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Definition 4.1: An ordered pair of elements x and y 1s denoted

by (x, y) where x is called the first element and y is the second
element.

Remark 4.2: Let x, y, z and w are four elements, then:
1) (x, v)# (y, x) in general.
2) (x, )= (, x) if and only if x= y.
3) (x, v)= (z, w) if and only if x=z and y= w.

Definition 4.3: Let A and B are two nonempty sets. Then the

Cartesian product of A to B is denoted by A x B and defined as
follows;

AxB={x,y):(x e A)A(yeB)}.
(x,y) € AxBifand only if (x € A) A (y € B).
(x,y) ¢ AxBifand onlyif (x ¢ A) V (y ¢ B).
iCun A x B de seaall 4l B de gandll & A de sanall G Gl Juala G pay
AxB={(x,y): (x € A) A(y € B)}

Example 4.4: Let A={1, 2} and B={2, 3}, then find both A x B

and B x A.

Solution: A x B={(1, 2), (1, 3), (2, 2), (2, 3)}.
AndBxA={(2,1),(2,2),(3,1),(3,2)}.
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Example 4.5: Let A= {x, y} and B= {1, 2, 3}. Find

Ax B=
Bx A=
Ax A=
Bx B=

Remark 4.6: If |A|=n and |B|= m, then |[Ax BJ|= n(m).

Example 4.7: Let A={x: xeN A x’< 10}, B={1, 2} and C={3}.
Find

Ax B=
Bx A=
Ax A=
Bx B=
Cx C=
(BU C)x A=
(BN C)x A=
(A- B)x B=
(A- B)x C=
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Theorem 4.8: Let A, B, C and D be nonempty sets. Then:

1) Ax O =Ox A=,

2) AxB=BxA if and only if A= B.

3) Ax (BN C)=(AxB) N (AxC).

4) Ax (BU C)= (AxB) U (AxC).

5) Ax (B- C)= (AxB) - (AxC).

6) (Ax B) N (Cx D)= (ANC) x (BND).

7)If Cc Aand D ¢ B, then Cx D ¢ Ax B.
Proof: 1) Suppose that Ax @+ &. Then,

A(x,y)e AxJ = xe Aandye & (def. of AxB)
—>xe Aand F
= F. (pA F=F)
Therefore, Ax 0= .
In similar way, we can show that &x A= . (H. W.)
2). Suppose that AxB=BxA, to prove A= B.
VxeA and VyeB= (x, y)e AxB (def. of AxB)
= (X, y)e BxA (AxB=BxA)
—>xeBandyeA (def. of BxA)
= Ac Band Bc A
—=A=B.
Suppose that A= B, to prove AxB= BxA
AxB={(x,y):(x € A)A(y € B)} (def. of AxB)
={(x,7): (x e ByA(y € A)} (since A=B)

=B x A.
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3). Ax(BN C) ={(x, y): (xeA) A (yeBNC)} (def. of AxB)
={(x,): (xeA)A(yeB AyeC)} (def. of ANB)
={(x,)): (xeA AyeB) A(xeA Aye(C)}

={(x, »): ((x, y)€AxB) A ((x, y) e AxC)}
= (AxB) N (AxC).

4) Ax (BU C) ={(x, y): (xeA) A (yeBUC)} (def. of AxB)
={(x,): (xeA)A(yeB V ye(C)} (def. of AUB)

={(x,1): xeAAryeB)V(xeA Aye(C)}

={(x, »): ((x, y)€AxB) V ((x, y) € AxC)}
= (AxB) U (AxC).

5) Ax (B- O)= {(x,y): (xeA) A (yeB-C)} (def. of AxB)
={(x,1): (xeA) A (yeB AygC)} (def. of B-C)
={(x,1): (xeAAyeB) A(xeA A ye(C)}
={(x, »): ((x, ¥)€AxB) A ((x, y) £ AxC)}
= (AxB) - (AxC).

