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Chapter 2:The Ordinary differential equations of the first order and first degree

Examples:
1) Solve the O.D.E. (y* + y)dx — (x* — x)dy = 0
Solution:

dx dy
x2—x y4+y

J’ dx _J‘ dy _fo
x%2 —x yZ4y

(1) (2)

Use the method of fragmentation (partial) of the fractions. 23 4k sasi
s3sll

1 A B
(D)= —= =
x(x—=1) 2 x—1
1 Ax —A+Bx (A+B)x—A
— = =
x(x—1) x(x —1) x(x—1)
- A+B=0 - (D)
-A=1 o ((EE)
From: (ii) — A = —1, substitute in (i)
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Chapter 2:The Ordinary differential equations of the first order and first degree

-» —-1+B=0->B=1

(2) -

1 is
T A=1,and B = —1 (:Je! skl uin)
1 dy
[ [ [o
J’X(x— 1) yy+1)

f_1d+f1 f1d+fld fo
- — — | - —— =
xx a—1 yy y+1y

— —In|x| +In|x — 1| —In|y| + In|y + 1| = ¢, (The general solution)

2) Find the general solution of 2x%y' — y(2x+y) =0
(FLW.) (95 cad) ) dulaia Aaled)

V=20 Cus F(Z) 5300 Aalaal Jygais lig Ha1 skl Tuilaiall alaall Ja (S
x X

2xy +y?
221':2 2 b
Xy xyty -y %2
, Y 1yy?
Py =T Z(x)
y dy dv
Letv= —->y=vx—>dy =vdx +xdv > —=

= v+xa
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Chapter 2:The Ordinary differential equations of the first order and first degree

+ dv +1 2
= —_— —
v xdx v 2v
dv 1
B B B
xdx Zv
dv dx
— —_—= ] —
L o X
E'U
— _—=1n|x|+c
3 T= In|x| +c, (The general solution)

(3) Solve the following diff. eq. (x* + y*)dx — 2xydy = 0
aty(2) = 0.

Solution:

o M(x,y) — x2 +y2

- M(tx, ty) = (tx)* + (ty)* = t*(x* + y*) = t?M(x,y)
“ N(x,y) = —2xy
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Chapter 2:The Ordinary differential equations of the first order and first degree

= N(tx, ty) = =2(tx)(ty) = =2t?xy = t2N(x,y)
(Aailaie lalaill ddaladll (3

[(x? + y?)dx — 2xydy = 0] + x?

(1 + (%)2) % — (2 GT:)) dy =0

—z = = —_— —_
Letv—x—>y vx = dy vdx+xdv—>dx v+x

dy x*+y? dy x? 5 y?
— - =
dx 2xy dx 2xy 2xy

dy 1 «x 1y

N dv_l(l)_l_l
V¥ = 2\9) " 2Y

dv_ 1+1
*ax " w2V 77

dv 1 1
S X— = —— =
xdx 2v Zv

dv 1 1
iR = e
xdx Z(v a
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Chapter 2:The Ordinary differential equations of the first order and first degree

- —In|1 —v?| =In|x| + ¢

— —In |1 — i—E = In|x| + ¢, ( The general solution)

(Sal s 1palall Jall)

4) Solve: (x* — y*)dy — 2xydx =0, whenx =0,y =1
Solution: (The equation is homo. of degree 2) (‘=a!3)
Lety = vx » dy = vdx + xdv

(x? — v%x?)(vdx + xdv) — 2xvxdx = 0

(x%v — v3x¥)dx + (x3 — v2x3)dv — 2x%vdx = 0

(—v3x?% — x%v)dx + (x° — v?2x)dv =0
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Chapter 2:The Ordinary differential equations of the first order and first degree

1
2 (1,3 3(1 — p2 =
(—x?2(w3 +v))dx + x3(1 —v?)dv =0 *(v3+v)x3
—1 1 — P2
—fdxt — dv =20
X v34v
1 V.V
_1 — S — =
n|x|+J’v3+vdv fv(v2+1)dv ¢
—In|x| + [ v 1)dv——ln|1+vzl—c (%)
1 _A+Bv+C_A(v2+1)+Bv2+cv
v(v2+1) v v?+1 v(v?+1)

AW+ 1D +Bv*+Cv  (A+BwP+cv+A4A
B v(v?2+1) v(v?+1)

