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Iheorem: Let o, — a,b, — b be two convergent sequence in R, then:
i) g, +by,+a+h
i) a-B,—sa-b

i ay. by, = a.b
iv) Ca,—=Ca, YCER
vl ‘:*-E b, #0andb = 0.

EBroel; (i) Toprove a, +b, =a+ b

Since ay ~a= ve>0,3n(e) >0 suchthat la, —al <& ¥n > nyle)
Since by b= Ve >0,3n,(c)>0 suchihat |b, —b| <2 ¥r>n,(e)
Lete=%>0

We choose ny(£) = max{ng(z), ny(e))

(@, + by) = (a+ b)| = |(ay = a) + (b, — b)] < lay —a| + |b, = b| ¢-;~+§-r,n > nyle)
Slnt by —a+b
Progl; (i) To prove ay. b, = a.b

1) Since a, converges o @, so @, is bounded = 3M, > 0 such that |a,| < M,, YnEN
2)a, = a = Ve > 0,3ng(z) > 0 such that |a, — a] < &, ¥n > ngy(e)
L 13
hlt-mﬂ—ln.-nl-:ﬁ- vn > ny(r)
b, = b= vz > 0,3n,(z) > 0 such that |b, — b| <& ¥n > n(z).
uu=-,‘I:-n=-|b.—91<“L_,\m>m(:).
3) Choose ny(z) = max{ng(£),ny(£)])
la,. b, — a.bl = |a,b, —a,b + a,b —abl
= |(a, )b, — b) + (a, —a)(b)]
< |agl| by — b] + |b]la, — a
cﬂlia-lbli—"i—::.vﬂ >ny(e)

5ty by - ah.

Brogli (v) Toprove 323, b, #0.b =0

1) To prove *:-:-i.b,,ﬂﬂ.btﬂ
“ by, - b=s¥e > 0,3n,(e) > 0 such that |b, — b] < £, ¥n > ng(z)
“hr0=b>0(-b>0).
l£l£=£>ll
2
|by — b| < & means
-g<bh,-b<e
b—z<b,<b+s

b b ook Bapeleld
b-i-:b,,-cb+-i=au<if.b.<z =u{3b<h.<&
- ¥ b
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2) By using pan (iii) we get ':'—-f.b.tﬂ.h#n

Theorem: Lei aq be & sequence of real numbers if 0, — a then |aa | - lal.
Remark; The converse may not be true.

For example:

a, = (=1)"% la.] = |(-1)"| = 1 = 1. B a, does not converge.



Iheorem (Sandwich Theorem):

Ifa, — a,b, —a, (c,) be a sequence of real numbers such thai a, < ¢, < by, theac, — a.
Ercol:

a, -+ a,= ¥er>0,3n,(e) > 0 suchithat |a, —al < 2, ¥n > ngyle).

by - a=s ¥e>0,3n,(e) >0 suchthat |b, —al <e£,¥n > n,(e)

Choose ny () = max{ng(e), my(2}}

—-£<a,-a<¢,~ash,-a<s

=<, ~a<t

i leg —al < e.¥n > ny(e)

Ly =il
Exampie:
sin(n)
Discuss the convergent of a, = pog”
Answer;
-1<sin(n) 1
1 _sin(m) 1
¥ n T

1
By Archimedean property %*0 and -;-u

-0

5i
By Sandwich theorem a,, = r:‘(r:}

Definition (Cauchy Seguencel:

Let (@,) be a sequence of real mxmbers. (@, ) is calied Cauchy sequence if Ve > 0,3n,(z) >
0 such that |a, — @yl < £, ¥a.m > ng(2).
Remark;

i) U (a,) convergence to a. then (a,) is Cauchy.
ii)  The converse of (i) is not true.

Proef: (i) If (a,) — a. then (a,,) is Canchy.
Gy - @ means Ve > 0,3ng(¢) > 0 such that |a,, — a] <5, Vn > ngle)
[0y — | = lay —a+a —ay|

< la, —al + |, —al

<§+§= £ Ymm > mnyle)

(H) The converse of (i) is not ooe.
Eor camele; Let X = R\(0), (au) = }

1
(@) = ln-.o in R (By Archimedean Property) = - {a,) = — Is Cauchy

But does not convergent in R\ [0].



