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Chapter 2:The Ordinary differential equations of the first order and first degree

CHAPTER TWO

The Ordinary Differential Equation of the first order and first

degree

An ordinary differential equation of first order and first degree is written in one of

the following forms:

Al JIEY) gaals coks 381 ds jallg a9 Al (e Aaliie W1 Abialall Aaladll
M(x,y)dx + N(x,y)dy = 0
dy
or M(x,y) +N(x,y)a =0

dy
or - =f(xy)

Such that f, M, N does not contain derivative.

Although this kind of differential equations seems simple, there is no
general way of solving, but several methods depending on the type of the
equation. Therefore, the equations that can be solved directly divided into

several types, the most important ones are:
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Chapter 2:The Ordinary differential equations of the first order and first degree
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2.1) Separable equation.

2.2) Homogenous equation.

2.3) Differential equation with linear coefficients.

2.4) Exact differential equation

2.5) integral factors.

2.6) Bernoulli’s equation

2.7) Ricatt’s Equation

2.8) The diff. eq. of the formf'(y) 2 + P()f (¥) = Q(x)

2.9) Equation that is solved using a suitable substitution.

Now let’s start:

2.1 Separable of Variables:

Definitionl: An equation in the form

dy _ gx) _
a = m or h(y)d y = g(X) dx
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Chapter 2:The Ordinary differential equations of the first order and first degree

is said to be separable or to have separable variable. And if both g and h

are differentiable, then:

]h(y)dy= fg(x)dx+c

. . ﬂ_ 5x ﬂ_ .
Ex 1 .Solve.a)dx— 1+e b) dx—sm(x)

a)dy = (1 + e>*)dx =>y=x+%esx+c

b)dy =sinxdx =2 y= —cosx+¢

Ex2:Solve: (1 +x¥)ydy+(y+3)dx=0

1

. 2 — _
Solution: [(1+x*) ydy + (y +3) dx = 0] * (1+x2)(y+3)

y ) dx
:"(y+3 W+ i)
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Chapter 2:The Ordinary differential equations of the first order and first degree

f 1—— dy+tan‘1x=c

3
=fdy— Imdy+tan‘1x=c

=y—-3ln|y+3| +tan"*x=c,c€R  (cisanarb.cons.)

Remark: 3%3 can be solved by two methods

_Qg%jﬁ@%&ﬂ%uy%@.%j&&@@g@
y+

1 24l shal) dacdll (1

y+3 y
143 Jadll (2

y _y+3-3 y+3 3 3

y+3  y+3  y+3 y+3 = y+3

Ex3:Solve y' =e*?

. d - _
Solution: d—i’=e".e Y =>dy=e*.eVdx

=eYdy=e*dx = feydy=fexdx

_______________________________________________________________________________________|
ASMAA ABD AND MAY MOHAMMED



Chapter 2:The Ordinary differential equations of the first order and first degree

= e = e* + ¢, (The general solution),(c is an arb. cons.)

Ex4:Solve xydy + 2yx*+4x*—y—2)dx=0

Solution: sl Jaant Jalaill ddaul o
- - _m
[xydy + (y +2)(2x% — 1)dx = 0] * 5T
y 2%°—1
=>y+2 dy + - dx =10

:f(l—)%)dy+ f(Zx—%) dx=f0

=y — 2In|y + 2| + x? — In|x| = ¢, (The general solution of O.D.E.)

Ex 5:Solve sin*xcosydx+sinysecxdy =0

2 :
Solution: —— dx + —= dy =0
cosy
sin? x —siny
= X+ dy =
1 —Cosy
COS X
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Chapter 2:The Ordinary differential equations of the first order and first degree

— Sin
:»fsinzxcosxdx+f 1ydy=fO
—cosy

Then the general solution is:

sin3 x

—In | cosy| = ¢, (Where c is an arb. cons.)

Ex 6 : Solve %+ e’y = e*y?

