Groups Theory 2024-2025 s il 4 L

Definition 1.9: (Mathematical System)
A Mathematical System or (Mathematical Structure) is a non-empty set of
elements with one or more binary operations defined on this set.

Example 1.10:
(R,+),(R,.),(R,-), (R\{0},%),(R,+,.), (N, +), (E, +,xX) are Math. System.
But (N, —), (R,~), (O, +, —)are not Math. System.

Definition 1.11: (Semi group)
A semi group is a pair (S, %) in which S is an empty set and = is a binary
operation on S with associative law.
(i.e.) (S,x) issemigroup < (1) S # 0,
(2) =isabinary operation,
(3) Va,b,ceS, (axb)=*c=a=x(b*c).

Example 1.12:
(1) (Z,+),(Z,x),(N,+),(N,x), (E,+), (E,x) are semi groups.
(2) (0,+),(Z,-), (E,—), (R\{0},+) are not semi groups.

Definition 1.13: (The identity element)
Let (S,*) be a Mathematical System and e € S. Then e is called an identity
element if axe=exa=aVace€Ss.

Definition 1.14: (The inverse element)
Let (S,*) be a Mathematical System and a,b € S. Then b is called an inverse of
aifaxb=b+a=e anddented by b=a™.

Definition 1.15: (The Group)
The pair (G,*) is a group iff (G,*) is a semi group with identity in which each
element of G has an inverse.
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Definition 1.16: (The Group)
A group (G,*) is a non-empty set G and a binary operation = , such that the
following axioms are satisfied:
(1) The binary operation * is associative.
(ie)(@xb)xc=ax*x(bxc), V abced
(2) Thereis anelement e in G such that
axe=exa=aqa,Va€GQaG.
This element e is an identity element for = on G.
(3) Foreach a in G, there is an element b in G such that
a*xb=>bx*xa=e.
The element b is an inverse of a and denoted by a™2.

Remark 1.17:

Every group is a semi group but the converse is not true as in the following
example shows.

(N, +) is a semigroup but not group because Za~! € N,Va € N.

Definition 1.18: (Commutative group)
A group (G,*) is called a Commutative group iffaxb = b * a,Va,b € G.

Example 1.19:
1 (Z,+),(E,+),(Q,+),(C, +) are commutative groups .

(2) (Z*,+) is not a group because there is no identity element for + in Z*.

(3) (Z*, x) is not a group because there is an identity element 1 but no inverse
of 5.

(4) (G ={1,0, —1,2},+) is not group since + is not a binary operation on G,
1+2=3 ¢ G.

(5) (G ={1,—1},%x) is comm. Group.

(6) (R\{0},%), (Q\{0},%),(C\{0},%x) are comm. Groups.
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Example 1.20: Let G = {a, b, ¢, d} be a set. Define operation * on G by the
following table. (Klein 4-group)

* la|b|c|d
al|la|b|c|d
b|b|c|d]|a
c|lc|d|a]|b
d|d|a|b]|c

Is (G,*) a commutative group?

Solution:

(1) Closure is true.

(2) Asso.?

(@xb)xc=ax(bxc)?
bxc=axd

d=d
bx(@axc)=bxc=d=(bx*xa)xc
cx(@axb)=c*xb=d=(c*xa)*b
d*(@s*c)=d+xc=b=(d*a)*c...—>
= * IS asso.
(3) The identity: Toprove Je € G s.t.axe=ex*xa =a,Va €.
axa=a,bxa=b,cxa=c,d*a=d.
= e = a is an identity element of G.
(4) Theinverse:a*a=a a ' =a
bxd=a=b"1=d

1

cxc=a=c =C¢cC
a*xa=a=al=a
dxb=a=d 1=b

(5) Comm.?
axb=bxa?
b=b»b

axc=c*xa=~¢c
axd=d*xa=d
bxc=cxb=d
bxd=dx*b=a
cxd=dx*xc=D»>b
= *ISacomm.
Therefore (G,*) is a comm. group and called Klein 4-group.
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