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Chapter 5

Section 5.6: The non-homogenous linear equation with constant
coefficients

Al O lalaall cld dcilaria D) dndaald) Adatall

The general solution of the non-homogenous linear equation

Z%+a1 Znn11+ +a,_ 1 +any f(x)
Issy=y. @) +y,x (26)
Where

v.(x) is the complementary solution of the eq. F(D)y = 0
&y, (x) is the particular solution of the eq. F(D)y = f(x)

We already found y.(x) and here we will find y,, (x)

) Haaiadl AL dsans o35 dusilaiall Aslaall Aledl Jall g - dlaiedll Alsteall aladl Jal
P (1) mll JASL a3 5 Al Alskaall ol s 4l Blias

Sus F(D)y = 0 gons lld g dilaiodl) Alabeall daaiall adlall slag) 38yl gbuadl ailly Ui 50
et Aaleall alall Jal) g8 (A Vp (x) Jal Lile

UA\AJ\JAJ\JBAYM\Q)H\ UJ\L’AOJJ"‘-‘-""‘U

5.6.1:Un determined coefficient method: Badaall & CBlalaall 48 yh

The first case : If f(x) was a polynomial 3g3ad) sas%e

The method for finding the particular solution for non- homogenous diff. eq. is a
polynomial that degree equal to the degree of f(x) then after that we find the
coefficient of the given polynomial

Examplel : Solve theeq. 3y’ — 5y’ —2y = 6x* —7
Sol.: 1- we find the complementary function ( y.(x))
3y" —=5y"' =2y =0
The char. Eq.is: 3m?—-5m—2=0
Bm+1)(Mm-2)=0 = m=-: , m=2

Then the complementary function is
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1
y.(x) = c;e?* + c,e 3, where ¢; &c, are arb. cons.
2-The particular sol. y, (x)

we note that f(x) = 6x2 — 7 its polynomial of the 2- degree so we suppose the
solution is a polynomial of 2-degree is

y=ax?+bx+c

we must find the coefficient a, b, ¢ , but the first we find y,y’, y"" then we make it up
in the original equation

y'=2ax+b ; y'=2a
Aeay) Al i imy seilly
3(2a) —5Qax +b) —2(ax?>+bx +c¢c) =6x*>—7
il 48 Hhally x (5 98 D alaa (g gl
—2a=6 = a=-3
—10a—-2b =0 = -10(-3)—-2b=0 = b=15

6a —5b — 2c = -7 = 6(—3)—5(15) —2c=-7
= —18-75—-2c=-7

= = —43
The particular sol. Is y,(x) = —=3x? + 15x — 43

and the general sol. Is y = y.(x) + y, (x)

1
= y=ce*+ce 3™ —3x2+15x—43  the general sol

The second case : If the function is f(x) = be®*

1- If (a) is not a root of the char. Eq. then we assume that :

- y=Ae™™ Al s ulg
Slanall Alaleall 8 48EL 5 Y e a2l sani g Jgenall 98 4 o) Cus

2- If (a) is one of the roots of the char. Eq. and not repeated then we assume:

-y =Axe™ LS ¢ sag
3- If (a) isone of the roots of the char. Eq. and repeated then we assume:
- y=Ax"e™ LS Laag
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Example2 : Solve theeq. 3y"” — 5y’ — 2y = 5e3*
Sol.: we find the char. Eq.
3y" =5y —=2y=0 = 3m?*-5m-2=0

= Bm+1)(m—-2)=0 :mz—i , m=2

Ve = cie?* + cze_gx
» a = 3 not root of the char. eq. so we suppose the function as :
y=A4e3* > y' =34e3* ; y'" = 94e3*
Wesub. vy, y', y" by the diff. eq.

