Groups Theory 2024-2025 s il 4 L

Some Properties of Groups:

Theorem 1.25: If G is a group with a binary operation =, then the left and right
cancellation laws hold in G, that is:

(1) axb=axcimplies b=c

(2) bxa=c+a implies b=c

Foralla, b, c €G.

Proof: (Home Work).

Theorem 1.26: In a group (G, *), there is only one element e in G such that e
a—axe=a VaegG.
Proof: Suppose that G has two identity elements e and e’ thatmean Va € G .
axe=exa=aand axe'=e’xa=a
Since each e and e’ belong to G, so

exe/=elxe=e (v paice! 5 _uaic @)

ex e=exe/ =e/ (Yss yaicg 4y saic ¢)
It follows that e/ =e.

Theorem 1.27: In a group (G, *), the inverse element of each element in G is
unique.
Proof: Leta € G and a has two inverse x and x’. Such that
a*Xx= x*xa=¢e
axX=xxa=e
=x=x*xe=xx*(@x*x)
=(xxa)* X
=ex X
— !
~ X = x' = the inverse is an unique element.
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Theorem 1.28: If (G, *) is group , then
(1) el=e

(2) @hYt=a VaeagG

(3) (axb)'=blx al v a,be G

Proof:

(1) Let el=x
e is the identity elementof G = xxe = e * x = X ------- (1)
X is the inverse of e = Ee*xX=X*e =@--—---- (2)

from(1)and(2) =>x=e=> el=e.
(2) (ah)*=(ah)'xe
= (ah)*x (@'« a)
=(@@l)*xa') xa
=exa=a.
(3) Toprove, (axb)*=b'xal, va,beG
Since (a*xb) eG = (a*b)le G
(a*b) *(a=*b)l=(a*b)'x(axb)=-e(def.of inverse)
(axb)*(@axb)t =¢e
alx(@axb)x(axb)yl=alxe
(alxa) xb=* (axb)l=al
e x bx*(axb)l=al
blxbx(axb)t=blxatl
ex(ax*xb)l=bixal
»(a*h)t=blxal

Theorem 1.29: Let (G, * ) be agroup . Then

(1) (a*b)'=alxb!l< Giscomm.group.

(2) If a=al,then Gisacomm.gp. (Isthe converse true? )
Proof: (1) (=) Let (G, ) be agroup and (a = b)*=atx b,
To prove G is comm.

Let a,be G.Toshowax*xb=Dbx*xa,va,beG

axb=((axb)*)?* (by (@*)* = a)
= (b1xal)l (by Theorem 1.29 (3))
= (bt (@h)* (by (a * b)*= a*x b)
=b=xa (by @) *=a)

~ G is comm. gp.
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(<) Let (G, *)isacomm . gp.
To prove (a * b)* = alx bt
(a*b)t= blxatl (by Theorem 1.28 (3))
= alxb? ( by comm.)

(2) If a=a?,then Gisacomm. gp. (Isthe converse true?)
Proof: Let a=a! Toprove, axb=bxa, Va,beG
Let a,beEG and axbeG = (axb)=(axb)?
= btx al (by Theorem 1.29 (3))
=bx+xa (bya=al)
~ G isacomm. Group.
The converse of this part is not true.
(i.e.)if (G, *)iscomm.» a=a’
For example:
Let (G={1,-1,1,-i},.) be comm . group,
Leta=i = al=-i
~azal
Give another example (Home Work).

Definition 1.30: (The Integral Powers of a)
Let (G, *) be a group . The integral powers of a, a € G is defined by :
(1) a*=ax*a..*xa
n—times
(2) a® =e
@) amr=(@H"nez
(4) a***=a™*x a ,nezZ".

For example 1.31:

(1) In(R, +),
3-0,
3B¥=3+3+3=9,
372=3"1?=(-3)+(-3)
=—6.
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2 R,
20 =1,
2’=2x2x%x2=8,
2= (29* = (5)*
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(3) In(G={1,-1,i,-i},.),

i°=1, 2=ixi=-1, i%2=(iY)2=(-i)2 =-ix-i=-1

Theorem 1.32: Let (G, *) beagroupand a€ G, m,n€ Z,then:
(1) a*am"=a"" vn,meZ (H. W)
(2) @)™ =a"m vn,meZ*
(3) a"=(a"? vneZzZ
4 (@axb)"=a"b" YneZ < Giscomm. group.
Proof:
(2) Toprove, (@M= a"", Yvn,meZ"
Let p(m): C(a)™ =a"™ v neZ*)
To prove, P(m) istrue Vv m e Z*
If m=1=p1):@")'=a"=a"*= p(1) is true
Suppose that p(k) is true with k € Z* and k < m

(an)k = gk
We have to prove that p (k + 1) is true P ( k+ 1) : (a")k*l = an(k+1) 97
(@) k1= (aMkx(a")? (by define of a™! =a"xal)

=gk % gn

=a"™*" by (1) above

- an(k+1)

~p(k+1)istrue
By the principle of mathematical induction
= p(m)istruevme Z*

~@)m=a" , vn,meZ'
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