: d d
Solution: d—i:g"yz—exy:)d_i:eJC(yZ_y)
dy
= —————= =¥ dx
yy—-1)
i > (yl_ 5 dy ( We use the fraction law) (Al osla)

A+ B A(y-1)+By
y y-—1 yy—1)

= Ay—A+By =1

= (A+B)y =0 exiel(dc)
= A+B =0
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Chapter 2:The Ordinary differential equations of the first order and first degree

A=-B
From (2): A= —1

From(1):A+B=0— —1+B=0->-1= -B—B=1

1

Now, [ 55753

-1 1
dy = [(+ ;=D dy
= [—dy+ [ dy = ~Inly| +Inly — 1]

Then the general solution is:

—In|y| +Inly—1| =e* + ¢, (Where c is an arb. con.)

2.2 Homogenous differential equation

Definition2: The function f(x,y) is homogeneous function of degree n
if

fxty) =t f(xy) )

where t 1s a constant.

Definition3: The differential equation

_______________________________________________________________________________________|
ASMAA ABD AND MAY MOHAMMED 8



Chapter 2:The Ordinary differential equations of the first order and first degree

M(x,y)dx + N(x,y)dy =0 11

is called homogenous if M (x,y) and N(x, y) are homogeneous functions

of the same degree.

To solve the homogeneous differential equation:
M(x,y)dx + N(x,y)dy =0

Can be written in the form

— =f e (IID

Lety = % , then equation (III) becomes

dy
T f) e (V)

Since v = % , then y = vx, and so

dy = vdx + xdv

We substitute the above expression.

_______________________________________________________________________________________|
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Chapter 2:The Ordinary differential equations of the first order and first degree

The new equation is separable, we solve it and in the last we put v = %

to get the general solution.

Ex1:Solve xy?’dy— (x®*+y®)dx=0
Solution: M (x,y) = (x3 +y%)
N(x,y) = xy?
M(tx, ty) = (tx)® + (ty)® = t3x3 + t3y3
=t3(x3 + y3) = t3M(x, y), A dx ) (e dusilaia AN
N(ex, ty) =tz (ty)? =tx (t>9>%)
=t3(x y?) = t3 N(x,y), AUl s 53l (e dulacia 4l

So, M and N are both homogeneous, and have the same degree, so the

diff. eq. is homogeneous.
Lety=vx —>dy=vdx+xdv
(oo Joant Alalal) Asladl 4 (g sailly

xv?x?(vdx + xdv) — (x3 + v3x3)dx =0

ASMAA ABD  AND MAY MOHAMMED 10



Chapter 2:The Ordinary differential equations of the first order and first degree

= x3v3dx + x*v2dv — x3dx — v3x3dx =0

= [x*v?dv — x3dx = 0] * o

1
=fv2dv—f;dx=f0

3

=>v In|x] =c¢
: -

3
When v = ii = X _ In|x| = ¢, (The general solution)

3x3

Ex2:Solve xydx+ (x2—2y*)dy=0

Solution: The equation is homogeneous (prove it), so

Letv = % —y=vx —>dy=vdx+xdv

x(vx) dx + (x? = 2v%x¥)(vdx +xdv) =0
= vx?dx + x*vdx + x3dv — 2v3x%dx — 2v*x3dv =0
= 2vx?dx — 2v3x%dx + x3(1 — 2v3)dv =0

= 2x*’(v—vdx +x3(1 - 2v¥)dv =0
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Chapter 2:The Ordinary differential equations of the first order and first degree

1
2 2 a3 31_2 2 =
= [2x%(v — v3)dx + x°( v4)dv 0]*x3(v—v3)
2x2 1 — 2v?
:—de+ 3 dv =10
x T
2 1 — 2v?
=% | — x+] = dv =20
x vV —v

1-2v2  1-20°
v—1v3 v -v?)

B 1 — 2v?
T v(1-v)(1+v)

A B C
=S4 —4— (%)

Al—=v>)+Bv(1+v)+cv(1—-7)
v(l-v)(1+v)

A — Av? + Bv + Bv? + Cv — Cv?
v(1 —v?)

