Chapter Two

Sequences of Real Numbers
Definition (Sequence of Real Numbers):
The seq of real numbers S, is a function from N ioto B

je. SSN—=R definedas S(n) =5, ERVvn€N dened s §,,(5,). <5, >[5}
[5a:m € N the range of the sequence.

Exmples; 1) S,=n 2)S;=1 3)Sa=(-1)" 4S==
Definltion (Converzent of Sequence of Real Numbers):

Let a,, be a sequence of real numbens, a € R we say a, comergence o a if
¥e > 0,3n,(e) > 0 suchthat |a, = al < r.¥n > ne(r).

a is colled convergence point of a,, , wrile @, =@, as n =@ or llﬂnlu.-a.

Ihcorem (Uniquences of Convergence Point):

If the sequence of real numbers @, convergent then i has unigue limit point.
Eroaf;

Assume that @, — @, @, = bsuchthat azb=|b-a| >0

g, —a = Vr> 0,3n,(e) > 0 such that [a, —a] <e,¥n > ny(z).
a, = b = Ve > 0,3n,(¢) > 0 such that |a, — b| < £.¥n > n,(r).
Choose ny(£) = max{ng(e), n, ()}

|b—a| =|b—a,+a, —a| <|a,—a| +|ay—b| <s+e=1¢

lb—al

m:=T>u=|n—¢]<z¥=|halﬂ = sash

Examplos:

1) Is the sequence of real pumbers a,, = C s convergent?
Answer,
We have 1o prove thata, = C = C

We > 0,3ny(e) > 0 suchihat |a, —a] < ¥n > ng(e).

lag—al =1€=C|=0<e¥n>nale)

E a.:f—oc

2) The sequence of real sumbers @, = {—1)" does not convergent (divergent g, = (=1)" = ).
Simen,lzt—l}"=—1.I.—1.L---h-mmpﬁnuuﬂﬂ-t-l&l
and =1 = 1 0 a, = (—1)" = divergent
3) Show that the sequence of real numbers @, = T is convergent (convergence 1o 0).
Proaf:
We have 1o prove that @, =~ 0

¥e > 0,3ny(e) > 0 such that |a, —a] < £ ¥n > ng(e).

a2

1
By A.P. ¥z >0,3ny(e) > 0 suchthat 0 < —— <z

¥n> ():'c—rl <¢=‘-l-¢:r'rn>a.(¢)
n 2> nplk n ‘g-‘) = .

ie |¢._o|-H|=E<;, vn > ngle) = = u.:f-{l.



4) Discuss the convergent of the sequence of real numbers S.=ﬁv
Answer:
Wuhn\':lupmvtlhﬂs.--—:;-l
Ve > 0,3ng(r) > 0 such that |5, - 51 < 2, ¥n > myle).

n n-n-1 = | 1
|S.—S|=|H+I—1|—| n+1 _|n~l-l 'n+l

By A.P. V£ >0, 3ny(e) > 0 such that u-:-_:-:---::.

)
vn > ngle) = n+ 1> ng(e) + 1 > nyle)
T V.

n+l ngle) +1 ngle) ¢

1
n+1

==

<r

i.e. |S,-5= < £,¥n > ngle)

n+1

Let @, be a sequence of real numbers, we say that a, is bounded iff I M >0,
(M €R), suchthat |a,| <M, ¥neN.

Theorem:

Every convergent sequence of real numbers gy 15 bounded.

Bemark:

The converse may not be true, for example a, = (—1)" s bounded sequence bul not
COnvergent.

Definition (Monotene Sequence of Real Numbera):

Let (a1,) be n sequence of real numbers, then:

(ay) is called increasing sequence (1) if @y < @ney V0 € M.

(@) is called decreasing sequence (1) if A, 2 @, ¥n € N.

() is called monotone equence (1) if @q increasing (T) or g, decreasing (1),

Eor cample:

an = n (1), 8y ==(1), a, = k(=).

Iheorem:

Every bounded and monotone sequence of real numbers (a,,) is convergent.
Prool;

Let §={a,:nENL@ =S C R, §is bounded (since range is bounded set)
By completeness of B = § has least upper bound say a
Weclhima, +a

Ve>0,n—-e<a

a—¢ is not upper bound for § = 3 a,5(2) > 0 such that @ — £ < a,,(¢)
Since (a,) monotone (increasing) = 8,4(2) S @, ¥n > ny(e)
=a—f<a, = |ay —a] <e¥n>ngle) ieay—a
Examale: Let @, = 1, Gypy = 5(2a, +3), ¥n 21

1) dy, is bounded

50, =1<20; =3< 2. = 3, S2¥n2 1 ie.a, is bounded

(we can prove that a, S 2¥n 2 1 by uwsing mathematical induction)

1) a, monotone (increasing)

ca = lLa=t21+3) =5 =a, = (1.3, ) is increasing
(we can prove that @, < @, by using mathematical induction)

& a1, Iy convergent (by the ubove thearem).
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