(27 — 15— 2)Ae3* =5e3* > A=—=1
10 2

So the particular solution is
1

yp(x) =5

e3% and the general sol is

1
e
y =cie?* +ce 3 + > e3* where ¢, &c, are arb. cons.
Example3: Find the sol. of  3y"’ — 5y’ — 2y = 5e?*

Sol.: suppose the particular sol. is

y = Axe?*

Since a = 2 is a root of the char. Eq. from the
last example where m = —% ,2

DS x5 8 nadldlilad) Hiis0a) a0 a=2

y' = Ae?* + 2Axe?*

y'" = 24e** + 24e** + 4Axe?*
Substituting y",y’,y in the original equation , we get:

3(24e%* + 24e?* + 44Axe?*) — 5(Ae?* + 2Axe?*) — 2Axe?* = 5e?*
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(12 — 10 — 2)Axe?* + (12 — 5)Ae?* = 5e¢%*

= 0+74e* =5¢% = A=:
= the particular sol. is y, (x) = gxezx

1
. —= 5
And the general sol.is  y = ¢,e®* + c,e 3" + ;xezx where ¢, &c, are arb. cons.

Example 4: Solve theeq.  y"’' — 4y’ + 4y = x%e?*
Sol.: the char. Eq. of homogenous eq. y"" — 4y’ + 4y =0 is:
m?—4m+4=0 = (m—-2)(m-2)=0

(@Y paladl dall (a8 53 i e ) Sy 2 88 el Aaaddl Hs2a plsa =2 O L
y = Ax2e?*
y' = 24x%e?* + 2Axe**
y'" = 4Ax?%e?* + 4Axe?* + 24e** + 4Axe?*

O o lalall dilaadh y, y') Y e el

4Ax%e?* + 4Axe?™ + 24e?* + 4Axe?* — 4(24x%e?* + 24xe?) + 4(Ax?e?¥)

— xZer

4Ax?% + 4Ax + 2A + 4Ax — 8Ax? — 8Ax + 4Ax? = x?

2
X
= 24 =x2 = 4=

Then the particular solution is:

_1 4
yp—zxe

2x
The general sol. is :
1
y =ce?* + cxe? + Ex‘*ezx , Where ¢, &c, are arb. cons.

The third case If the function was f(x) = b sin ax or f(x)=bcosax

To find the particular sol. of non-homogenous equation as this case suppose that
1- If (ai) is not a root of the char. Eq. then we assume that :
y = Acosax + Bsinax

Where A and B are unknown constants.
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Substituting y and its derivatives in the original equation to obtain A and B.
A, B Sl Jpasll AlaV) il Aobedl aliliisl sy ge g o

2- If (ai) is one of the roots of the char. Eq. and not repeated then we assume:

y =x(Acosax + Bsinax)
3- If (ai) is one of the roots of the char. Eq. and repeated then we assume:

y = x"(A cos ax + B sin ax)

Example 5: Solve theeq.  3y"" — 5y’ — 2y = 4sin 2x
Sol.:
m = _§,2 Cua Apdie | gda 3 Jnaal] Alolaall Ll 431 Jaa

Let y = Acos2x + Bsin2x
— y' = —2Asin2x + 2B cos 2x
— vy = —4Acos2x — 4B sin 2x

substituting y, y', y" inthe original eq.

3(—4Acos2x — 4B sin2x) — 5(—2Asin 2x + 2B cos 2x) — 2(A cos 2x + B sin 2x)
= 0cos2x + 4 sin 2x

e deani cos 2x, sin 2x O llaa (5 gl

—14A—-10B =0
104 —14B =4
p=2 p=_"
- = — e —
37 ’ 37

4 . 5 7 .
~the particular sol.is y = 55 COS 2x — 5, sin 2x

=~ the general sol. is

1
1. s 7 .
y =ce?* +cye’s +5-c0s 2x — —-sin 2x

where ¢, &c, are arb. const.

ASMAA ABD - MAY MOHAMMED - SAMAHER MAREZ Page 25



Chapter 5

Jio 0illa i Joala Jiad ) J) all 43 5Lall 33 Galal) Jall slal (S rids sale
f(x) = x"sinax or f(x) = x"cosax & f(x) = eP*sinax or f(x) = e’ cosax
L Led (3 kats ol adall sl 8 (s LS ) (550 35 55 Ledla Jshal (ST

5-6-2: The inverse operator method sal) Jigall 43y 5k
The Particular sol. of the linear differential eq. is

F(D)y = f(x)

With the constant coefficient is given as the form

where F(D) = a,D™ + a,D™" '+ -+ a,_,D +a, .

