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Ordinary Differential Equations

Chapter 2
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Chapter 2:The Ordinary differential equations of the first order and first degree

1. (x?4+1—4xy —2y®)dx — (2x> +4xy —y3 + 2)dy =0
2. ysec’xdx +tanxdy =0

3.cosydx + (y2 —xsiny)dy =0

4. e*y%dx + 2e*ydy = 0

2.5: Integral factors:

If the equation ( M (x, y)dx + N(x,y)dy = 0 ) is not exact, then we
multiply both sides by a factor I(x, y) that turns it into an exact, and this

factor is called the integral factor.
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Chapter 2:The Ordinary differential equations of the first order and first degree
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4.alal)
ii| My—N, — el fdy
11 J'_M = f(y) = I(y)=e
2 ol da xmyn @ Alslaall i juza ueaa Jad g Aal Adalaal) s
My — Ny M N e
N ™ 5 o A
M ;4 Yk fy) | rstall Jalsl Jals A8l o slay
3 ydx—xdy )™y In> or = or 2 or:
y y X
Or: xdy—ydx Or: (ax* +bxy+cy’)™?
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Chapter 2:The Ordinary differential equations of the first order and first degree

1A L}n :KJ.JLMM L‘J_A.uljj I —_ ef‘xb’)d}’ Z = xef“()’)dy
dghal) Addlaally ¢ il

Now, we will explain each of these cases using examples
Case 1:

Multiplying the equation (M(x, y)dx + N(x,y)dy = 0) by I(x,y) we
get:

(I.M(x,y)dx+1.N(x,y)dy = 0), where I, M, N are functions of x
and y.

Deriving IM w.r.t. y and IN w.r.t. x

a(I M)

> =gy = [ My + 1M
a(I N)

S =N+ LN

_ 0aM) _ 3UN)

<) Jale 9 el
3y Froy (Jasdl dale o [ ol Jloely)

then I M, + I,M = I Ny + I,N
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Chapter 2:The Ordinary differential equations of the first order and first degree

> IMy, —Ne| =L, N—LLM ......... (*)
Now we have two cases
1. If I(x,y) = I(x), that is I is a function just for (x).

Then

_dl

L=—

I,=0  (kihx Jals st e

Sub. in (*), we get

dl
I[My —_— Nx] = N a
CTT TN W
My_Nx =
Let P(x) = ( function a lone for x)

e dmnt (L1 s
Inl = JP(x)dx

= I(x) = elPWax  [(x) = eﬂ@)dx ( SolSilI Lole)
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Chapter 2:The Ordinary differential equations of the first order and first degree

2. If I(x,y) = I(y), that is 1 is a function just for (y).Then

dl
I —

y=gy k=0 (dais y J s Julsdll Jale)

Sub. in (¥) we get:

I[M, — N,| =-L,M

Iy _ My—Ny

I~ -M

I(y) = el PO where P(y) = %_—;Vx ( function a lone for y)
My-Ny

S I(y) = el T ( SolSill Lale)

Ex1: Solve (3x3+2y)dx+(2x1n3x +3?x)dy=0
Sol.: M = 3x3 + 2y ,N=2xln3x+3?x
3
My=2  Ne=2+2In3x+2
3
My—Nx=—(21n3x+§)¢0
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Chapter 2:The Ordinary differential equations of the first order and first degree

~ The equation is not exact.

3
21 —
N x(21n3x+%) X

— I(x) = e-f_idx — e_lnx — eln.v_]; — i (d.a\Sﬂl d.nl.c)
(Al et = 8 Aokl (8l )
2 3
(3x2+?y)dx+(21n3x +;)dy=0

oM 2 0N

- = — The eq.i
3y x % he eq.is exact

(H.W. ) Al Alalaill dabeall Jag 2588 (Y

Ex2: Solve y(2x+ y)dx+ (3x* +4xy—y)dy =0
Sol: M =y (2x+y), N=3x*+4xy—y
M, =2x+2y, Ny=6x+4y

M,—N,= —4x—2y= —2Q2x+y) #0
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Chapter 2:The Ordinary differential equations of the first order and first degree

The equation is not exact.

We must find the integration factor.