—~A+B—C= —2 . (D
B+C =0 = {2)
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Chapter 2:The Ordinary differential equations of the first order and first degree

A=1 w (3)
By substituting (3) in (1), we get:
-1+4B-C= -2 —-B-(C= -1 .. (4)
Eq. (2) + Eq. (4):

B—-C= -1
B+C=0

9= —1 —=B=—
- 2

FromEq. (2) — C = %

So,A=1, B = %,andC=l

2
Substituting A,B,C in eq.(*), we get:

‘e duani o(*) Aiadl L3 4, B, C b s say

— 1
1-2v? 1 5
dv = (—+ + dv
fv—v3 ( 1—v 1+v)

=lnv-— %lnll—vl + %ln|1+v| =g
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Chapter 2:The Ordinary differential equations of the first order and first degree

1 i |
&~ 2In|x| + In|v| — 5111!1 —v|+ Elnll +v|=c

= 2 In|x| + In |¥| — %ln|1 —%I ik %ln|1 +%| = ¢, (The general sol.)

Ex 3 : Prove the following diff. eq. is homogeneous, then find the

general solution:

xdy — ydx = /x% + y? dx

Solution: We must prove the degree of

M(x,y)dx = N(x, y)dy
xdy = (y+/x? +y?)dx (1)

: M(tx, ty) = (ty + /()% + ()?)

= By +/t3 (22 + ¥7)
= ty + ty/x% + y?
= t(y +x%2+y?)

= tM(x,y).

ASMAA ABD AND MAY MOHAMMED



Chapter 2:The Ordinary differential equations of the first order and first degree

= M(x,y), sY ol e Auilaia

“ N(tx, ty) = tx

= N(x, ), s¥ 420 (e duilaia

Then the diff. eq. is homogeneous. Now, we find the general solution:

Let y = vx — dy = vdx + x dv , by substituting in the diff. eq.(1), we

get:

x (vdx + x dv) — vx dx =/ x%2 + v2x2dx

xvdx + x%dv — vxdx = x+/1 + v2dx

[x%dv = x {1+ v? dx]*

1+ v?
dx
\K1+v2 f
| ==
1+v2

Letv =tanf — dv = sec?6 do

J-seczede =fsec29 do = ISEC 0 do

I \/1+v2 V1+tanZ2 @ sec@
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Chapter 2:The Ordinary differential equations of the first order and first degree

= In|secd + tan 8| = In|v + V1 + v2| = In

2
2+ /1+”—2
X X

Then the general solution is:

2
%4_ 1+i’_2 =Inx + ¢ (cisan arb. cons.)

In

2.3 Differential Equation with Linear Coefficients (Equation that

reduce to homogen uation
These equations can be expressed as:

dy aix+biy+c

dx  ayx+ b,y +c, V)
Two lines:
a,x+b,y+c,=0,anda,x+ b,y+c, =0 we (V)
a) Intersect if Z—z * i—;, (Oladbliie Clasinal)
or: Intersect if z; Z; =0
b) Parallel if Z—: = i—: (s sie asitonall
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Chapter 2:The Ordinary differential equations of the first order and first degree

a, by

a, b, =0

or: Parallel if

Case (1): If the two lines that in (V) intersect , i.e. =2 b—l, we seek a

a; b,

translation of axes using the form:
¥x=%+h— dx =dx;
y=»tk—dy=dy
where (h, k) is the point of intersection
Then the substitution x = x; + h,y =y, + k (dx = dx4,dy = dy,)
transform equation (V') into the homogeneous equation.
Remark: First we find the intersection point.
Ex 1 : Solve the following O.D.E. :
2x—-3y+4)dx+ 3x—2y+1)dy=0

2x —3y+4=0 a; _ 2 by _ -3

Solution: 3x—2y+1=0] @ 3 'b; =2

2 3 ; . -
= * — —* The two lines are intersection.
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Chapter 2:The Ordinary differential equations of the first order and first degree

or: |§ :3| = 5 # 0 — The two lines intersect.

