Definition Field):

Let F be a nonempty set and +, . be two binary operations on F, then (F, +,.) is called feld if its
satisfy the following conditions:

Fl: (Closure Property). ¥a, b € F we have;
a+h €F and abe€F
F2: (Associative Property) , Va, b, ¢ € F we have:
a+(b+c)=(a+b)+ce€F md albc)=(ab)lceF
F3: (Commutative Property), Va, b € F we have:
a+b=b+a and ab=ba
F4: (Existence of identity element)
There is an element 0 € F suchihata +0=0+a=a ,Va€F, and
There isanclement 1 € F suchithata.1=l.a=a,Va€F
(Notice that: 1 # 0).
F5: (Existence of inverse element)
Va€F,3-a €F suchthwt a+ (-a) =(-a)+a=0
Ya€EF,3a"! €F suchthit . a™* = a™t.a=1
F6: (Distributive Propenty) ,Va, b, ¢ € F we have:
ab+c)=ab+ac and (a+b)lec=ac+bc
Notg; The identity element for the binary operations + and . is unique.

Examples: (R, +,.) , (Q. +,.) are fields.

Notez

R is the set of real numbers

Q is the set of rational pumbers, where @ = E:n,b integers,b = 0 and g.c.d{a,b) = l].
Definition (The Relation on A):

Let A be o nonempty set, R ix called a relation on A if R © A X A, where
AxA=((a,b)abeA)(ab)ER le aRb Va,b €A

Let A be o nonempty set, the relation R: < on A is called order relation on A | (A, S ) order set |
if its satisfy the following conditions:

il 2 < a,va € A (Reflexive),
iiyifa< band b < a = a=0b, Va,b € A (Anti-symmetric),
iy fa< band b < ¢ =>a < ¢, ¥a,b,c € A(Transitive).

Examples:

The relation < on R ( Q) is order relution

ie (R, <), (Q.5) are order sets.

Definition (The Order Fleld);

Let (F,+,.) beafield and < be a relation on F, we say that (F, +...<) is un order feld if;

i} a<a,Va€ F (Reflexive)

il) Masband b <a =sa=bhb, VYab € F (Anti-symmetric)
fi)fa<bandb<c = a<¢ Ya,b ¢ €F (Trankitive)
iv) Eithera<bh or b<aVa beEF
vwifa<bandesd=a+csh+dVabedeF
viifagsbande>0=2a.c s bcVabceEF

The relation < on (F,+,.) ix total order relation.
Examples;

(R, +,.,5), (Q +,., ) are order fields,



Bounded Set in Order Field (F.+...<),
Definitions:
Let (F, +,., <) be an order field and A € F, then:
1) u € F is called upper bound for A [wb.(A)] il a S u,Ya € A
2) ¢ € F is culled Jower bound for A [£.b.(A)] if £SaVa€EA
3) A is called bounded above if it has upper bound.
4) A is called bounded belaw if it has lower bound.
8) A is called bounded if A has upper bound and lower bound
6) u* € F is called least upper bound for A [£.u.b. (4) or sup(A)] il
i) u'ivanupperbound for A ie. W EF st asSu' Ve €A
ii)  Foreachupper bound u for A we have u” S u.
7) ¢ € F is called greatest lower bound for A [g.£.b.(4) or Inf(A)] if
i) & ixnlowerbound for A ie. ¢ EF st ' SaVaed
ii)  For each lower bound £ for A we have £ <&
Remarks:

1) ¢-asf<sasusu+f, Yaed ap >0
2)  Ifthe set A has least upper bound (greatest lower bound) then its unique.

Examples:
1. Let A = (0,1]. Find upper bound, lower hound, least upper bound and greatest lower bound.
Answer:

Since 1€R st a<1 ,Vae(0l). (1€4)
und 1S5€ER st a<15,vae(01]
ZEM st a<2 ,Vae (01]

»wh.(4) = 1,152, (upper bounds)
4 A = (0,1] is bounded sbove
£.u.b.(A) = 1 (least upper bound)

MNow,since OER st 0<a , ¥a E (0,1]
amd -0SeER st -05<a , Va€ (01]
-1eR st -1<a ,vae(0l]

s £b(A)=0,-05.-1, (lower bounds)
+ A= (0,1] is bounded below
g-£.b.(A) = 0 (greatest lower bountd)
Le A= (0,1]is bounded (since A is bounded sbove und bounded below).

2. Let B =[3,4,5,6). Find upper bound, lower bound, least upper hound and greatest lower
bound.

Since 6ER 5L a<6,Va€ B ={3456]

~ub. (B) =6,625657,

«» B = {3,4.,5,6) is bounded ubove

{dub.(B)=6

Now, since3ER s.L. 3<a, YaE B =[3456]

H24b(B) =32521,

» B = {3,4,5,6] is bounded below

g5 (B)=3

The set B = [3,4,5,6) is bounded (since B is bounded above and bounded below).

L N={123,..}i unbounded ( since N is bounded below but unbounded from above)
4, R is unbounded { since R unbounded from ubove und from below).

HW,

Check the A, = (—n:n € N), A; = (~1,1)and A, = {2:n € N} are bounded.