My—Nx= —2(2x+y)= 2
—M —y(2x+y) vy

= ef%d:v — o2y — plny? — 2 (sl o)

(R e i JolSEH (g Al i e )
y3(2x + y)dx + y?(3x% + 4xy — y)dy = 0
M = 2xy3 +y* N =3x%y? + 4xy3 — y°

M, = 6xy? +4y3, N, = 6xy? + 4y3

Solution:
1. Integrating M(x.,y) for x: x d Al dalss
dF
M=—=2xy*+y*
3% xy- Tty
22
Foy) =2y +xy' +h() . ()

=x%y3 +xy* + h(y)
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Chapter 2:The Ordinary differential equations of the first order and first degree

2. Deriving for y: y J Aally i
oF
—=3x%y% + 4xy® + h'(y)
0y
dF ar .

3x%y? + 4xy3 + h'(y) = 3x%y? + 4xy® —y3

- h@)= -y
_y4 1
"hO) = == g

1
—>F=x2y3+xy4—zy4

The solution is : x%y3 + xy* —i yi=¢

Case (2): If the above two integration factors state are not exist.

Ui Lled Jamdia (Sl y I Ao Y x Nl Gad (1) JalSil Jale a3l inay
sl Jale 21 it

Suppose that the integrating factor I(x, y) = x™ y™, and we find the

value of m and that maxes the differential equation exact.
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Chapter 2:The Ordinary differential equations of the first order and first degree

Jel&all Jale u.‘s: d...a;_'\u_’n.m,n Fu.;ju.ll d}mj." oA Caagll Al
:gj‘m JE ta'l.‘_ﬂ'sﬁ.mi__! Sl T S e
Ex3: solve the diff. eq.

(x% + xyz)j—i -3xy+2y3=0

Sol: (Aabeall a3 Aladl A1)
(2y3 — 3xy)dx + (x* + xy*)dy = 0 v (%)
oM dN . .
Fr = 6y% —3x # S 2x +y?> - Thediff. eq. is not exact.
dal&ill Jale e G oY
oM 0N
9y ox _ 6y*—3x—2x—y° a3
M  —(2y3-3xy) )
And so
oM ON 5 3
dy Ox 6y*—3x—2x—y
N - %%+ xy* =10

Let I(x,y) = x™y™ is integrating factor

ASMAA ABD AND MAY MOHAMMED



Chapter 2:The Ordinary differential equations of the first order and first degree

(zxmyn+3 - 3xm+1yn+1)dx e (xm+2 yn S E xm+1 yn+2)dy =0

oM
— =2(n+3)x™y"*? —3(n + Dx™+y"

dy
= xMy"*[(2n + 6)y%? — (3n + 3)x]
dN
2 = (m+ 2yt (41 ) x Py
=xMyt[(m+ 2)x + (m + 1)y?]
, o oM OdN
Since it is exact » — = —
dy 0Ox

- xMy"[(2n+6)y* — Bn+3)x] = x™y"[(m + 2)x + (m + 1)y?]
- 2n+6)y?—Bn+3)x= (m+2)x+ (m+ 1)y?
(S alaall (6 slasiy (V) a 58)
m+2=—-3n—3 -m+1l=-3n—4 (D
m+1=2n+6 ->m+1=2n+6 (2)
rsle daasi (2) 5 (1) ctlabaall 8 gliay

- 2n+6= -3n—4
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Chapter 2:The Ordinary differential equations of the first order and first degree

- 5n= -10
n= —2
From(l) > m+1= -3(-2)—-4-m=1

w0 y) = xy?
2xy — 3x%2y Ddx + (x3y™ 2 + x¥)dy =0

oM
—_—=2 2,2
3y X+ 3%y

P
ax—x X"y

) o
Z—f = % — The eq. become exact. (Uall &y dalll daladl Ja)

Remark: Some integral factors can be deduced for certain amounts

of differential rule like cases 3-6 in the table.

diala d3iiie Jio dazslaill mlﬁoﬂﬁali.dlua,_d‘ A Jalsil) d.q]i.:.”a.u' Cu.ﬁ.&ll US‘:')
B 6-3 o Y A jelain g Laa pue g i)y e Jaals ddidie y i)y dand
dsaall

For example:
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Chapter 2:The Ordinary differential equations of the first order and first degree

y xdy-ydx ., . S ;
d (;) == this means (=) is an integral factor of xdy — ydx.

