Defipition (Compleis Froperivi

The ordered field (F,+,,,S) is said to be complete if every nonempty subset A of F which is
bounded above has least upper bound.

Examples;
I. The real numbers system (R, +,., <) is complete order field.
2. The order field of mtional numbers (Q, +, ., <) is not complete. Since
LetS=(reQ* schthax’ <2)SQund1ES= @
§ is bounded above but has no least upper bound in Q because vZ € Q
L.e. 3 a nonempty subset in Q which is bounded from sbove but has no least upper bound.

Theorem:

The equation x* = 2 has noroot in @ (VZ € Q).
Proal:

2
Assume that x¥ = 2 has a roat in Q, so there is ==%EQ such that 3:‘(%) =2

(%]: a%: 2= a® =2b
vbz0=2a=x0
Suppose @, b are positive numbers such that g. c.d (a,b) =1
1.If &b are odd numbers = a? is odd = 25% isodd C! (20" ineven)
2.If ¢ is odd number and b is even number
= b =2d = a® = 8d? =s a* iseven C! (a is odd)
1. If a is even number and b is odd number
=ma=Jc=4cl=20"=2c"=b=obPiseven C! (bisodd)
4.1f a,b are even numbers impossible since g.e.d (a,b) =1
& there is no rtional number satisfy x* = 2. ie. V2 € Q,

Iheorem: (Archimedean Properiv):

Forall x,¥ € R and x > 0,then 3 n € N such that nx > y.
Eroli

Assume thst ¥n €N, 3x,yER{x>0)5t. nx sy
LetS={nx:nENJSR aund xES=2 0

¥ is un upper bound of §

Since R s complete = § has least upper bound say o
a=4u.b.(5)

vx>0=-x<0=a-x<a

i.e. @ = x cannot be upper bound of §
s3mreSsta—-x<mx =a<x(m+1)

But x(m + 1) € § and thix ix contradiction that @ = £, . b(S)
svryeERand x>03nEN stnx>y.

Coroflary:

vt>B,E|nEHmnmu<£(:.

Erogl
ﬁiunt>ﬂ.|rylui4134\.!’.(ﬁr:himndunhqzﬂy]“l’!.y£Rnﬂdx)ﬂ.ﬂnEﬂl.L nx >y
Letx=£>0 and y=1=n1::-1:=u0<é¢e.



Theorem: (Density of Rational Numbers in R):

Ifx,yeER and x <y, then 3r EQsuchthatx <r < y.

Proof:
letx,yER and x <y
fx<0<y=0€Q result holds.

Hx>0(y>0)wehavey—x>0 (x<y)
By AP. 3n € Nsuchthat 0 <= <y —x.
=1<nly—x)=ny—nx
l<ny—-nmx=1+nx<ny-(1)
nx>0=3ImeNsuchthatm —1<nx <m--(2)
From(l)and 2)weget nx <m<nx +1 < ny
= nx <m<ny

-'-x--::%c:y (n # 0 sincen € N).

Theorem: (Density of Irrational Numbers in R):
Ifx,y€R and x <y, then 3 5 € ' (irrational number) such that x < s < y.
Proof;

Letx,yER and x<y,V2ZEQ' S R=+vV2 ER

VZx<\2y€eR

By (D. @ in R),3 r € @ such that
fo{r-cﬁy

x{-ﬁ.{y (——ﬁ—-EQ).

H.W.

Prove thatif x,y € Q,then3r € Q' suchthat x < r < y.



