Groups Theory 2024-2025 o i 4 b
= ax(xx*b~1)
=(a*x)*b~!
=(x*a)*b~! (since b € Cent (G))
= x*(axb~1)
=~ (axb™1) € Cent(G)
~ (Cent(G),*) is a subgroup of (G, *).

Theorem 2.20: Let (G, *) be a group. Then
Cent(G) =G & G isacommutative group.
Proof: (=) Vae G = ae Cent(G)
LakX =xX*a, VX EG
sLaxX = X*a, V X, a EG
~ G Is commutative group
(<) Suppose that G is commutative group.
To prove, Cent(G) =G, (i.e) To prove, Cent(G) € G A G < Cent(G)
By definition of Cent(G) we have Cent(G) < G.
To prove, G € Cent(G)
Let x € G, G is commutative group = x*a=a *X,Va € G
. X € Cent(G) = G c Cent(G)
~CentG=G
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Cyclic Groups (Al a3 ) of B )gal) sa 3l
Definition 2.21: Let (G, *) be a group and a € G,
(1) the cyclic subgroup of G generated by a is denoted by <a> and defined
as

<a>={a¥kez}={...,a',a’,d",..}

A E G paiallsal giall 4 yilall 435 3all 8 ya 3l

Definition 2.22: A group (G, =) is called cyclic group generated by a iff 3 a
€ G such that

G=<a>={da":kezZ}

Examples 2.23: In (Zo, +9) find the cyclic subgroup generated by 2, 3, 1
Solution:

<>={akkeZ}=1{.., (2322212 D 2% (2)3 ..}

~ Zg is cyclic group generated by 2
<3>={..3)7B) %A LB, BA B, -}

~ Zgis a cyclic group generated by 1

Examples 2.24: In (Z, +) fined a cyclic group generated by 1, 2, — 1.
Solution:
<1>={1F:kez}=1{..,173,172,171,191%,12,13, .}
={....3,-2,-1,0,1,23,...} =Z
<2>={2F:kez}=1{..,273,272,271,20,21 22 23 .}
={...,—6,-4,-2,0,246,... } #2Z
<—1>={(-D*:k €2}
= {.u (D73, (D75 (DL (D%, (DL (D2 (-1)3, ..}
={.,2,1,0,-1,-2,...} =Z
~ (Z, +) is cyclic group generated by 1 and — 1.
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Examples 2.25: Is (S3,0) cyclic group ?

Solution: <f;>={f1}#S;

<fo>={fF ke€Zy={ .56 2 -}
={...fofafufafa =1 f2f3} £ 53

<f3>={fufof3}# 53

<fo>={f1, fu} # S5

<fs>={fu,fs}# 53

<fe>={f1, fe} # S3

= (83,0) is not cyclic group.

Examples 2.26: Is (G,’) cyclic group, such that ¢ = {1, -1, i, —i}?
Solution:
<1>={1%kezZ}={.,173,172,171,19,1%, 12,13, ...}
={...~1,1-1,11,1,1,. = {1,-1}#G

< 1>={(-D*:k € Z}

={LEDTEEDEEDTLEDYS EDLEDA EDP L)

={.,,1,1,-1,1,-1...} = {1,-1}£G
<i>={i*:kezy={..,i7%i71,i%i1,i%i53 ..}

={...,-L 1,Li-1-,...} = {1,-1,i,-1}=G
<i>={(=D)*keZ}={...(=0)7% (D7 (=D (=D (=D* (D3 ..}
={...,-L,i1-i-1,1,...} = {1,-1,i,-i}=G

~ (G,7) 1s a cyclic group generated by i and —i.

Examples 2.27: In (Z,, +6) find cyclic group generated by 1,2,5
(Home Work)

Theorem 2.28: Every cyclic group is commutative.

Proof: Let (G, *) be acyclic group

~Ja€eGst G=<a>={da": keZ} Toprove, G is commutative group
Letx,y € G. To prove, xxy =y*X,V X,y € G

“XEG=<a> =2 x=am™29meZ and yeG=<a>=>y=a"3neZ
X*y:am*an=am+n=an+m=an*am =y*x

~ G Is commutative group.
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