Aadakia JSLA

CHAPTER TWO

SET THEORY
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Definition 2.1:
A set 1s an unordered collection of objects. The objects are

called the elements or members of the set.
Ac ganall oaiii gliae] gl jualially e () g i 5 0 52 4 5 jrall cLEY) e pand (o4 e sandll

NOTE:

1. The capital letters usually used to represents sets such as A,
B, C, ..., etc.

2. The small letters such as a, b, c, ..., etc are used to represents
the members or the elements of the set.

3. Membership in a set is denoted as follows: a € A denotes
that a belong to a set A4.

4. Non-membership to a set is denoted as follows: a €4
denotes that a does not belong to a set 4.

Specifying a Set: de ganall ge il 55k
1. Listing members of a set: 4l gaal) 48, bl

In this way, we list all non-repeated members of a set
separated by commas and contained in braces { }. The members
are not in an order.

aal) 4, 4
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Example 2.2:

1. A= {1, 2,-5,9}, B= {x, y, AlLi, fish}, C= {y,, y,, y3} are sets.
2. The set of vowel letters in English: V= {a, e, 1, 0, u}.

3. The set of even positive numbers less than 5 1s: W= {0, 2, 4}.
4. The set of positive numbers less than 50 is: K= {1, 2, ..., 49}.

2. Listing a set property: A sanall 3 jraall ddiall alasinl
In this way, we state the property that characterize the
elements in a set in as follows: {x: p(x)}, where x is a variable

and p(X) is an open sentence.
O g 8 jadl (@liaall ) ddaall juaiall 138 (§oias Aaul g aadind Lo 71 a8 43 ) s34
@Y\a)ﬂ\é;kw\d&umjhw\adh@)@c@é&
CS={xPx)} S S={x| P}
dpals 3aaida gide ddas 53 e (a3 P(x) 5 S A sanall palic (e (s lEA] paic (Lpide) x Cas
(0 rainll 3 el liall o ddcall 4y Jias La 138 5) L al 53

Example 2.3:

A={x: x€Q}.

B={x: x is positive odd and x <10}={1, 3, 5,7, 9}.
C={x€eN: 1=x<5}={1, 2, 3, 4, 5}.

Definition 2.4: Empty Set Al de sasall
The set that contains no elements is called an empty set
and is denoted by { } or Q.

Example 2.5:

1. A={xEN:2<x<3}=0
2. B={x€E: x2=1} =0
3. C={xEN: x<0}={}

If S be any set then, we will denote to it's number of

elements by|S|.
S| el e jealic saal 3ayind L e sana S il 13)

Definition 2.6: If | S| <« then, we said that S is finite set,
otherwise S is called Infinite Set.

Example 2.7:
1.A={a, b, c,..., z} is finite set.
2. N={1, 2, 3, ....} is an infinite set.
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Quantifiers <l gl
Quantifiers are open sentences written in a special way.

There are two types of quantifiers:

1. Universal quantifiers LAS 3 ) susall 3 jlanll
2. Existential quantifiers L5 ) saaall 3 lal)

1. Universal quantifiers:

Let p(x) be an open sentence on a set A. The notation *‘V
X€ A: p(x)’’ denote the universal quantification " S  sus" of
p(x) and it reads as: ‘“for all x€ A: p(x)’’ or ‘‘for every x€ A:
p(x)”’ or ‘““for each x€ A: p(x)’’. The symbol V is called

universal quantifie "WS "), sue The set A is called domain
Jaall,

Example 2.8:

Let N be the set of all natural numbers, p(x): x+2>1 such
that xe N. This statement is truth for each xe N, and written as:
VxeN:x+2>1.

@LABJM‘D.JAQ!.XGN&:\;X+2>1@P(X)EJM‘QSH}M‘J\&Y‘;\-C}AMNQQ
VW XeN:x+2>153)palbddld e juig N & x QS Lage e g

Example 2.9:
Find the truth value of the following open sentence:
V XER: x+1>x.
Let A=R. Since the statement p(x): x+1>x is true for all x€R,
the quantification V x€R; x+1>x is true.