Case 3: When the left side of the equation is in the form xdy — ydx

or ydx — xdy:
Ex 4: Prove that the integral factor of xdy — ydx + f(x)dx = 0 is x>

Proof:

1
Lxdy —ydx+ f(x)dx = O]*F

dy — yd
xdy ;vx+f(x)dx

= {)
x2 x2

1 y i}
;dy— x—zdx+ x—zf(x)dx=0

1 y 1
Ff(x)—x—z)dx+;dy =0

oM | oN Bt
v —= ——=— - Exac
dy X2 0x

Then x ™2 is an integral factor of the equation above

And the general solution is:

ASMAA ABD AND MAY MOHAMMED



Chapter 2:The Ordinary differential equations of the first order and first degree

fd(%)+jxl2f(x) dx =0

L[S rwa
o o — f(x)dx=c
X :
And by the same way one can prove that (J%) is an integral factor of

xdy —ydx + f(y)dy = 0.

In general, we can convert xdy — ydx or ydx — xdy to exact diff. eq.

by dividing on one of the following:

2

x2, y2 , xy , x2+y%, x2-y% ,

And the general solution of this amounts is ax? + bxy + cy?

Ex 5: Prove that

P — is an integral factor of (xdy — ydx), set

a+0,b#0,c # 0 at the same time.

1 _ xdy—ydx
ax? 4+ bxy +cy?  ax? + bxy + cy?

xdy —ydx.
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Chapter 2:The Ordinary differential equations of the first order and first degree

xdy — vy dx
_ T A
y W y ¥)?
a+bz+c(5) a+bz+c(i)
Letz=z
X

dz o 1 oetoa
atbzicz® d f(z) o gl

Ex 6: Find the general solution of

xdy — ydx = x*y*dx

Sol: (—y — x4y2) dx+xdy =0
S e b

M N
M _ . o4 N _
e 1-—2x%y, = = il
aM __ dN ; ;
Vet ey The Diff. Eq. is not exact.

(=) & ol o pudai alal) Sl sl - JolSill Jole ) o lini LT
X

ae) = (%) ax
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Chapter 2:The Ordinary differential equations of the first order and first degree

Let z = %—) dz = x*z%dx

- [z"zdz=fx4dx

-1 x5+
5 = —

z 5 ¢

o 5
- —=—+4c (‘abdld;j'l)

y

y? o auis ) "l (Kan 1Al das A8k

xdy — yd
L’ ] Zy Z = xtdx

i

— [ d(_7x) =fx4dx

E 5
_>7"=x?+g (aladl Ja)

Ex 7: Find the general solution of
xdy — ydx = y3(x* + y*)dy

Sol:
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Chapter 2:The Ordinary differential equations of the first order and first degree

_ydx+ ?_C_yB(XZ _I_y22 dy=0
o N
W 4 W . 93
oM _ 0N , '
T The diff. eq. is not exact.
(xziyz) o sl o i pled) Jadl olagy 1 JalSi Jale (N Ui L3S
xdy —ydx
xZ _|_y2 =y dy
xdy — ydx
2
xyz =y°dy
1=
X
Y
d(%)
X = y3dy
¥
1+(3)
= 2 dz 3
Letz—x - f1+zz—fydy
1

- tan"lz= Zy‘* +c

1
5 IR = 2yt e (WD)
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Chapter 2:The Ordinary differential equations of the first order and first degree

Case 4: When the equation contains the term( pydx + qxdy)
first we know that
d(xPy?) = qxPy?7 M dy + pyixP~ldx (Gl cyadala)
= xP~1y97 (gxdy + pydx)
= xP~ 1y (pydx + qxdy)
(xP~ 1y 1) 8 (pydx + qxdy) /Sl JalSi ale (5SSl
(z = xPy9) o cwlial iy 5=l
Ex8: Find the general solution of

xdy — 3ydx = x*yldx

Sol:
_ — gl
xdy — 3ydx = x*y dx] o
pydx + qxdy
p=-3, q=1
Integrate factor is x~371yl=l = x~*
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Chapter 2:The Ordinary differential equations of the first order and first degree