- A+B=0 ..(1)
c =0 sl Z)
A =1 - (3)

Sub. 3)in(1)» B= -1

o [cavse [ =

dv ——lnll +v?| =In|x| +¢
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Chapter 2:The Ordinary differential equations of the first order and first degree

i) 1
In|v| — §1n|1 + v2| —Elnll +v?|=In|x| +¢

In|v| — In|1 +v?| =In|x| +¢

In =lnx+c

v2 +1

v

1+v2—lnx=c

In

v

n——— =
nx(1+172)

C

v —
x(1+v2)

eC

When v = %
X
)
X
x(1+ (%)2

Whenx =0andy=1-1=e° -5c=In1=0

g LM g &

=@" —3—,

e =e em=ec(7‘hegen.sol.)

y

) y? =1,(since e® =1) (The particular sol.) (o=l )
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Chapter 2:The Ordinary differential equations of the first order and first degree

5) Find the general solution of O.D.E.
2x+y—1)dx+(x+y—2)dy=0
Solution:
(Aekd CDlalae 1 Alaalis Alalea L) Badl)
i }I 20> (bblite glaiiudl o)
el AL ) Haiad oy (Y
2x+y+1=0 s (1)

X+y—2=10 .. (2)

Eg(l)—E¢gR)>2+1=0-2%x=—1
From:Eq.2):—2+y—-1=0-y=3

& (h k) = (—1,3) [ The intersection point]
Letx=x,—1->dx=dx,
Lety=y;,+3->dy=dy;

Sub of O.D.E.—
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Chapter 2:The Ordinary differential equations of the first order and first degree

Q-1+ @1 +3)—Ddx; + (g —D+y;,+3-2)dy;, =0
(2x1 + y1)dxy + (x; +y1)dy; =0 ()
duailaie Alalal) Aaladll Canval oY)

Letv = %—) Y1 = vxy = dy; = vdx; + x1dv
1

Sub. in (*) -
(2% + vxq)dx; + (X1 + vx1)(vdxy + x,dv) = 0
2x,dx; + vx dx, + x,vdx, + x2dv + vixdx; + vxidv =0

x1(2+2v+v)dx; +x2(1+v)dv =0
1d % 2(1+v) J _JO
J’xl 1 f2(2+2v+v2) V=

1
In|x | +§ln|2 +2v+v?=c

1 Y1, Vi
ln]x1|+§ln 2+2(x—1)+E =cC
1 y—3  (y—3)?
In|x + 1| +§ln 2+2(x+ 1) + ot D" ¢, (The general sol.)
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Chapter 2:The Ordinary differential equations of the first order and first degree

6) Find the general solution of
(4x+2y+3)dx+(6x+3y—2)dy =0
(The Differential Eq. with linear coefficients)
4x+2y+3=0-22x+y)+3=0
6x+3y—2=0-32x+y)—2=0
let z=2x+y—>dz=2dx+dy > dy=dz—2dx
dlalall dlaleally iy g2illy OV o 8
) s ediall aladiuly L)) sie Clagituall ol CLEYL o giie Sl I

xUalae—
ydalas

Niie,
L]JYIM!LJ&A:m1=x;3Am & &tﬁ.“éiua.“@n;mzz

If my =my — OL)lsie Jlaiinl
If m; # m, » JbhblEa Jlesiull

v my =T= —2,m2=T= —2
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Chapter 2:The Ordinary differential equations of the first order and first degree

s my = m,, so the two lines are Parllel (k) s)
oz sy fag (Y
(2z43)dx+ (3z—2)(dz—2dx) =0
2zdx + 3dx + 3zdz — 6zdx — 2dz + 4dx = 0
—4zdx + 7dx + 3zdz — 2dz =0

(—4z+7)dx+ (3z—2)dz=0

(3z—-2)
x+mdz—0
3 4 13
== T _
dx + 4+4'—4z Z dz=10
13 nl—4z+ 7| =
X 42 1611 Z =cC

3 13
X — Z(Zx +7y)— Eln|—4(2x +y)+7|=¢, (The gen. sol.).
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Chapter 2:The Ordinary differential equations of the first order and first degree

