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Ordinary Differential Equations

CHAPTLER FOUR

Solution of The Differential Equations
of The First Order and Higher Degree
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| Chapter 4: Solution of The Differential Equations of The First Order and Higher Degree

Solution of The Differential Equations of The First Order
and Higher Degree

The general form of the differential equation of the first order and
the degree n is:

p"+a,(x,Y)p" 1+ +a, ,(x,y)p+a,(x,y) =0 ...... )
Where n=2,3,4,... andp = 4y
dx

The differential equations of this type are divided into three cases:
4.1: Equation solvable for p
4.2: Equation solvable for y
4.3: Equation solvable for x

Here we will discuss each of these three types with examples:

4.1: Equation solvable for p:

In this type we can analyze the left side of equation (I), which is
considered to be polynomial for p in the form of n linear factors, so
we can write equation (I) as the form:

p—F)(p—-Fy)..(p—F,)=0 .cc.ce. et v e eeeeeee. (1D
Where Fi, F,, ..., E, are functions of x and v,

Then equivalent each factor of equation (1) by zero to obtain n of
differential equations of order 1 and degreel
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Ex1: Solve x*p% + xyp — 6y* =0
Sol: (xp+3y)(xp—2y) =0 . (1)
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| Chapter 4: Solution of The Differential Equations of The First Order and Higher Degree

Xp+3y=0>xp=-3ysp="Z X & 3K

X dx b y b

Integrating both sides, we get:
In|ly| = =3In|x| + Inc=>
Inlyl=mnlx|3+mc=>y=cx3 2 y—cx3=0 ..cce.... (2)

Now take (xp — 2y) = 0 then

dy _ 2dx

d
xp=2y=>xd—z=2y=>y "

Integrating both sides, we get:

y=cx? 2y—cx*=0 (3)
From (2) and (3), we get:
(y—cx)(y—cx?)=0 (4)

And this is the general solution.
Ex2: Solve the following equation p? + py = x* + xy
Sol: rearrange the equation
pl+py—x2—xy=0 (1)
> pl—x+py—xy=0
>@-0)pP+x)+ypP-x)=0
>(p—-x)p+x+y)=0 (2)

Take the first factor,

(p_x)=0:>p=xz>%=x:>dy=xdx

Integrating both sides to get:
x? x?

Take the second factor, dv = e*dx => v = e*

1
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| Chapter 4: Solution of The Differential Equations of The First Order and Higher Degree

p+x+y= 0=>Z—i/+y= —x and this is a linear eq.

[ =eldx = ¢x

Substitute in :

eXy = [ —xe*dx +c u=x=du=dx

dv = e*dx > v = e*

ey =—xe*+e*+c
e*y+xe*—e*—c=0 R )
From (3)&(4), we get:
X2
(y -5~ c) (e*y+xe*—e*—c)=0 TR €

So eq. (5) is the general sol.

4.2: Equation solvable for y

This type of equations can be written as:

y = F(x,p) e e e e e e e (1

Differentiating for x we get :

dy dF dF dp dp
—_— T — —_— e F (x’ p’ —_—
dx dx dp dx dx

>p=F(xp) e e (V)

And this equation is of the first order and the first degree to solve
it, we analyze the equation into a several factors, one of which

d
contains ﬁ and we get from it the general solution @(x,p,c) =0

the rest contains p and we get from it the singular solution.
Ex3:Solve 2yp — 3x = xp?

Sol: rearrange the equation

1
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2y=3§+xp ......................... (1)
Differentiating both sides:

dy p-xL  ap

Za=37+xa+p ......................... (2)
2p=§—3—§-% %+p=>

p3 —3p xp2%+3x%=0

p(p? —3) —xL P> —3) =0

P =-DE-xD=0 3)

Either (p —x%) = 0 =>pdx = xdp = % = %p = Inp = Inx + Inc

Substituting (4)in the original equation, we get:
2cxy —3x = c%x3 =

cx? 3

y=—+5 )
Equation (5) is the general solution

Or p2=3=0= p?=3=p=+Jy3 .. (6)
Sub. In the original equation, we get:

+2v3y —3x =3x =

y = +V3x N )

We note that equation (7) does not contain arbitrary constants, so it
does not represent a general solution , but rather a singular solution.