— ~—3 — _ 3
Z=X "y — Z—x—3—> =Z.X

- dz=x"3dy — 3yx"*dx
By multiplying the end of equation by x_l‘*
(SolSil Jaley dbsleal) 6 4o o ucai)

x3dy — 3x"*ydx = y~tdx

dz
dx dx
- dz —_ —_— — dz = 3
y z-x
72 x2
zdz=x7dx - S =—+c
x=3v)2  x~2
( 23’) == +c¢, (The general solution)

Ex9: Find the general solution of
xdy — ydx = x*y3dx
Sol:

xdy — ydx = x?y3dx

a3
pydx + gxdy ] -
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Chapter 2:The Ordinary differential equations of the first order and first degree

Integrate factor is x 17!

z:x"l_‘y - 7z =

Ll

By multiplying the end of equation by xiz

xdy — ydx

—z = y3dx

d(2)= X dx (3 ke pusit 5 )
x/ x* '

Letz = % - dz=2x3z3dx

- fz_3d2=fx3dx

z2 xt
A
-1 x*
BT e
-1 x* .
- =T +c¢, (The general solution)

2(2y2
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Chapter 2:The Ordinary differential equations of the first order and first degree

Ex 10: Find the general solution of

xdy + 2ydx = e*dx

[=xP-1ya-1 Jssall a4 el e

z=xPyl =x%y s culdl jayeil

Multiplying both sides by I=x ,we get:
x%dy + 2xydx = xe*dx
d(x%y) = xe*dx = dz = xe*dx

Integrating both sides, we get:

2= [xe*dx+¢
=xe*— [e*dx+c
=xe*—e*+c

Replacing z to get the following general solution:

x?y =xe*—e*+c
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Chapter 2:The Ordinary differential equations of the first order and first degree

Case 5: When the equation contains the term (xdy + ydx)

The integral factor in this case equal 1 this means that we just need some

math operations here.
Ex11: Solve  xdy + ydx = (5x — 2x%*y)dx

Sol: Letz=xy — dz=xdy+ ydx

- y=

substituting in the original equation Aglalall dalaally gy sailly

— dz = (Sx — 2x2 G)) dx

- dz = (5—22)xdx

- e[

1”5 " 1,
_) — — — P —
21] z—zx +cC

— —%ln|5 —2xy| = %xz +c¢ , (The general solution)

Ex12: Solve x? j—i +xy + J1—x2y2=0
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Chapter 2:The Ordinary differential equations of the first order and first degree

Sol: x2dy + xydx + /1 —x2y2%2dx =0

x(xdy +ydx) + /1 —x2y2dx =0

(xdy+ydx) dx
—-— = + —_—
1-x2y? x

=0

sin"!(xy) +In|x| = ¢,  (The general solution)

Case 6: When the equation contains the term (xdx+ydy)

The integral factor in this case equal 1 this means that we just need some

math operations here.

Ex13: Solve xdx + ydy = 3/x2 + y? y*dy

dx+yd
Sol: x\/;TJ;zy = 3y2dy

2xdx+2ydy

= 2
e

1
2

=[x +y?) 2(2xdx + 2ydy) = [ 3y*dy

Jx2 +y2 =93 + ¢ and this is the general solution
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Chapter 2:The Ordinary differential equations of the first order and first degree

Homework: Solve the following diff. equations
14) Solve xdx + ydy = y*(x* + y*)dy

15) xdx + ydy = (x* + y*)3(xdy — ydx)

Case 7: Linear Differential Equation:

We have defined the general form of linear differential equation of order

n to be:

dny dn—ly
a,(x) Fr a,-1(x) -1

d
oo o al(x)é = & ag(x)y = g(x)

We remind you, that linearity means that all coefficients are functions of

x only, and that y and its derivatives are raised to the first power.

Def: (Linear Differential Equation of First Order and First Degree)

A differential eq. of the form

d
GO HGEY =90, w@#0 . ()

is said to be a linear first order differential equation.
____________________________________________________________________________________________|
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