2.4 Exact Differential Equation:

Theorem: If M and N have continuous partial derivative in a

rectangular region R then the equation
M(x,y)dx+N(x,y)dy =0

be an exact equation if

oM _ 0N

=T (el alil] Aol (oS5 <) o )

Ex 1: Determine whether the following equations are exact or not:
i. 2x2 +5)dx+3ydy =0

iil. xcosydx+ycosxdy =0

iii. cosydx + (y? —xsiny)dy = 0

. a a oy
Sol. (i): = % =i = o it is exact

ox
e .. OM . aN :
Sol. (ii): - 5y, =~ xsiny, and 5 = ysinx
oM _ AN . .
— — # — - it is not exact

y 7 ox
____________________________________________________________________________________________|
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Chapter 2:The Ordinary differential equations of the first order and first degree

o oM : dN - a3
Sol. (iii): * 3, = —siny, and - = —siny — itis exact

Remark 1: An equation in the form
M(x)dx + N(y)dy =0
1S an exact equation.

For example: x?dx + sinydy = 0 is exact as follows:

aM ON =% &
vw—=0=—>itisexact
ay ax

Remark 2: Every separable eq.is an exact equation after separating its

variables (e i Jacd 3oy A3 Alslas & Juaill 316 Alslae (<)

Remark 3: The exact diff. eq. for the function f(x,y) is

d d
df(x,y) = édx—trd—idy

if we make it equal zero, we get the exact diff. eq.

The solution of this diff. eq. is f(x,y) = ¢, (g sl <l )
I
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Chapter 2:The Ordinary differential equations of the first order and first degree

Solution of the Exact Diff. Eq.

Through some examples, we will show here two methods to find the general

solution of the exact equation.
Al dplialadll Adabaall dad (48 Hha e 95 o g ALY A (4
mMethod 1: By using Remark 3

Ex2:Solve (x+2y)dx+ 2x+y)dy =0

¥ M N . ’
Solution: - Z—y =2 = ‘;—x — the diff. eq. is exact,

and hence its solution is f(x,y) = C

6x y mn ( ) ( )
aj
E': y ek ( ) ( )

We can use any of the above equations. to find F.
From (1): g—z =%y F= % x2+2xy+ h(®) .. (3) (& Jai)

And to find h(y), we use the fact that eq.(3) satisfied eq.(2), then:
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Chapter 2:The Ordinary differential equations of the first order and first degree

1
2x+h'(y) =2x+y > R'(y) =y = h() = 5¥*

Substituting in eq.(3), we get

1 2 1 2
F(x,y)=§x + 2xy + Ey

Then the solution is: x? + 4xy + y? = ¢

Ex3: Solve (2xy —3x%)dx + (x* +2y)dy =0

: oM aN ; .
Solution: e 2% = I the dif f. eq. is exact,

and hence its solution is f(x,y) = ¢

6F_2 — 3x2 (1) M

ryeh Xy — 3x (M)

dF

@—x + 2y s (2) (N)

From (1): F(x,y) = x*y —x3 + h(y) (2 Ay JalS)
oF

N = — = x2 ! =x2472
3y x“+h'(y) =x"+2y

- h'(y) =2y - h(y) =y?
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Chapter 2:The Ordinary differential equations of the first order and first degree

Then F(x, y) = x2y — x3 + y2,

and the general solution is: x2y — x3 + y2 = ¢

Ex 4: Solve (1 + xy?)dx + (x’y +y)dy =0

iz 2L =By = TN ; '
Solution: - 9 2xy = o the dif f.eq.is exact,
oF
—=1 2 = (1 M
—=1+xy O )
oF
— = 2 s (2 N
By ¥ Oty (2) (N)
From (1): F(x,y) = x + %xzyz + h(y) (2 Apailly JalS)

1
X’y +h' () =x*y+y->h@)=y->h(@y) = §y2

And the general solution is: 2x + x%2y? +y? =¢

Ex 5: Solve the initial-value problem

3xty+1

dx—J%dy= 0, y2)=1
I
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Chapter 2:The Ordinary differential equations of the first order and first degree

Solution: we can rewrite the equation as following

Bx?+y VDdx —xy 2dy =0

oM

dy y

oN .

e -y

Z—f = g—: — the dif f.eq.is exact,

oF 5 .