And — is called the inverse operator
F(D)

(s Lem 5 3 1 i3l pml 53 sy

|
1

F(D)eb* = F(b)eb*
F(D){e"y} = e"™F(D + b)y
F(D?)sinbx = F(—b?) sin bx
F(D?) cos bx = F(—b?) cos bx

A wWN
T

To find the particular sol. for non-homogenous eq. we take the following cases
) YA e Jalai o s AuailaioD) Aplaad) 4 baliall Alslaall Galall Jall slayy

The first case

If f(x) = eP* then there are two cases

1- If F(b) #0 , thenthe particular sol. is:
F(D)y = eP* = y= ! eb* = 1 eb* (28)
FD)’ F(b) et et e e

2- If F(b) =0 , then the particular sol. will be as a form

1 x" bx
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where F(D) = (D —b)"G(D), r isa positive integer, G(b) # 0
JeanF (D) Sisall Jlas Sivie (131 AMal ekt 5 5ad s Sl (5% Laic 0080 A b o)

G(b) # 0 Asbaddl o s siom = Sizall Jan b casniidll 525 (D — b)T g5 e dele e
Sl ¢ sl e dagmll (55

Examplel: Solve theeq. y"' —2y" — 5y + 6y = e**

Sol.: the Eq.is
(D3 —2D? —5D + 6)y = e**
1-to find y,

D-1)MD-3)(D+2)y=0
the char. Eq. is
m—1)(m—-3)(m+2)=0
- m=1,3,-2

LY. = e’ + ce3 + cgem
Where c;, c,&c5 are arbitrary constants
2- the particular sol. y,, is

1
Y=0-Dm-3D+2)°

F(D) =D -1®D -3)(D+2) b=4
—F(4)=04-1)“-3)4+2)=18=+0
Note that F(b) # 0

4x

bx _i 4x
—p T 15°€

yp = %e
The general sol. is

— 1 .
y =ce* + ce3¥ + ;e + 1—8e4x ,  Where ¢;, c,&c5 are arbitrary constants

Example 2: Solve theeq. y"' —2y" — 5y’ + 6y = e3*
Sol.: the comp. fun.y. is: @l JUdl (s
Ve = 8% + ce3¥ + cze™
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To find the particular sol. y,,  since b=3

Fbhy=b-1D)bB-3)b+2)->FB3)=B-1)3-3)(3+2)=0
1
= DD -3)D+2)°

N

G(3)=(3-1)(3+2)=10% 0 o5 plhall siay s 58 (D — 3)) Ll

3x

r=1
The p. Sol. y, is

1 X e 1 3x
yp—G(b) € T %€
Or:

1 1

o { -
P (D=3 {(D-1)(D +2)

_ 1 1 a1 xt 3 1 3
_(D—3)1{1Oe }_10 TR

- _ 1
The general sol. is vy = c,e* + c,e3* + c;e™2* + Exe3x

Where c;, c,&c5 are arbitrary constants

Remark: ~f(x) = [ f(x)dx
Prove: |et%f(x)=z = f(x)=Dz=>f(x)=%
1
2= | F@dx =57 = [ Fadx

o222 o G ALy JoASEl) i — L ) Al oSS iy = 0 (51 D) el el 8001 =
S yall e

_ 1
-ﬁ=fdx=x

% f (dx)?
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=§x

foo3= [ (dx)? = £

Example3: Solve theeq. y"" +y" —y —y=¢*
Sol.: (D3 +D2—D—-1)y=0
D(D*-1)+(D*-1y=0
(D?—1)(D+1)y=0
DO-1D)MD+1DD+1y=0
—- D-1DMD+1?*y=0
Then the char. Eq. is
(m—1D(m+1)2=0
m =m,=-1m;=1
ye = (c; + c;x)e™ + cze*
To find the particular sol.
F(b)=((b-1)(b+1)? ,b=1
F(1) = (1-1)(1+1)2=0
=0,-.r=1 ¥:4=G(1)