13yt Ma Jiad Lail s Lale Sla Jiai Y & 4l 5 &y jia) Cul g g a3 Y (7) Aalaall ) Jaads
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Ex4: Solve 16x% + 2p?y —p3x =0 e (1)
Sol: Dividing on p?we get:
X2
2y = px — 16?
Deriving for x we get:
* 43

2d—y—p+x——32—+32

p2
[2p = p+x——32—+32x—d—p ] % p3
4 - 7 24dp _
p* + 32xp — xp o 32x dx—O
p(p* +322) — x(p® +32x) L = 0

(p? + 32x) (p —x%) =0

Either(p xZ )—Oﬁp—x%$%=%=>

p=cx VT ¢
Substituting eq. (2) in (1) we get:
16x% + 2c?x?y—c3x*=0 (3)

Equation (3) is the general solution,

orp3 +32x=0=2p3=-32x=2p=Y-32x s, (4)
Substituting eq. (4) in (1) we get:

16x2 + 2(32x)5y + 32x% = 0

—48x2

- 2
2(32x)3
4
-3 x3
= — e 5

And this is the singular solution.
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In this type (equation solvable for y) we have two special cases,
4.2.1. Clairaut's equation
4.2.2. Lagrange’s equation

And we will discuss them in the following:

4.2.1. Clairaut's equation: i g_alS Alalaa

It is a differential equation of the form:

y=px+f(p) RN (

we can solve it by differentiating it for x.
dy _ ap | g1, dp
. =ptx—+f(p)—=

d yrN d
p=p+x_+f (@)=

dp I} d_p _
x—+f'(p)—~=0=
) d

(x+f'®)=0
Either;ll—;9 = 0 = p = ¢ substituting in (V),we get:
y=cx+ f(c) e veeveeeee e (V)

And this is the general solution.

Or(x+f'(0)=0=f'(p) =—x
Taking (f")~for both sides to get:

p=()"(=x)
Sub. In (V), we get:
y=x(f)71=x) +FF)U(=%) e, V1N

And this is the singular solution.
Ex1: Solve y =px+ cosp

Sol:y=px4+cosp (D)
I —
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Deriving eq. (1):

ay _ a o 4P
dx—p+xdx sinp-— e, (2)

dp . dp
=p+X——Snp-— =
p p dx p dx

dp . dp . dp
XxX——sinp-—=0=>(x—sinp)-—=0
dx p dx ( p) dx

Either (x — sinp) = 0= sinp = x = p = sin"'x

Sub. in (1), we get:

y = xsin"1x + cos(sin"1x) RO ¢

And this is the singular sol.
dp .

Or a =0= p=c

Sub. in (1), we get:

y=cx+cosc i 3)

And this is the general sol.

Ex 2: Find the general solution of y = px + /4 + p?

Sol: y = px + /4 + p? R ¢ )

Deriving for x, we get:

%=p+ dx+2W(2p%):>
p= p+xa+ 4ip2(p%=>
X or + s (=0

( + 7=P) go=0

To get the general sol., we take%zo:p =c
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Sub. in (1), we get:

y = cx + /4 + c? (2)

Eg. (2) represent the general sol.

4.2.2. Lagrange’s equation S Aalaa
It is a differential equation of the form:

dy
y=xfp)+9) f@)#p&p=7" wer (VI

To find the general solution , we differentiate equation (VI111):

L= ) +xf () L+ 9 )=
p=f)+xf (p) ~+yg (p);=>
p=f)+&xf'(p+ g’(p))a=>
(xf' @) +9 @)L =p - f(P)=>

' . _ 9 ®
dp p—-f(p) p—f(p)

a(f(p) / d(g(p)
Wheref( )_ (dpp) ( )_ (pr)’

This equation is a linear differential equation of order 1 with two

f (»)
J ==y Q=4 ® '@
p—f(p)

Ex1: find the general solution of the differential equation

variables x , p. and I=e

y=2px+p>* )
Sol: Equation (1) in Lagrange form where f(p) = 2p & g(p) = p3,
deriving both sides:

2 = 2p +2x L+ 3p? L

1
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p = 2p+(2x+3p2)%=>
= 2y 4p
p=2x+3p )dx=>

dx _ (2x+3p?)
dp -p

2

Zd
B =p?, (p)=-3p
Hence, we get:

p*x = [(=3p) p?dp + ¢

= Z_’; n Z?x = —3p (and this is a linear eq.)