6) (AxB)N(CxD)= {(x, y): (x,y)e AxB A (x, y)e CxD}
={(x,¥): (xeAAyeB) A (xeC AyeD)}
={(x, »): (xeA AxeC) A (yeB AyeD)}
={(x, ¥): (xe ANC) A (yeBND)}
= (ANC) x (BND).

7) Let(x,y) e CxD=xe CAye D (def. of Cx D)
= xe AAye B (since, Cc A and Dc B)

= (X, y)e AxB
Hence, Cx D < A x B.

Remark 4.9: (A x B) U (C x D) # (AUC) x (BUD).

For example (H. W.);
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Example 4.10: Prove that (AxB)N(BxA) =< < ANB = .
Proof: Suppose that (AxB)N(BxA) = &, to prove ANB =J. If
not, then Ixe ANB= x€ A A xeB (def. of ANB)
= (X, X)€ (AXB)A (X, X)e (BxA)
= (X, x)e (AXxB)N(BxA)
= (AxB)N(BxA)# <.
That is a contradiction. Hence, ANB =U.

Now, suppose that ANB =, to prove (AxB) N(BxA) = . If
not, then 3(X, y)e(AxB)N(BxA)=(X, y)e AxB A (X, y)e BxA
= (xeAAyeB) A (xeBAyeA)
= (xeAArxeB) A (yeA AyeB)
= (xeANB)A(yeANnB)
= A N B#J.
That is a contradiction. Hence, (AxB)N(BxA) = .

Definition 4.11: (Generalization of the Cartesian product):

Let A; A,, ..., A, be any sets. Then the Cartesian product of

n
these sets is denoted by I1 A, and defined as follows;
=1

n
A= HAi:A1XA2X...XAn.

i=1
= {(x1, X2, ..., Xp): (x1€A) A (X2€AY) ... A (€A}
= {(x1, X0, ..., Xp): x; € A;; 1 <1< n}.

Example 4.12: Let R be the set of all real numbers. Then
R*=Rx...xR =1{(a,...,ay): a; € R; 1 <i<n}.

RHL&‘)JA_..\AA‘;M&PJM‘J‘JLY\QAMJAHOAOPRHOA‘)AA:\QJSOT@H\AQJ
n= LQJJQQ‘ABSJM)‘(@MQMMQ@AQ@J);OTJagﬂ\d,__ln\..ﬁg;h'aéwﬁ‘zrﬂ\})
CanbalEie s (e e () saal G gaiia (s siwa Bl e e R = R x R Ae sendl) jualic (42

Lga se ) slae A6 I (o gasie U eliadll Ll e 3 5e R = R x R x R e senall yualic
Aakaliie

1d)
¢ W jualic Jiai 1ilad aaf g dny 13 pliad o jldic) oS R e ganall
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Exercises

1) If A= {x: xeN A x<3}= {1, 2,3}, B={3,4} and
C= {x: xe N A 15<x’<40}= {4, 5, 6}. Then find;

(i) AxB=
(i) BxA=
(iii) A xC=
(iv) CxA=
(v) BxC=
(vi) CxB=
(vii) (A xB)N B x A)=

(viii) A x (B U C)=

(ix) (AxB)UAxCO)=

(x) Ax(BNC)=

(xi) (A xB)N (AxC).

(xii) AxBxC=

(xiii) A x C x B=

(xiv) B x A x C=

(xv) |AxBxCl|=

(xvi) [(AxBxC)n (A xCxB)|=
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(xvii)|(AxBxC)u(AxCxB)|:
(xviii) (A xB) U (A xBxC)=

xix) (AxB)n(AxBxC)=

2) If A= RxR = R* and B = RxRxR = R’, where R is the set
of real numbers, prove that; AN B=@.
3) Write the members of a set A, where
A= {(x)): (,y €ZIA[(1<x<3)A (1 <y <]}
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Binary Relations ALY cl@Nal)

Definition 4.13: Let A and B are two sets. Any subset R of AxB
is called a binary relation from A to B. in other words,

R is a relation from A to B < Rc AxB.