— 1 ex
Y = oD+
_1x x

e* = Ze
T 41! T4

X

Then the general sol. is:
Yy=Yct+yp
= (c; + cpx)e™ + cze* + %ex
Where c,, c,&c5 are arbitrary constants

Example4: Solve theeq. y'’ — 8y = 10e3*

Solution: (D3 —8)y =0 - (D—-2)(D*+2D+4)y=0

The char. Eq. (m —2)(m? +2m+4) =0
ASMAA ABD - MAY MOHAMMED — SAMAHER MAREZ
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> m=2—-1+iV3
y. = c;e?* + e *(c, cos V3 x + c3 sinV3 x)

The particular sol. is

F(D)=D3-38
F(b)=b3-8->F(3)=27-8=19%0
1 10
=10 3x:10 3x — ___ p3x
= Emy© FR)° T19°

The general sol. is:

10 34

y = cler —|—e_x(c2 COS\/§x+c3 sin\/§x) +Be

Where c;, c,&c5 are arbitrary constants

The second case

If f(x)=sinbx or f(x) = cosbx to findthe particular solution in this case we
can use one of the three cases:

A) from e®* = cosbx +isinbx  we get:
eibx+e—ibx i eibx_e—ibx
cosbx = — and sinbx = —

After that we find the particular solution of e??* as in the first case when
F(D)=0 &F(D) #0 .

dal Jisa A (sin bx, cos bx )adball Jisall Jygasl jhgl 8 aadiid Cagu SV A 8 o)
o &) Gl ) (F(D) = 0) 0S8 o) Al B 48 Hlall ol (I o galll a5yg J0¥) A e Jaall
(F(D) # 0) 0S5 Lexie Liay) aodiudiy (oW1 A5 jlall () sl Gl 5 gaV 138 5 (my gail) 22y | jaaa

Aall o3¢) Adle Ay g3l ()

B) If f(x) = sinbx or cosbx then the particular sol. is:

1. _ 1 _p2
Yp = 75z Sin bx = Yp = ppn SN bx , F(=b*)*0
e (30)
1 1
OT Yp =5 C0sbx = y, =55 cosbx F(—b*) # 0
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C) If we have the following formula:

.cos bx orwhen F(D) of odd order then the particular Sol. is:

D3+a3
el 385yl a2ty () oS aldl Jalld Ay 8 (5 48 el ) Ao A5 5 el ()5S, Loie
YIS 381 5al)
~3ra3 - COS bx = —~—75 COS bx
__a*+b?D b 331 5all Jalally s puin
= ——apz-coshx (& ) pai )
al+b%D
= ———.Ccos hx
a®+b

1
_ 3 — B3
= o7 (a® cos bx — b® sin bx)

Examplel: Solve the diff. eq. (D? + 4)y = sin4x
Solution:  the complementary function is:
Y. = €1 COS 2x + C, sin 2x , Where c,, c, are arbitrary constants
The particular sol is
F(D?) =D?% + 4
F(-b®>)=-b2+4 ,b=4—>F(-16)=-16+4=—12

= sin4dx = L
Y = p2ia T —(4)2+4

sin 4x = —— sin 4x
12
The general solutionis y =y, + y,
Y = €4 COS 2X + ¢, Sin 2x — %sinélx
Where c,, ¢, are arbitrary constants
Example2: Solve the diff. eq Ly _pdy +y =cos3x
) T dx? dx
Solution: (D?—-2D + 1)y =0
(D—-1)’y =0
thechar. Eq.is (m—1)?=0 - m=1,1
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v y.(x) = (c; + c,x)e* , Where ¢4, ¢, are arbitrary constants

Yo = 5i5p71 €08 3x
1
=_32_2D+1.c053x
1 1 1 D-4
:—E.(D+4).c053x=—§mc053x
=—E(D—4);c053x=i(Dc053x—4c053x)
2 —32 — 42 50

1 .
=0 (—3sin3x — 4 cos 3x)

~ Y =y (%) + yp(x)
=(c; + czx)ex+% (—3sin3x — 4 cos 3x)