[=e

p?x ZTP4 +c (2)

P et AarY o pall JaS] pasiiui a5 (2) Uolaal) i i

4 4 2 _ 4
p +3px 3c
4 4 4 4
p4+§p2x+§x2—§c+—x2
2 4 4 i
(p? +§x)2 =§c+ §x2 RERAR

4 4 2 1
p=i(i\/gc+ gxz -3 (3)

Sub. (3) in (1), we get:

_ torter 20y tor tez _2,y;
y = i2x(i\/3c+ 5 X 3x)Zi(i\/36+ 5% 3x)z ........ (4)

And this is the general solution.

4.3: Equation solvable for x

This equation can be written as

1
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x=f(y,p) e (IX)
Deriving for y, we get:

b4 > (@)

dy o dy dp dy dy

1_ dp

5= F (y, D, dy) ................. (X)
Eqg. (X) is a diff. eq. of order 1 and degree 1 whose solution is :
d(y,p,c) =0 S 0.¢))

From egs. (IX) &(XI) we get the general solution.

Laalaal (g 525 Ba sk (e aladl dall e Juass (IX) &(XI) - olabeall (0
P sl s 5 5 AN
Exl:Solve p3—2xyp+4y*=0 IR ¢ )
Sol: Rearrange equation(1) as:
pZ

2x=7+4% ............. (2)

Deriving for y, we get:

)
dx _ ZYP@—I? p—yd_y

dy 2 p2

d
(p - 2yﬁ)(2y2 -p®) =0

Taking the first term (p — 2y Z—Z) =022 =%
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Integrating both sides, we get:

in|y| +inc =2in|p| = np? = inlcy|=>

pP=cy =>p==+/cy e erevre e iee e e (3)
Sub (3) in (2):

2x =24+ 42 =

y Vey
= a Y _ N2 _ ey
2x C—4@=>(2x C)—C=>
c(2x—c)?
Y= e 4)

Eq. (4)is the general sol.

Now taking the second term (2y? — p3) = 0, we get:

p® =2y’= p=/2y?
Sub in eq. (2)

_ (2y?)?/3 y
2x = " + 4 T e (5)

And this is the singular solution.

Ex 2: Solve the following diff. eq.

p’x=2yp-3 (1)
Sol: Dividing on p?
2y 3
X = ?y = —— (2)

Deriving fory

dx 2 _» dp _2dp

T _yp 2P yep3t o

ay p VP T TP Ty

1_2, (_9uyn-2 -3y 4P 3
[p—p+( 2yp™"+6p~°) ] Xp

2 2 _ dp
p*—2p°=(6-2yp)- =
Yy
____________________________________________________________________________________________________________|
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2 = (6 — ap
p°=(6-2yp) =

—p?dy = 6dp — 2ypdp =

[ 2ypdp —p?dy=6dp |  +—p*

p*dy—2ypdp _ =64
p* - pt

p =

Integrating both sides:

X =2p3+¢

=

y=2p" 1 +cp? (3)

Sub. In eq. (1)

p?x =2Qp 1+ cp?)p-3=

pix =2cp3+1 s (4)
(3) Aalaa (o i 1A JSEN gy s e p ala) Lin

From eq. (3):

cp® =py — 2

Sub. In (4):

pix =2py—3 = p?x—2py+3=0 sl

y+y2-3x

X

p =
Sub. In (3), we get:

2 v y?-3x
y=—F—+c(——)°
y+yJy2-3x X

Eqg. (5) represent the general sol.
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mQuestion: Can you solve example (2) using the second case? Is
the result you will get equal to the output you have?

Exercises:

Solve the following equations:
1.y = 3px + 6y*p?
2.xpP+(y—1-xDp—x(y—1)=0
3.92(1+p?) =1

4.y =px +./4+p?

5.v%2p% = 3xyp + 2x2 =0
6.p2—p—6=0

7.p% —4xp —12x2 =0
8.p°+xp+yp+xy=0

9.py —2p*+2=0

10.y = psinp + cosp
11.x—2p—Inp=0

12. Find the general solution of:
a. (y — px)? = sin(y — px) + p?
b.e?™P* = (y — px)* — p°

Hint: derive for x

13.y = px + p?

14.px =y + p3

15.4y — 4px In|x| = p?x?
16.yp? —2xp+y =0

17.y = 2xp + p In|p|

1
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