Defi ic Space):

Let X be any nonempty set, the function d: X x X — R is called metric on X if d satisfies:
My dix,y) 20

My d(x,y)=0e=x=y

M;: d{x,y) = d(y,x)

M, d(x,y) < dx.z) + d(zy)

Vx,yzeX

The pair (X, d) Is called metric space.

Ezamole (1)

let X = R, d: R x R - R, defined as follows d(x,y) = [x —yl, ¥r.y e R.

Show that (R, d) is a metric space.

Answer;

letx,yz €M

Mg = |x—y|20 =:dlay) =lc—yl20

My:d(xy)=0e |x-y|=0x—y=0=x=y

My d(x,y) =Ix -yl =y - x| = d(y.x)
Med(xy)=lx—yl=lx—z+z—yl <lc—z|+|z—yl = d(x,2) + d(z,y).
s~ d ismetricon R

(R, d) is metric space called absolute metric (usual metric space),

Some | riant Ineguality:
1. Cauchy-Schwartz inequality
Let @y, @y .~y Oy, by, By, ., by are real numbers then

Tl + 5= ‘E?:.u? Jﬁ

2. Minkowskl Ineguality

Let @y, @y, .. Gg, by, By, ..., by are real numbers then

JEEG TP < [Brdl + [T 0
Example (2}
LetX = RY, d: B x B — R, defined as follows d(x,y) = Tx; — )7 + (3 — 207
¥x = (1, ), ¥ = (x3,¥;) € R:.1s (R, d) forms metric space 7
Answer;
Letx = (x,, )y = (x3, ), Z = (%5, 5;) € R?
My TG =+ 0, =1 20 = ad(xy) = -5 + Oh— )2 2 0
My d(xy) =0 Jlr— ) + On—»)' =0
-l +lh-n)=0
sSn-yu=0dy—yw=0
en=nandy =y eSr=y.
My: dxy) = 0, — P + Oy — 920 = x — 207+ O — )7 =dly.x).
Md(x,y) = O —x)" + 0y —3)*
=y -—n+5-0)P+0i-ntn-n)

< V0 — 20 4 B = 3 + (o = ) + (= y2)? = d(x,2) + d(z, ). (By using Minkowski
Inequality)

= d is metric on R, (R, d) is a metric space called (Euclidian metric space].




lLLx#
Example (3): Let X be any nonempty set, d: X X X — R defined as follows a‘(x..v}-[n’ % .i.v:.yﬁr

Show that (X, d) is a metric space.
Anyerer:

M d(x,¥)20,vxy€eX

My dix,y)=0e2x=y¥xyelXk

My: dx,y) = [1‘ ey o {l' YEX Ay VxyeX

0,x=y 0, y=x
1 *
Mo ay=fy  TI)

1L Hx=y ady=z=x=12
dix,y) =05 d(x,z) +dlzy) =0
2 fx2y and yrer=sx=#z
dix.y)=1<d(x.z) +diz,y) =2
lfx=y and yrz==x#2
dix,y)=0<dlx,z) +dzy) =2
Alfxey ond y=z=xez
dix,y)=1<d(xz)+d(z.y)=1
adlny) sdlxz) +dlzy).Vxy2€X
& (X,d) ls metric space

Example [4]):
Let X = Cla, b], d:Cla, b] x Cla, b] — R, defined as follows
d(f,g) = max(|f () — g(x)l: x € |a, b]}), ¥/, g € Cla,b]
Show that (Cfa, b], d) is a metric space.
Answer: Let f,g,h € Cla, b]
My: v |f(x) - g(x)| 2 0,¥x € [a,b] == d(f,g) = max{|f(x) - g(x):x € [a,b]) 2 0
My:
d(f,g) = 0 &= max{|f (x) — g(x)|:x € [a,b]) = 0
= |f(x)-gix)l=0es flx) - glx) =0 f(x) = glx)¥xE|abl=f=g

My:d(f,g) = max{|f(x) = g(x)|: x € [a,b]) = max(|g(x) = f(x)|:x € [a,b]) = d(g. /)
My:
d(f, g) = max(|f{x) — glx)l:x € la,bl}

= max({| fi(x) = h(z) + h{x)— g(x)|:x € [a.B])

< max{l f{x)—h(x)|:x € la.b]} + max[|h(x) = g(x):x € [a.b]] = d(f.h) + d(h.g)
# (Cla, b}, d) is a metric space.