(X, y)€ R can be written as xRy or x~y.

(x, y)& R can be written as x K y or x+y.
If A= B, then R 1is a relation on A.

P95 B YA G R )08 R A x B Sy (g sha (i gana B ¢ A <ilS 1)
A e LA R o) Ji A = B 0S5 Al dualid) Aad)

Wé B=1{1,2,4,5} « A={1,2,3} sl
AxB ={(L,1), (1,2), (1,4), (1,5), (2,1), (2,2), (2,4), (2,5), (3,1), 3,2), 3,4), (3,5)}
G psen Ge A58 R ealie (585 Cumy A x B e sanall (30 R & e gane slag) e s
1) Ot sbaie Lge S U e (3585 Al A5 pall (71 50))
R={(x,»):(x,y) e AxBAax=y} cAxB
10l a5 Ll
R={(1,1),(2,2)} cAxB
A e ganall (e (o) el S 1) R B8 71 jlaia] ) R A 38e U e L) sl o3a 8 J 5k
M= A g sl A8e W) A Le Lia A8Dall 328 5 B e sanall I
A pally a5 xx A8 all of elldy mi s M R " JSEIL GlS (e yuni Lild (x, )€ R QS 1)
vx Ry sl (xn p)g R oS ltie 5 R A8Mall i 5
Law 2 R 2 @lBS; 1 R 1 gl Jdulls (1,1), (2,2) € R of gl sl (e 4l aadi Lal "L g
LS G Lo i3 o Uiy 4t "= (ol 23l o W R ol ums 1 RO2 o Jalus (1,2)¢R
o
"=" = {(1,1),(2,2)}.

Example 4.14: Let A= {a, b, ¢}, B={b, c,d} and R, = {(a,b),
(a,c), (b,D), (c,0);.
1) Is R, a binary relation from A to B?
2) Is R, a binary relation on A?
3) Is R| a binary relation on B?
4) If Rc AxB such that xRy < x=y, then write the members
of R.

Al iy i Aad 59 A X B e sanall (o A Ao sane a8 o 0 pal8 US o35 Lad BaY rAliadla
8 e ol a8 WS e Hhaill o ey R A el de sendll (aai L 7Ulle (815 B A 0= R
ey s xS el g (AT ABe A ol ¢ ral AB3e ) dhdl) A83le ) R L) 1 e e Je
Ousden e b ¢« b op Ry bl ) Giea of e p JU B I A (e 3 jee L3848 i3 Ry c A x B

danl s s Aldga gecca
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Definition 4.15: If R 1s a relation from A to B, then the inverse
relation of R is denoted by R™' and defined as;

R '={(»x): (x,y) € R}

;‘;ytsg_a),s}R'l 3ol Ll e R A8l dpusal) A8Mad) 6 B ) A (e 4005 A8l R <ilS 1)
R = {(y,x): (,y) € R}

RIcBxA NAJNBoediiiidle (a R o Gy caypaill 138 (e
Note: (R'l)'1 =R.

Example 4.16: Let A={1, 2,4}, B={2, 3, 5} and Rc AxB, such
that R= {(1, 2), (1, 3), (2, 2)}. Find;

) R'=

D) {x:(xe A)A(xRy)}=

Nixi(xeA)ax Ry =

Definition 4.17: Domain of a relation AB3at) Jlaa
The domain of a relation Rc AxB is the set of the first
coordinates of each pair. In other words:
dom R= {xeA; IyeB: (x, y)eR}
= {xe€A; dyeB: xRy}
It 1s clear that dom Rc A.

ABRL 1Y) Ll e pena 5o 28Dl 3laie
Definition 4.18: Range of a relation ABal) g2a
The range of a relation Rc AxB is the set of the second
coordinates of each pair. In other words:
range R= {yeB; IxeA: (x, y)eR}
= {yeB; IxeA: xRy}
It is clear that range Rc B.

