Groups Theory 2024-2025 ol & b
(3) Toprove, a"=(@H" =(@")*, vnezZ*

If n=1=p(): @Y =at=(al)?

Suppose thatif n=k istrue = p (k) = (@)% = (a¥)*

We must prove p (k+1) is true

P (k+1) : (a—l)k+1 — (ak+1)-1 ?

(a-l)k+1 - (a-l)k * (a-l)l - (ak)-l * (al)-l - (ak+1)-1

~p(k+1)istrue
By the principle of math. ind. = p (n)istrue , v ne Z*.

(4) (=) Ifn=2= (a*b)>=a% b?, To prove, is comm. Group.
(@xb)x(@asb)=axaxbxb ( by def . of power int.)
ax(b=+xa)xb=ax(@=*h)xb ( by asso .)
(bxa)xb=(axb)=*b ( by cancellation law )

bxa=a=Db ( by cancellation law )

G is comm . group.
(<) Let G be comm . group .
To prove, (axb)" =(@"* b"), vneZ
Letp (n): (a*b)"=a"pb"
Ifn=1= (a*b)=alxb! istrue
Suppose that p (k) is true withk € Z* and k <n
st. (axb)<=ak % b¥
We must prove P (k +1) is true
P(k+1):(a=*b) kL= (a=xb) (a=xb)t

= ak+ bKx alx b!

= (@%«b*) * (b x a) (G is comm.)
=a% (b*«b) xa (by asso .)

- ak * bk+1>l< a

- ak* a * bk+1

- ak+1,|< bk+1

s~ p(k+1)istrue,vneZ*
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Definition 1.33: ((Order of a Group))

The number of elements of a group G is called the order of G and is denoted by
|G| oro(G).

G is called a finite group if | G| < oo and infinite group otherwise .

Definition 1.34: ( The Order of an Element)
The order of an element a, a € G is the least positive integer n such that a"=e
, Where e is the identity element of G. We denoted to order a by | a | or o(a).

(ie) |al =nif a"=e, neZ*

Example 1.35: (Z, +) is an infinite group .

Example 1.36: Inatrivial group G={0}
|G| =1, Gisthe only group of order 1.

Example 1.37: find the order of G and the order of each element of (G, .). Such
thatG={1,-1,i,-i}.

Solution:

|G|=4 and

|a|="7??

Ifa=1,and (1)! =1, =|a|=|1|=1 (since e=1)
Ifa=-1,and (-1)*>=1 = |-1]=2

Ifa=i,and i°=-1,i*=1= |i|=4

Ifa=-i,and-i’=-1,-i*=i, -i*=1 = |-i|=4

The Group of Integers Modulo n N liio dagaall S ¥ 5 44

Definition 1.38:
Leta,be€ ,Z,n>0.Thenaiscongruentto b modulo n if
a—b=nk,keZanddenoted bya=bor a=b(modn)

Example 1.39:

(1) 17=5 ( mod6),sinel7-5=12=(6) (2)

(2) 8 =4(mod2 ), since 8 —4=4=(2) (2)

(3) -12=3(mod3) , since -12-3=-15=(3) (-5)

4 5 2 (mod2),since 5-2=3+(2)(k),V keZ
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Theorem 1.40: The congruence module n is an equivalence relation on the set of

integers.

Proof: Leta,b,ceZ,n>0

(1) a-a=0=(n)(0)
~a=a(modn) Reflexive istrue

(2) If a =b(modn), To prove, b =a (mod n)
Sincea=b(modn) =a-b=nk,keZz

so,b—a=-nk=(n)(-k),-k €Z

~ b =a(modn)= Symmetric is true

(3) If a=b(modn)and b=c (modn). Toprove, a=c (modn)
Since a = b (mod n) , then a-b = nk
And b =c(modn),thenb-c=nk
By adding these twoegs. = a—-c=n(k+k),k+ ke Z
~a= ¢ (modn) = Transitive is true

~ The congruence modulo n is an equivalence relation .

Definition 1.41: Leta€ Z, n > o. The congruence class of a modulo n,
denoted by [ a ] is the set of all integers that are congruent to a modulo n .
(i.e.) [a]={z€ Z:z=a(modn) }

={z eZ:z=a+kn,keZzZ}

Example 1.42:

If n=2,find[0],[1]

[0]={z€eZ:z=0(mod 2)}
={zeZ :z2=0+2k,ke Z}

{0,+2,+4,........... }

[1]={z€Z:z=1(mod2)}
={zeZ.z=1+2k, k eZ}
={+1,+3,+5,....}.

Example 1.43:

Ifn=3,find[1],[7]
[1]1={z€Z:z=1(mod3)}

={1,1+3,1+6....}
= {1,-2,4,7,-5,....}.
[7] (Home Work).
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