Example3: Solve theeq. y" + 4y = 8cos 2x
Solution: the char.Eq.is m?+4=0 - m=+2i
" Y. = €1 COS 2X + ¢, Sin 2x
We know that F(D?) = D? +4 - F(—22)=—-22+4=0 ;b=2
C0S2X Akl () 58 aadinnid 3 5dlaall 3kl dall Hsa0¥ jiia Hladll ol L
eZix + e—Zix
—
cos x Al ANl (¥ (@2 ) alall Jall Jiey @l ¢ jall s Cus
4 . 4

2ix —2ix

W=D —yo+20¢ TO-200+2)

_ Y, %/_/
Y
u W

Tofindu: b=2i then:

4 x . 1 .
Uu=—-—e*¥=—xe
47 1! [

To find w;  b=-2i then:

4 X  _oj 1 _97
w = . Ze le:__.xe 2ix
—4i 1! i

= (D*+4)y =38

ASMAA ABD - MAY MOHAMMED - SAMAHER MAREZ Page 32



Chapter 5

1 2ix 1 —2ix
yp=u+w=—_xe ——Xe
l l
erix _xe—Zix
20

= 2xsin 2x

" Y = €1 COS2X + ¢, Sin 2x+ 2x sin 2x
, Where c,, ¢, are arbitrary constants
Example4: Solve the eq. (D? + 3D — 4)y = sin 3x

Solution: 1-thechar.Eq. (m—1)(m+4)=0 - y,=ce*+ e ¥

2- To find y,
Yo = Sirap_g - Sin 3%
= ~r3p2 sin3x = D13 sin3x = 9;2:29 sin 3x
= (3D + 13)sin3x

250

= (9 cos 3x + 13 sin 3x)
250

The general sol. is y = c;e* + c,e ™ + % (9 cos 3x + 13 sin 3x)

Where c,, c, are arbitrary constants

The third case

If the f(x) is apolynomial of x to find the particular solution of the eq.

F(D)y = x™ where m is a positive integer number we write % as a power
ascending to D

(i.e):
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- —=—=14+D+D2+D3+ -4+ D" 4 -
F(D) 1-D
b- —=——-=1-D+D?>—D3+ -+ D™+ ..
F(D) 14D
I 2 _4D3 4 ... mog..
¢ 57 = map = 1~ 2D +3D? —4D% + 4 (m+ DD™ +
0- — =———=1+42D +3D2+4D3 + -+ (m + 1)D™ + -
F(D) (1-D)2

Since the D™*"x™ = 0 the particular solution is

y=F(D).xm=(1+D+D2+D3+---+Dm)xm

=x"+mx" 1+ +m!

Example to explain:  D?x! =0 , D3x?2=0
Examplel: Solve the diff. eq. y" + 4y = 8x3
Solution: D*+4=0 - D=+2i
the char. Eq. is
m*+4=0 - m=42i
y.(x) = ¢; cos 2x + ¢, sin 2x

The part. Sol. is

8 3 8 3
= X = :
(CRE 4(1+—D2)
4

-2(1-(2)+(2)

The general sol. is

y = €1 COS 2X + ¢, sin 2x + 2x3 — 3x
Where c;, c, are arbitrary constants

Example 2: Solve the diff.eq. (2D*-5D —-3)y =x*+2x—1

1

Solution:  y, = e 2" + e Al A
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_ 2 1) = 2 —
yp—ZDZ_SD_3(x +2x—1) - > (X2 4+2x-1)
-3(1+(30-3D)
1 5 2D? 2p%\? 2
‘5(1‘(59‘7) (Go-%) + ">(x +2x—1)
= (@+220-1)-2(2x+2) -2 (D +2(2)
= —1x2 —4x+=
3 9
Then the general sol. is :
1
y=ce 2 + e’ — %xz —4x + %1
Where c;, c, are arbitrary constants
The fourth case
Ifthe f(x) =e*v(x) where
xm
v(x) = sin bx
cos bx
The particular solution y, (x) is
_+  Lax — pax

yp(x) = F(D) e v(x)=e F(D+ - V(X)  eeeverieiierieiincceceecnns (31)

Examplel: Solve the diff. eq. (D% + 2D + 5)y = xe*
Solution:  (D?+2D+5)y=0
The char. Eq. is:
m?+2m+1=—4
(m+1)?%2=-4 - m+1=42i-> m=-1+2i
v y.(x) = e *(cy cos2x + ¢, sin 2x)