2. Existential quantifiers:

Let p(x) be an open sentence on a set A. The notation ‘3
X€EA, p(x)’’ denote the existential quantification' > 298 "
of p(x) and it read as: ‘‘there exists x; p(x)’’ or ‘‘there is x;
p(x)’° or “‘some x; p(x)’’. The symbol 3 is called existential
quantifier "W > ")) sue The set A is called domain Jsl),

Example 2.10: There exists seasons in Iraq do not have rain.
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Example 2.11: Let N be the set of all natural numbers, p(x):
x+4 < 6 ,then there exists xe N such that the statement p(x) is
truth , and writtenas :3x € N:x +4 <6.

Remark 2.12:
1. The existential quantifier p(x) on a domain A is true if and
only if there exists one element at least satisfy the statement

p(x).

5 bal) (Biag JBY) e aal s peaie aa s 131 Aaana 5% T a8 puaal) 35l

2. The existential quantifier p(x) on a domain A is false if and
only if there is no element satisfy the statement p(x).
Bkl iy peaie @llia (% 213 RIS (65 L5 5 peaall 5 al)

De Morgan’s law for the existential quantifier:
SISy Sl o gudl) A8l (IS ) ga (g2 o 588
~[3 x€A; p(x)]= Vx€EA; ~ p(x).

Example 2.13: Let E be the set of all even numbers, and R be
the set of all real numbers.

1. ~[IxEE; x+2¢€E]=VxEE; x+2€E.
2.~[VxeR:x+1>x]=3xeR: ~(xtI>x)=FxeR:x+ 1 <x.

:&LEANA
Vx e S:Px) sokdl & (1)
il ixy 138 5 o~ [VxeSiP(x)] usmalls élld (e e Lils ikl "V x €S 1 P(x)" 5kl il 1)
JSEIL TG ey 4en i O (S paal) 1385 Bkala 5 Jle P(x) O Cumex € S Y e aa s
:Qia,si dxeS:~Pkx)
~[VxeS:Px)=3xeS:~Pkx)

dx e S:P(x) skl & (2)
3l xy 138 5 ~[TxeSiP(x)] usmalls dlld (e s Lils ikl " x €S 1 P(x)" kel S 1)
sJbe P(x) gl x € S 05 Lege alld AT sy Aila s jle P(x) O Sumoxe S GOBYI e aa i Y
gl VxeS:~Px) JSEIL "L e 4w 5o Of (S el 138 5 dadala
~[3xeS:Px)]=VxeS:~Pk).
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Subsets Liall Gle gaall

Definition 2.14: The set A is a subset of a set B (simply, ACB)
if and only if every element of A is an element of B. In other
words, (AC B iff V x; x€EA =x€EB).
If A is not a subset of B then it is denoted byAZB, (AZB if
and only if ~[V x; x€A =x€B] if and only if 3x; x€EA A x € B).
A set A is said to be proper subset of B (simply, Ac B)
whenever ACB and AZB.
Example 2.15: Consider the sets A= {2}, B={1,2,3} and C=
{4,5} and D= {-2, 1,2, 3,4, 5}. Then ACB, ACD, B€D and
CED. It s true that ASA, BEB, C<C and DED.

Example 2.16: Let A= {4, 9} and B={xEN: 1<x<10}.
Determine whether ASB orBCA.

Solution: The set B be can be written as B={2,...,9}. Then
Vx, x€EA =>x€B. Hence, ACB. But BZA because, for example,
Ax=5€B A5 & A.

Example 2.17: Let A= {x€N: x>3} and B={xEN: x*>4}. Is
ACB?1Is BCA?
Solution: Let x€EA= xEN and x>3= x*>9

= x*>4 = x€B.

Therefore, ACB.
But BZA, since 3 x=3€ B A 3¢ A.

Theorem 2.18: Let A, B and C are any sets, then

1. p€A.

2. ACA.

3.If ACB and B<( then ACC.