ATl 251 Lloadl) e pana 58 28D Jlase
Example 4.19: If A={1, 3,5, 7}, B={1, 2,4, 6} and R = {(1, 2),
(1,4),(1,6),(3,4), (3, 6), (5, 6)}. Then;
dom R={1, 3, 5} and range R={2, 4, 6}.

«cidaada
I (naie Gl SR OYB A (040483 R c A x B &us R s (1)
BS S5 A S
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ey ails § = 7" il 5l Dliad S b de sana Ao Lalal A (oo (o Lie Uiy (2)

ne sax €Z paidl o xRy ) Die Jsii dan 71 e Lolal A8e oy
il () 5So el g (g0 48

={1,3,5,..}cZ"

={2,4,6,.... CcZ"

’PUFU

Odie sane M 7T G 3a Ry O (21285 RINRC =@ o5 R{UR, = Z" of laaY
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e g dBle & DR, o Js O 0San (2) 5 (1) o oy s il Lewaii 3 S35 (3)
Apx Agx .o x Ay de el 45 Hall S gl

Ciliadio (e gean AN A x B 4e saadl s 323 B (A A (e R 48Ul 48301 o) (4)
A x B 4e saaall 4001l R Lgiadia g R Laa

:Jbia

sl JaeYde saaa R (R = {(x)x” +)° =1} &s R < RxR ¢S
R A i ) Rzaw\@tjﬂwkwdwm(i)

(ol e R G ity pualiall (51 0 ()
o

(— —) (-1 0)( ,0);(1,0);(1,1);(0,1) .
u.@j(o,o)qufHu}mquuJ;u\;\gM\Lus&éRgl(i) :dad)

Bas gl s ylad

2+ =1) 30 dlalas

Properties of Binary Relation on a Set

3-93-9-4@39 @Uﬂ\&ﬂﬂ‘ oald
izl ) 8 Lgilindai 5 53S0 5 508 daal Led A de sana (A 5f) (Ao R AN 483 4l 50 )
e 5 AV aglall ey by dals
Definition 4.20: A relation R on a set A is called reflexive if the
pair (X, x)€ R for each xeA.
R is reflexive relation on A < (x, X)eR, V x€A.
&S x~x, VXEA.
R is not reflexive relation on A < 3 x€A, (X, x)¢ R.

&S IAxeA x + x.
prenl diine xRy CuilS5 (A (Ao A8l R 2 laia) i) A de saaall o A5l A8Ne R S 1))
.(Reflexive Relation) 4sulsail &8s R o) Wl (V x € A: x Rx :sl) A palic
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Definition 4.21: A relation R on a set A is called symmetric if
the pair (y, x)e R whenever the pair (x, y)€ R.
In other words, the relation R on a set A is symmetric if the
following condition satisfied:
If (x, y)eR, then (y, x)eR Vx, yeA.

And the relation R on a set A is not symmetric if
(X, y)eAxA; (X, y)eR but (y, x)gR.

Loyl ias A Lle 48e R S 13)
(x,y)eR = (r,x) eR ‘
.(Symmetric Relation) (3ublia gl dlilaia gl) 4y L5 4ABDe R () Lild

Definition 4. 22: A relation R on a set A 1s called transitive if
the pair (x, z)€ R whenever the pairs (x, y), (y, z)€ R.
In other words, the relation R on a set A is transitive if the
following condition satisfied:
If (x,y), (v, z)eR, then (x, z)eR Vx,y, zeA.

And the relation R on a set A is not transitive if
A(x, y), (v, 2)€AXA; (X, ¥), (¥, z) R but (x, z)¢R.

Lyl i A Lle 48de R il 1)
(), »2) e R = (xz) eR
(Transitive Relation) (48U) dymia 48le R () Lil8

Definition 4. 23: A relation R on a set A is called Equivalence
relation if it is reflexive, symmetric and transitive.

