Groups Theory 2024-2025 s il 4 L

A B
Groups Theory

University of Baghdad — College of Education for Pure Sciences
— Ibn Al-Haitham — Department of Mathematic
2" Stage
Year 2024 — 2025

ua,uﬁ S K| KW
HJJ d—“—)i datald -~ ,i
i g 0 gS2 Ch gy 3
A g —)
CONTENTS
Chapter One | Groups Theory 1 -23
Chapter Two | Subgroups and Cyclic Groups 24 — 43
Chapter Three | Normal Subgroups and Quotient Groups 44 — 57
Chapter Four | Isomorphic Groups 58 — 76
Chapter Five | Some Applications of Groups 77-91

:an\g)ﬂ\\)dbad‘
ol Al e deas g 58 m 2dy ol Euaall 3 jaall jaldl S8 dedie [1]

English References

[1] Introduction to modern abstract algebra. By David M. Burton.
[2] A first course in abstract algebra. By J.B. Fraleigh.

[3]1 Group theory. By M. Suzuki

L ea 4 g e—il iy . I VPETETE CUYE PPN H)Jd_m_gf«_._huu Qe g lae) 1




Groups Theory 2024-2025 s il 4 L

Chapter One : Groups Theory
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Definition 1.1: Binary Operations

Let A be a non empty set. A binary operation on a set A is a function from A X A
into A. (i.e.)

*: A X A — A is abinary operation iff

(1) axbe€AVa,be A (Closure)

(2) Ifa,b,c,d € A suchthata = cand b =d, thena x b = c »d (well-define).

Remark 1.2: Some time we used the symbols *, ,,#,©,...t0o denote a binary
operation.

Example 1. 3:
(1) The operations {+, X}arebinary operationsonR,Z,Q,C.
(2) The operation " — " is not binary operation on N.

(3) The operations {4+, —} are not binary operations on O (odd number).
(4) The operation =+ is abinary operation on R\{0}, Q\{0}, C\{0}.

Example 1.4:
Lletaxb=a+b+2,Va,b € Z*. Is * abinary operation on Z*?
Solution:

ezt
(1) Closure: Leta,b € Z*, thena x b = a+tb+2€z*
(2) well-define: Leta,b,c,d € A suchthata =cand b = d,
thenasb=a+b+2=c+d+2=cxd
— * is a binary operation on Z™.

Example 1.5:
Leta*b =aP,a,b € Z. Is = is a binary operation on Z.
Solution:

(1) Closure:ifa=3andb =—1.Thena*b =371 =§ez Z
= * isnot a binary operation on Z.
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Exercises (1): which of the following are binary operations?

[1] a*b=a+b,Va, b€ R\{0}.

[2] aOb=%,Va,bEZ.

[3] a#b=a+b—-3,Vab€EN. (Home Work 1).
[4] a,b=a+2b—-5,Va,b ER.

a C ac a ¢
5] 2-5=% v 2 . Ceq\(o).

Definition 1.6: (Commutative)
A binary operation = on a set A is called a commutative if and only if
axb=bxa V a,b€A.

Definition 1.7: (Associative)
A binary operation * on a set A is called an associative if
(axb)xc=ax(bxc) V ab,ceEA

Example 1.8: Let R be a set of real numbers and = be a binary operation on R

definedasa xb = a + b — ab . Is x commutative and associative.

Solution:

Let a,b € R, then

a*b=a+b—ab=b+a—ba=bx*a

Which implies that * is commutative.

Leta,b,c € R, then

(axb)*c=(a+b—ab)*c
=(a+b—ab)+c—(a+b—ab)c
=a+b+c—ab—ac—bc+abc............(1)

ax(bxc)=ax*(b+c—bc)
=a+(b+c—bc)—a(b+c—bc)
=a+b+c—bc—ab—ac+abc............(2)

= (1)=(2) = =isassociative.

Exercises (2): Which of the following binary operations is a comm., asso.?
[1] axb=a—-b, Vabe€L_Z.

[2] aOb=2ab, Va,b€E. (Home Work 2).

[3] a#b=a®+b3 VabER.
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