L x.e* =e* L X
D24+2D+5" " (D+1)2+2(D+1)45

Yp(x) =
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The general sol. is:
y(x) = ye(x) + yp(x)
y(x) = e *(c; cos 2x + ¢, sin 2x) +%ex (x — %)

Where c;, c, are arbitrary constants

2
Example2: Solve the eq. &y %, y = x“e

Solution:
(D?=2D+1)y=0

The char. Eq. is
m?—-2m+1=0 - (m=1?%=0

Ye(x) = (€1x + cp)e”

=m2:1

D sl AV (i alal) Jall sy

(D? — 2D + 1)y = x2e3*
— 1 2 ,3x
“pZ—20+1" ¢

— 3% 1 X2
(D+3)2-2(D+3)+1°

- yp

— 53X 1 2
= X
D2+6D+9-2D—-6+1

1
_ ,3x 2
D2+4D+4

1 2

3x
oo X
4(1+D+T)

=€

=ie3x<1—(DT2+D)+(DTZ+D)2+---).x2
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=ie3x(x2—%—2x+2)

= 21g3% (x2 — 2x +§)
4 2
> y=(cx+cy)e*+ %e”(x2 —2x + %)

Where c,, c, are arbitrary constants

Example3: solve the diff. eq. (D? + 4D + 4)y = e*sin 2x

Solution: =ce ¥ +c,xe %
yc 1 2

The particular sol. is
1

=e* .sin 2
Yp=¢ (D+1)2+4(D+1)+4 St ex

x 1 }
=e .sin 2x
D242D+1+4D+4+4

=e* sin 2x

D2+6D+9

1 )
=e* .sin 2x
—4+6D+9

1 .
=e* sin 2x
6D+5

6D—5 .
= e*¥ sin 2x
36D2-25

= exl_—;(6D — 5)sin 2x

X
= " 169
The general sol. is:

(12 cos 2x — 5 sin 2x)

Y=Yt
y=ce " + cxe?* — % (12 cos 2x — 5sin 2x)
Where c;, c, are arbitrary constants

The fifth case  dwaldd) A3l

If f(x) = x™v(x) where v(x) =cosax or v(x) =sinax

To find the particular solution for this case we take the following examples.
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Examplel: Solve theeq. (D? + 1)y = x? sin 2x
Solution: To find y,, we have
m?+1=0 - m=+i
y.(x) = ¢y cosx + ¢, sinx , Where ¢, ¢, are arbitrary constants

()_ 1 2 o3 2x = 2ix 1 2
ypx ——D2+1.X.Sln X =e .(D+2i)2+1x

i 1 ] 1
= p2lx x2 = p?lx 2

D2+44iD-3 _3(1_4’_iD_D_2) .
3 3

= —Zex [1+2+ (L +2) 4] a2

=1 [(xz — 2—6) sin 2x + Zcos Zx]
3 9 3

Y =Y (x) + yp(x)
Example2: Find the general sol. of (D + 1)y = xsinx
Solution: The char. Eq.is: m+1=0 - m=-1
- y.=ce* thecomp.sol.
The particular sol.

1

Vp =D+1xsinx

1 ,
R FEL

X . 5 x
(l+ 1)(1+l+_1)

e 1—i(1 D N )
P TIF 1T\ it1 g
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e

_eix(l—i)( 1)
N |

Juy

-1

=1 -0) -

1—-i
T1-i

Juy

-1

= i) + 1)

cos x-lz-isin X (x(1 .

=z sinx — cos x +1cosx
2 2

Y=Yt
Exercises
Solve the following diff. equations.

1- (D?+5D —6)y = e3*

2- (D> +5D —6)y=e %

3- (D* 4+ 8D?)y = sin2x

4- (D?>+3D+2)*y=0

5- (D? 4+ 2D + 2)y = cos 5x
6- y'"' —27y =e**

7- y'" =27y = x*

8- (D? +5D)y = e*x?