Proof'1: To prove @SA, we must prove that the statement
VxEQ =x€ A is truth. Since, F =( T V F) =T, then
PCA.

2: To prove ACA, we must prove that the statement

VxEA=XEA 1s truth. Since, T =T=T, then ACA.
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3: To prove, if ACB and BSC then ACC, we must prove that
VxeA =x€eC.
Since x€A and ACB = x€ B.
So, BE C and x€ B = x€ C.
Hence, V x€ A= x€e B=>xe C
Therefore, Vx€ A = x€ C and A< C.

Definition 2.19: Proper Subset Adadl) 40 3l de senll
A set A is called a proper subset of B and denoted by
(AcB) if and only if ACB and there exist an element x€ B such

that is x& A.
i.e., ACB iff {Vx€A = x€B} A{3y:yEB Ay€& A}.

Example 2.20: Let A={xEN: x*-16<0}and B ={x€EN: x*-16=0}.
Determine if ACB or BCA.

Solution: A={1, 2, 3,4} and B={4}. It is clear that BCA, since
BCA and 3y=1€A A 1€ B.

Example 2.21: (H. W.): Let A={fish, dog, bird}, B ={x,y,z,w}.
Determine if ACB or BCA.

Example 2.22: (H. W.): Let A={x€Z: -2<x< 10}
and B={x€Z: x> +9=0}
Determine if ACB or BCA.

Definition 2.23: Equal Sets 4 sbudiall Cle ganall
Two sets A and B are equal if they both have the same
elements or, equivalently, if each is contained in the other.
i.e. A=Bif f ACB ABCA
— {Vx: xEA—XEB} A { Vx: xEB—xEA}

— {Vx: xEA—>XEB}.
aliall i Lagie JST IS 131 B e senall (o slasi il A de sanall Jl5;

Example 2.24: Let A be the set which elements 1s the numbers
of 6125, and B be the set which elements is the numbers of
1652, then A= {6,1,2,5} and B= {1, 6, 5, 2}. Itisclear that A
cBand B c A, so A=B.
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Corollary 2.25: The empty set @ is unique.

am O LA e yand
Proof: Let @, be an empty set such that @ # @,

1.0 <@, "by Theorem 2.18".

2. 0, <@ "by Theorem 2.18".

So, "by Definition 2.27", we get @= @,.

Exercises

1.If A = {0, 1, 2, 3, 4} then, find| S| in the flowing:

a) S={x:(xe A)A(2x—-4=0)}.
b) S={x: (xe A) A 2x>4)}.

c) S={x:(xe A)A(x+1>0)}.
d) S = {x: (xe A) A (x* =0)}.

e) S={x: (xe A) A (x> —x=0)}.
) S={xx(xe A)A(2x+1<L0)}.

2. Write the following sets by using Listing a set property:
a)S=1{4,5,6,7,8,9}.
b)S={1,4,9, 16, 25}.
c)S=1{3,6,9,12, ...}.

3.Let p(x): V xe N:x+52>11, then find S; and S, such that S
make p(x) be true for every elements in it and S, make p(x)

be false for every elements in it, where N is the set of all
natural numbers. So, find |Sl| and |Sz|.
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Definition 2.26: Power Set e 3aY) Ao gena sl (5 58 Ao sane
Given a set X, the power set of X is the set of all subsets of
X. The power set of X is denoted by P(X).
P(X)= {A: AC X} and AEP(X)=ACX.
P(X) 300 el a5 55l e pana Ll X (n dt 3l e ganall IS e ganal S e gane X (3

Example 2.27: Find P(X) for the following sets X:
1. X={1,2,a}, P(X)={0, X, {1}, {2}, {a}, {1,2}, {l,a}, {2,a}}.
2. X={0}, P(X)={0, X}.
3. X={{=2}, 3}, P(X)={0, X, {{~2}}, {3}}.
scBaaMa

& @.{a},...S € P(S) I gl e sana b (558l e sana yuslic o152V (1)
B.{a},...ScS ol s

rol LS X e de ganal (5 58ll de sama iy O gadainss (1) Aaa3lall (10 (2)
PX)={A:AcX}