A e 38 A8 R o) Ll A aatie g Ay Hlali g4 ulSail A8Me R CuilSy A e 48 R ils 1))
.(Equivalence Relation)

+cilaaSla
3|
J

xRy (xy) e R

usy A (B x eaie a9 1) AplSail e d8e R S5 (2)
x Ky <(@xx)eR

46



Aadakia JSLA

Cua (x, ) € R maie 2a 513 4 )kli e 483l R (55 (3)
xRy <y Rx

15 (x,2) & R < (1), (1,2) € RO aie 22513 L 8 483le R (555 (4)
SN

xRy AyRz):x Kz

QEJJ\A‘UM\LJJJMO.A&Y\ESJA\}M(;J\S!}Q&U)\CRO}&V o)
O 52 A de saaall Lo 58lSEA8Ne R (Sl o LS g o 30U L il 6l (4. 23) el

Example 4. 24: Let A= {1, 2, 3,4} and Rc AxA such that
R={(,1),(1,2),(2,1),(2,3),(3,2)}. Then is R;
(1) Reflexive?
(i) Symmetric?
(111) Transitive?
(iv) Equivalence?

1Jla
lee Ul o A ey daaia ) Al ol AlSal L € Cua (e A1 D) 8L

R? 6 sisall Claiivne de gana Ao " 1" el 483 (1)
Z de¥) de gana o "< e jral A8 (@)

Z* Alac Y :\.Gjm ‘_As "|" A (;.u:\& PEPITS (A)

Jadl

Y asivall GY dplSail A83e (5 siuall Clagfine de gana o ualadll 483 () (1)
S D LDED LD USsD, D' e R* oS 13) 43y 4 jlalis Ll dusi e dalaiy
IS5 D, D, D" e R? S 13 43y doania caud L) cpa

DL1D'AD LD"#D.L1D"
IS ABe Cal daladll 48D G 35 Laa prilitn

LS x £ x: Vx e Z 4N 4lSa) Cand 7 e sendl e "< e sl d8le () (@)
:\:\Ja;'m\.@_'\ﬁj_y{xoléx<y&35}x’yeZdﬁ\&\h‘\ﬁi@b\}é%ﬁmm Al Lgd)

Z\BM\Oieqﬁﬁméﬁxﬁm.x<ZQ}§ y<z A x<y Myx,yz e/ <o\ 1) 4y
3315_’43)\5 - An<n
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Caol LSy andil asld 7% 8 ase gl 0¥ dadSadl 7% e |1 adli i o (@)
Z* Je A e Cad " ) ) a0 Lew i x | 2 by | 2 s

:J)
I L € ST Ae (5 stusall Cilagiine e sama e ]| ()5 A8 o Ja

<

:J)
¢ 5al<5 48Dl RZL;M | o Clilial) 4l 48)e ol Ja

<

Definition 4. 25: A relation R on a set A is called Anti-
symmetric if x=y whenever the pair (x, y)€ R and (y, x)eR.
In other words, the relation R on a set A is anti-symmetric
if the following condition satisfies:
Vx,yeA;if (X,y)eR A (y,X)eR = x=y.

And the relation R on a set A is not anti-symmetric if
3x, yeA; (X, y)eR A (y, x)eR but x# y.

<iis 13) (Anti-Symmetric) 48145 4B Lgi) A de sane e 4 )20 R dDle e Ji
N
(xy) eRA(x)eR = x=y

Definition 4.26: Let x and y are integers with x #0. Then "x
divides ~~: " is denoted by x | y and defined as:

x |y < 3ke Z such that y = kx

O 13 40l gl b 7% dae Yl de sana o 1| ald A8Ne AalA) cilEMal) A Bl (e
X=yBVx,yelZ*y|lxn x|y
Definition 4. 27: A relation R on a set A 1s called partially
ordered relation (P.O.R.) or partially ordering if it is reflexive,
anti-symmetric and transitive. The pair (A, R) is called partially
ordered set.
R is P.O.R. < R is reflexive A anti-symmetric A transitive.
R is not P.O.R. <> R is not reflexive v not anti-symmetric v

not transitive.
Agasie g Al § 4plSail A8l R CilS 13) A de gann o (a3 ABe R ) Jsis
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Definition 4. 28: A relation R on a set A 1s called totally
ordered relation (T.O.R.) or totally ordering if it is satisfied the
following conditions:

()R is P.O.R.

mVvVx,ye AixRyvyRux.