Now, we must find the intersection point:

2x —3y+4=0x(-3) (D
3x—2y+1=0 *(2) (2)

— 5y —10=0 — y = 2, [by substituting in Eq.(1)]
—2x—312)+4=0 —-x=1
s~ (h k) =(1,2) [ The intersection point]
let y=y,+2 —>dy=dy,
x=x;+1 —>dx =dx;
By substituting in the D.E., we get:

QCx1+1) -3 +2)+4)dx; + B(x1+1)—2(0y1 +2) 4+ 1)dy,
=

(2x1 — 3y1)dx; + (3x, — 2y,)dy; =0

The above equation is homogeneous
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Chapter 2:The Ordinary differential equations of the first order and first degree

Lety, =vx; — dy, =vdx; +x; dv
(2x; — 3vx,)dx, + (3x; — 2vx,)(vdxy + x,dv) =0
(2x; — 3vxy)dx; + 3xyvdx, + 3x2dv — 2v%x,dx; — 2vxZdv = 0

2x,dx, — 3vxidxy + 3xyvdx, + 3xZdv — 2v?x,dx, — 2vx2dv =0

[2x,(1 — v®)dx; + x?(3 — 2v)dv = 0] *

X1 (1 —v3)
2 3—2v
de1+1_v2dv—0
dxq 3—2v
2| —+ dv=]0
) ad+na—n" J’
3—2v A B _A—Av+B+Bv

e —v 0%9 -9 U+ill-v
_(A+B)+(B-Aw

1+v)A—-v)
A+B=3
B—A=-2
1 5
— B=-and A =-
2 2

ASMAA ABD AND MAY MOHAMMED iy



Chapter 2:The Ordinary differential equations of the first order and first degree

d;)c1

1
f((1+v) Lpav=|o

dxl f(1+) (fv) f“

4In|x;|+5In|1+v|—-In|]l —v| =¢

Inx{ +In(1+v)°—In(1—-v) =¢

(1+v)°
Inx{ +In———=¢
5
In(x7. ((1:2)) = ¢; (cq1san arb. cons.)

1+v)°5
4 L _ ey lete‘r = ¢
1-v
5
Y1 4 (1+z_i)
When v==—oxj.—5—=c
(X1 + 1)
X X15 G
H —
1 1 = Vi
X1

— (x, + 3"1)5 =C(xy —y1)
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Chapter 2:The Ordinary differential equations of the first order and first degree

—x—-14+y-2°=Cx—-1—-(y—2))

—(x+y-3P=Clx—-y+1), (The general solution)

Case (2): If the two lines that in (VI) are parallel ( i.e. ? = ? )then the
2 2

solution will be using the hypothesis z = ax + by as shown in the

following example
Ex 2 : Solve the following O.D.E. (x —y+ 2)dx = (x —y — 3)dy

Auhd e 13 Abialds Aalase Ll Bad
Solution:
H :ﬂ = -14+1=0

Ol sie Glagiioadl o3

x—y+2)dx—(x—y—3)dy=0
letz=x—y —dz=dx—dy > dy=dx—dz
—(z+2)dx—(z—3)dy =0

zdx+2dx— (z—3)(dx—dz) =0
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Chapter 2:The Ordinary differential equations of the first order and first degree

zdx + 2dx — zdx + zdz + 3dx — 3dz =0

dex+ f(z—S)dz=fO

Sx+ e 3
x+——-3z=c
2 VA
(x-y)?

5x + —-3(x—y) =c¢ (The general solution)

2
A gy (Ex 2 )@@led) JUall da (Say 1AM

x—y+2)dx=(x—-y—-3)dy

dy _ x-y+2
dx (x-y-3)

(1)

d : ; ;
Let z=x—1y.To solve for é, we differentiate z = x — y with

respect to (w.r.t.) x to obtain z—i =1- Z—z . and so % =, s z_i,
substitute into Eq. (1) yields:
. dz z+2 dz . zZ+2 -5
- = =1 - =
dx z-—3 dx z—3 z-3

2

= (z—3)dz = —5dx =r?—32=—5x+c

— (x—y)? 3 _ :
e (x—y) =—5x+¢ (The general solution)
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