Set's Algebra

1. Union Ay
The union of the sets A and B, denoted by AUB, is the set of

elements which belong to A or to B.
B A it Al paliallde gane A B 5 A Gfie seaall Ja)

AUB={x: x€A v xEB}.
x€EAUB & x€EA V x€EB.
xZ€AUB & x¢A A x¢€B.
.Bc AUB s Ac AUB o)) LY

Example 2.28: Let A={xeEN:1<x<5}={1, 2, 3,4, 5} and
B={xeN:8<x<12}={8,9, 10, 11, 12}.
Find AUB, BUA, AUA and BU®.
Solution: AUB=BUA={1, 2,3,4,5,8,9,10, 11, 12}.
AUA=A.
BU@=B.
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Example 2.29: Let A= {x€ER: -2<x <5} =[-2, 5],
B= {x€E: x’~16=0} = {4,—4}.
C={1, 4}

Find AU(BUC), (AUB)UC, P(B), P(C), P(BUC).

Definition 2.30: Generalization of the union AIY) avex’

Let A, A,, ..., An be any sets. Then:

UA, =A UA, U...UA
i=1

={x:(x€eA)vx eA,)v..v(x €A))
={x :di:x €eA;1<1<n}

2. Intersection: el
The intersection of the sets A and B, denoted by ANB, is the

set of elements which belong to both 4 and B.

LB 5 A ) il il pealinll de gana (& B 5 A (e sanall qdals

ANB= {x: x€A A XE B}.
XEANB & x€EA N XE B.
X¢ANB & x&A V x¢ B.

Example 2.31: Let S={1,2,3,4} and T = {-1, 2, -3, 4}.
Then S NT = {2, 4}.

alial) pen e WKL SN T o A 138 o) SN TS T ols SNTCS o LY
T 5 S omas il

Definition 2.32: Generalization of the intersection
Let A, A,, ..., An be any sets. Then:
?=1 = Alﬂ Azm...mAn: {x: XEA; Vizl, 2, cees n}.

sadaadla

oS L 1)) 5 13 (disconnected) (lilatio legl) B 5 A Giie sane oo J&
ANB=4.
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. __.aition 2.33: Universal Set (Adsll) ALalil) e gandll
Universal set R 1s the set that contains all the elements or
all the sets we have under discussion.

n
Then for every set S; then, S; < R and US, cR.
i=1

Example 2.34: Let A={x, y, 3}, B={2, -5, 100}, C={2, 3, 1}.
Find a universal set R.

Example 2.35: Let A={x€R: 2<x<5} and B={x€ER: -1< x<2}.
Find a universal set R.

Example 2.36: Find a universal set R where
A={1, 2,3},
B={1, 2, 3, 4},
C=1{1,2,3,4,5},

Then, N = {1, 2, 3, ...} can to be universal sets.

Example 2.37: Let A= {a, b}, B={l, m}, C= {u, v}. Find a
universal set R.

Solution: The sets A UB U C={a, b, [, m, u, v}.

R = {a: a is the letter of English language}. Can to be Universal
sets.

=424
ST lia) Hean V) saal gl Al 8 e cand ALLA e ganall < yial 1)
Jsaal ) dw\@&mi.:_jmuﬁ

Definition 2.38: The Complement daaial) ol dLeSdll
Let R be a universal set and A be any subset of R. The
complement of a set A, denoted by A¢, is the set of elements
which belong to R but do not belong to A. 1.e, Ac={x: (xe R) A
(x & A)}.
We can show that A N Ac=J and A U Ac=R.
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Example 2.39: Let R={1, 2, ..., 10},
A={xeN:1<x<3}={l, 2, 3},
B={xeN:8<x<10}={8, 9, 10},
C={xeN:1<x<2}={1, 2}.

Find A¢, B¢, C°, (AUB), (ANC) and (CUB).

Solution: A= {4, 5,..., 10}.