() Ja ) ity s i 5 ABe S 1Y A e S qui 5 ABYe R o) Ji
Vx,ye AixRyvyRx

oSall 05 Y a8 Sy S i i ABe o IS a5 ABe JS o ey Ca el 1 )

UM\U\U.\AQJ&cfﬁuﬂj:\ﬁk@P(A)o)ﬂ\:\.ﬁw&"g"ﬁ)ud\u\

R e S jadle o R 4tdall sac ) de gana e <"

Exercises

(1) If A={1,2,3,4,5} and B={3, 5, 7, 8}, then answer the
following statements:
(1) Find Ax B=

And Bx A=

(1) IfR={(1, 3), (1, 5), (2, 7), (2, 8)}. Then, is R binary
relation from A to B?
Why?
If your answer "yes", then find dom R=
And range R=

(iii) Find R™'=
Is R™' binary relation from B to A?
Why?
If your answer "yes", then find dom R™'=
And range R'=
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(v) If R={(2,5), (3, 4), (4, 5)}, then answer the
following:
Is R binary relation from A to B?

Why?

Is R binary relation from B to A?
Why?

Is R binary relation on A?

Why?

Is R binary relation on B?

Why?

(v) Is R= Ax B binary relation from A to B?
Find dom R=

Range R=
R'=
Is R"'=Bx A?

(vi) If Rc Ax B, then R and R™ in each of follows:
a) xRy « x=y-2
R=

R'=

b)xRy  x=y
R:

R'=

) xRy < x>y-2
R=

R'=

d) xRy @ x=y+3
R:

R'=
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2)If A={1,2,3,4,5, 6}, then any of the following

relations on A is reflexive? Symmetric? Transitive?
Equivalence? Anti-symmetric?

1) Ri={(1,1),(2,2),(3,3),(4,4),5,5), (6, 6);
Reflexive?

Symmetric?

Transitive?

Equivalence?

Anti-symmetric?

(i) R,=R;—{(5,95)}
Reflexive?

Symmetric?

Transitive?

Equivalence?
Anti-symmetric?

(1)) Rs={(1, 1), (L, 2), (2, 1)}

Reflexive?

Symmetric?

Transitive?

Equivalence?

Anti-symmetric?
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I

(iv) Ry=R3 U {(2,2)}
Reflexive?

Symmetric?
Transitive?
Equivalence?
Anti-symmetric?
(V) Rs={(2, 6)}
Reflexive?
Symmetric?
Transitive?
Equivalence?
Anti-symmetric?
(vi) Re = {(1, 5),(5, 1)}
Reflexive?
Symmetric?
Transitive?
Equivalence?

Anti-symmetric?
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(vi)) R;={(3, 4), (4, 3), (3, 3), (4, 4)}
Reflexive?

Symmetric?
Transitive?
Equivalence?

Anti-symmetric?
(viii)) Rg=A x A=

Reflexive?
Symmetric?
Transitive?
Equivalence?

Anti-symmetric?

(3) Let Z+ be the set of positive integer numbers, and R
be a relation on Z+ defined as follows:

Vx,yeZ :xRyox+2y=12
Find R=

Dom R=

Range R=
R'=
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(4) If Z be the set of integer numbers, then any of the

following relations on Z is reflexive? Symmetric?
Transitive? Equivalence? Anti-symmetric? P.O.R.?
T.O.R.?

() Vx,yeZ:xRysx|y
X ie dadll Jiby y o ¢y andy X

i)Vx,yeZ :xRysx<y
() Vx,yeZ:xRyssx>y

(ivy Vx,yeZ: xRy x<y

54