— = B - (A M
—=32"+y ®» o
oF "

— = —Xy N (7 N

5 = % @
From (2): F(x,y) = xy ' + g(x) (y Al dalss)

Then: g—i =y 30" (%) = 3x% + y*

- g(x) = x3,then F(x,y) = xy~! + x3
And the general solution is: xy~1 + x3 = c.
When y(2)=1, we get :
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Chapter 2:The Ordinary differential equations of the first order and first degree

201422 =¢c=¢=10
Sub. in the general solution above, we get:
xy~1+x3=10

And this is the particular solution

L day bl (yadle

Sy y J aptaal Al paa® Sus F(Xy) oo diasid x JLa LSy M =%¢¢3-1
h(y)
h(y) Ul ded Je Jpasll N o lpsluisy J Al F(xy) @2
pldl Jall Je Jiaad e F(x,y) dalas A h(y) uass.3
lgusds dagill Lo Joaniy N =g—;@saﬁl (Saribada
METHOD 2: We choose a point (a,b) that it is within the domain of the

function and satisfies M(x,y) and N(x,y) and we substitute in the

following:
y

F(x,y) = fM(t,y)dt+jN(a, t)dt =c
a b
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Chapter 2:The Ordinary differential equations of the first order and first degree

We find this integral to obtain the general solution of the diff. eq.

Ex 6: Solve (x + 2y)dx + 2x+y)dy =0

Solution: M(x,y) = x + 2y = g—f =2

N(x,y) = 2x + o _ 2
oM dN . .
5 e = the equation ts exact

Let (a,b)=(0,0),substituting in :
F(x,y) = [, M(t,y)dt + [} N(a,t)dt = ¢
- fo"M(t,y)dt + [N, t)dt = ¢

= [ (t+2y)dt + [Jedt = ¢

-Ge) B3

Ex 7: Solve the following diff. eq.
(¥? + xy? + 1dx + (x*y + 2xy + y)dy = 0

4
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Chapter 2:The Ordinary differential equations of the first order and first degree

Solution:

aM—Z + 2
3y y T axy

o _ 2xy + 2
% Xy T &y

aa_“; = g—: — the dif f. eq. is exact, let (a,b)=(0,0) ,we get:

X y
F(x,y) = f (y2+ty+1)dt+f tdt =1
0 0

1
=xy2+5x2y2+x+%y2 =

the solution is: 2xy? + x2y% + 2x + y% = c.

2
Ex 8: Solve 3x;+1dx —%dy =0 ,y2)=1

Solution:
3x?y+1 oM 2
M(x,y) = = — = —
y)=——=3="Y
-X JdN _ -2

N(xly)=y_2=)ax__y
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Chapter 2:The Ordinary differential equations of the first order and first degree

Then the equation is exact.
Let (a,b)=(0,1) ,sub. in

— (* y _
F(x,y) = [T M(t,y)dt + [} N(a,t)dt = c
= [, M(t,y)dt + [} N0, t)dt = ¢
_ (x3t%y+1 y _
= [ Tdt+f1 0.dt =c

0
= [7(3t? +%)dt =

=(#+5) lg=c

=x3 + 5 = c and this is the general solution
When y(2)=1, we get the following

23 +§ =c=c=10

Then the Particular solution is x> + 5 =10

H.W.: Solve the following equations by using two methods for the

exact Differential Equation:
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Chapter 2:The Ordinary differential equations of the first order and first degree

1. (x?4+1—4xy —2y®)dx — (2x> +4xy —y3 + 2)dy =0
2. ysec’xdx +tanxdy =0

3.cosydx + (y2 —xsiny)dy =0

4. e*y%dx + 2e*ydy = 0

2.5: Integral factors:

If the equation ( M (x, y)dx + N(x,y)dy = 0 ) is not exact, then we
multiply both sides by a factor I(x, y) that turns it into an exact, and this

factor is called the integral factor.
(Al N Ll sail J(x,y) @ Aolaall d sk o juay 258 ladie dali ye Alaladl calS 1)
el dale J(x,y) oo, ] Ak
s Asles S ALl e Aliladll g3 o JalSall Jale ddiliy 2

e Jsaall (e LS Allaall JS8 n (g a1 N Alilae o JalSEl) Jale il 3

N. | M(x,y)dx + N(x,y)dy I(x,y) el Jale Z iall (g g2l
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