>

(H.W.) Find all subgroup of (Zs, +g).

Corollary 2.39: If (G, =) is finite cyclic group of prime order, then G has no

proper subgroup.

Proof: Let (G, *) be a finite group such that o(G) = p (p prime number)

G=<a>={al,a? ....,aP = ¢}

Let (H, *) be cyclic subgroup
~H=<a™>3mp =>m=1 or m=p

If m=1= H=<a>=G (not proper subgroup)

Ifm=p= H=<aP=e>={e} (not proper subgroup)

~. G has no proper subgroup.

Examples 2.40: Find all subgroup of (Z7, +7)
Solution: o(Z7) =7, let H=<(1)™ > 3m|7
~m=1 m=7

fm=1= H1:<I>:Z7

Ifm=7= Hy=<(1)">={0}.
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