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Definition 2.41: [g.c.d(X,y)]  _SY) &l idall aulall

A positive integer c is said to be a greatest common divisor of two non-zero
number x and y iff

(1) clxacly

(2) Ifalxaaly = alc

(g.c.d(x,y) =¢)

Examples 2.42: Find (g.c.d.(12, 18))
Solution:
g.c.d(12,18) =6 since
(1) 6|12 A 6/18
(2) 3|12A 3|18 = 3|6
or2/12 A 2|18 = 2|6

Remark 2.43: If (G, =) is finite cyclic group of order n generated by a , then
the generators of G is a* such that g.c.d (k, n) = 1.

Examples 2.44: Find all generators of (Zs, +¢)
Solution:

0(Zs)=6 ,Zs=<1>

Zs=<(1)*> st. g.cd(k 6)=1, k=1,2,3,4,5
= g.cd(1,6)=1 = Zg=<1>
=0.cd(2,6)#1 = Ze#<(1)?>=<2>
=0.c.d(3,6)#1 =Zs#<(1)3>=<3>
= 0.cd4,6)£1 =Zs#<(1)*>=<4>
=0.cd(5,6)=1 =Zs=<(1)°>=<5>
The generators of Zgare {1, 5}.

~ XN X X X
1
g~ W N P

Examples 2.45: Find all generators of (Z7, +7) (H. W.)

Theorem 2.46: If (G, *) is an infinite cyclic group generated by a, then:
(1) aand a?are only generators of G
(2) Every subgroup of G except {e} is an infinite subgroup.
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Proof (1):

Let G =<a>. Toprove, G =<a >
LetaeGoG=<a>={...,a%ala’alas..}
Letbe GoG=<b>={...,b2 b bbb ..}
aeEG=<b>=a=»>b0,re’z ..(1)
beG=<a> = b=2a% seZ ..(2)
Put(1)in(2) = b=(b")° = bl=Db"= bl=b"
1=rs = r=s=1lorr=s= -1

Ifr=s=1 = a=b = G=<a>

Ifr=s= -1 = b=al= G=<al>

Proof (2):

Let (H, *) be a subgroup of (G, *) 3 H # {e}.

To prove, (H, *) is an infinite.

Suppose that (H,* ) is finite 3 o(H) = k, then

(H, *) is cyclic subgroup

H=<am>={@m)} (@am)?..., (a"k=¢e}

a™=e = o0(a) =mk

~ 0(@)=0(G) ClMl =i (G =<a>, Gisfinite)
~ (H, =) is infinite.

Definition 2.47: H 4L 52 8 _a 3l A8 jLéiall cile gaal)

Let (H, *) be a subgroup of a group (G,*) and a € G.

The set a*H={a * h : h € H} of G is the left coset of H containing a,
while the set H* a= { h* a : h € H} is the right coset of H containing a.

Examples 2.48: If (Zs, +6),a=1and a= 3, H = {0, 2, 4}, then
1+6H={1,3,5} , H+¢1={1,3,5}
§+6H = {g,g, T}, H+6§ = {g,g, I}

Notes 2.49:
(1) axH is not subgroup in general. Give an example (H.W.)
(2) a*H =+ H *ain general, for example

(S3,0), H={f1,fs} , a=1

f2° H= {fz, f5} , Ho f2: {fz, fa}

fpoH#£Hof,
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Theorem 2.50: Let (H, *) be a subgroup of (G, *) and a € G, then
(1) Hisitself left coset of Hin G.
Proof (1):e € G, exH ={exh:he H} =H

(2) If (G, ) is abelian group, then a*H = H+a
Proof (2): axH = {a*h: h € H} = {h *a: h € H} = H=a

The converse is not true, for example: (Ss, o), H={f1, f2, f3},a =14
f4 oH= {f4, f5, fe} and H°f4 = {f4, f6, f5}
. T4 0 H = Hofy, but (S3, o) is not abelian group.

(3) aeaxH
Proof (3): a =ax*e € a*H

4 a*H=H < a€eH
Proof (4): (=) Suppose axH = H, then by (3) we getae H
(<) Suppose a € H. To prove, axH = H
We must prove that a*Hc H A H c a*H
To prove, axH c H
Letx€eaxH = x=axh €eH(sinccaeH A heH)
~axHcH
To prove, H c axH
LetbeH = b=exb

= (a*xa !)*b
=ax(a 1*b) = b€ a*xH
€eH
~HcaxH
Thus, axH=H
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