9- (5D? + 15)y = e* cosx
10- (2D + 1)y = xsin2x

11- (D* + 8D*)(D* + 2D + 2)y = sin3x
12- (D3® — 64)3y = sinh(—4x)

13- D (D% —100)3 (D? — 3D + 2)? (D* + 0.5D%)y =0
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Section 2: Reducing the order of a differential equation( with
variable coefficients)

The second order differential equation is in the form

Fx,y,y,y")=0 (1)
And it can be reduced to the first order according to its type, we have two types here:

The first type: if the dependent variable y does not appear in the equation
(el (e A jeday Jiray) Ualeall &y dainall puaiall jeday ol 13)
Then we suppose that

r - H_dp_ !
y =D y _dx_p

Then equation (1) will be

Gx,p,p ) =0 e 2)

And this is an equation of first order can be solved as in ch.2 to get p, then we return
the variable p and solve it to get an equation in term of x and y represents the general
sol.

A0l mddS 4Gy Hla aladiily b patie Ol D A A5 ) (e Aalialds Adlas Jad 4d) agdl Bau les
Ol 2
sbaall Ay dainall yuriall jeday ¥ lexie
y'=p = y'=_=p
Cua o LU Juadll A WS Ja3 dg¥) A8 (e dabae e Juastd Bla¥) dabaall & (i g2
‘;usuq\:\ézusmqu\dgj%mmm pela b asii o3 Auha 5) Juaill ALE L3
Aall Jall e Joanid S Joaill
Example (1): solve the following eq.

Xy — ()2 -2xy =0 e 3)
Solution:

Note that eq. (34) does not contain the variable y

! r d !
Lety'=p = y"'=_—-=p

Sub. in (3)
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dp
x2——p?—-2xp=0
dx p p
dp
228 s = p2 o 2
Xt —2xp=p X
o _ 2, _ 1.2
dx xp_xzp
240 _2,-1_ 1
p dx xp T x2
Letz=p ! = ¥=_p2@
p dx dx
Sub. In (5)
dz 2 1 1
—_—— e — = —] x —
dx  x° %2
dz 2 1 .
— - pr3 linear
ILF = /5% — g2lnx _ 42
2, _ 1,
X°z = —F.xdx+cl
xzz=—fdx+c1
x%z=—-x+¢
—-x+c
zZ= le
Replacing z = p~1
1 —x+¢ x?
_—= —_—,——— e =
p x? P L —X
ci
dy=<—x—c1+ )dx
C1—x

Integrating both sides

2
—-X
y=7—c1x—c121n|c1—x|+cz

c,& ¢, are constant
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The second type: If the independent variable x does not appear in the equation
Aslaall b 5 Jibesall yuiiall yglay o1 13)

Then we suppose that

: ,_d’y dp dpdy dpdy dp
VIR DY T T T acdy dyax Py
Then equation (1) will be
E(y,p,pj—i) =0  eeeeeeeeeeens (7)
And this equation is of the first order with dependent variable p and independent
variable y solve it to get an equation with p & y then return the variable p = Z—i’ and

solve it to get the general solution.

Example (2): Solve the following eq.

yy'+2y' — ()% =0 ®)
Solution: #alxallbis s e x o) aadl
p_dp

I = — = pn—
Yy =p y pdy

Sub. in eq. (8), we get:

dp
— 4+ 2p—p? =
ypdy+ p—p =0

(dp+2 )—O
pydy p)=

dy

p=0 = E‘O = y=5b Singular sol.
Or
dp
y5+2—p=0 ~y
dp 1 -2 .
P _ 2,y =22
> yp ” inear
1
I = ef—ydy = e_lny =y_1

-1 o, T2
y o= |y -Tdy+cl

-1, -1
[y p=2y""+ci]*xy
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p=2+cy pegkl

dy
—=2+c
dx 1Y
Y = dx iln|2 +c;y| = x + ¢, where c; & ¢, are constants
2+c1y Ccq

And this the general sol.
Exercises:
Solve the following equations:

1) 2y"=()?+1=0

2) y" +k*y =0
3 xy" =y
4) y" —k’y =0

5 yy"+(@)*=0
6) yy"+ ()’ =0
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