Be={1,2,...,7}.
C=1{3,4,5,...,10}.
(AUB)c={1,2,3,8,9,10}c ={4,5,6,7}.
(ANC)c={1,2}c={3,4,..., 10}.

3. Difference or relative complement: Aladll ol (3,8l
Let A and B are two sets. The difference between A and B,
denoted as A-B or A\B, is the set of all elements which belong to
A but do not belong to B.
A/B=A-B={x:(x € A) A (x ¢ B)}.
B le A dlad Lob B ) (ot Vs A ) i ) ealinl e sl i

Proposition 2.40: If R is a universal set, A and B are two
subsets of R then, A —-B=A N B°.

Proof: A-B={x:(x e A)A(x g B)} = {x: (x € A) A (x € BY)}
=A N B"

4. Symmetric Difference s labill 3l
The symmetric difference between two sets A and B is
denoted by AAB and is defined as:

AAB={x: ((xe A) A (xg B)) v ((xe B) A (xg A))}.
= {x: (xe A-B) v (xe B- A)}.
=(A-B)u (B -A).

Example 2.41: If A = {{, m, n, t} and B = {n, p, s} then,
AAB=(A-B)uU (B-A)

= {C, m, t} U {p,s}={l, m, t,p, s}
Question: Prove or disprove the following statement;

AAB=BAA.
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Venn Diagrams 0 J\Sdi

axiin) (e U5l 55 (a 1923 — 1843) (s alad) (Slaaly )y alle (6 o5
Sl 5 )5 a8 JISEY) aladid dels 385 cile ganall Jiiall JIKEY)
B 8 JIS3 aladinl o e e sanall 4y ylay Blaty Lad b gl o S
Lai) 5 aanill 8 (331 5 Juadl (3 ka3 ga o1 cdd gl pe po Cilin uall Aia
Oaiay Adalae 4 giie 4a8 e ganal) (8 ik a8l Lah ma gill 08 JISSL 85
F}\MJSD}\L@M\ )ML\QL\AJUBMHCL%Y&AM
e O ALl e sanall Jiad TS it oadll JCEN arsT oy el
Jala A yils ol &y gaan JCGT 4 e 405l cle ganall i i Laiy
LA.) WS dalaiiald)

pLai) Jghaa

Ustia L il Ak jlall Al Ak oy el eyl Jslim el
Ae gena S @ IS 135 ol ) Ghial) saa s 6 (Akiiall) i
e iy x g S Yl x e S xSl Wl el aie x (IS dia s e
e g (itlida e gaaa Sy 9 Sy @il 1) (1) dsaall ()lbaial) 1aa
Sy 5 Sy e sanall ailais) pae Ji izl

Table 2 Table 1
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OV ofiline (i sana (o ST Jail 5 Sl 038 aan o)) (Says 13
i) Ca il e (paaine cileal) (mnn Gualall sLas¥) Jglaa o il
Liblaad) Sl
(3) sl Gdme B 5 A Ofic sanal a3 dleal clait) Jgan 1 Y
(4) Jsall G B 5 A e genal adalail) el claii¥) Jgaa ¢ L0
& (e Aaslan Ao sanal dailly A Ao gane dadial slaii¥) Jgaa AN

(5)d sl
(6) dsaall o B 5 A e sena 0 GAL L) Jsaa 2Tl
o B s A Ofie seaal (gl 5 all slaii) J s i Ll

(7) dsl)

Table 3

Table 5

Table 7 Table 6
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U3l
il e g 5 e Gyl e Lase 0 5 1 el dhadiul (Sa (1)
_c«w\)f\ d_g\d; & ‘_g
OSaal) (e Ul 5 ey jlail) G e A LY Jglaa ol sy (2)
& il S iy e dallia e
Gl jaall (e 58S 408 5 (o8 Tl AU g Aaali A g oY) Jslaa o) (3)
Qe lleall s Dile ganally ddlaiall

Some propositions (properties) of the set's al-gebra

Let A, B and C are three subsets of a universal set Q.
Then, the following statements are hold:
i) AUA=A and ANA=A.
1) AuB=BUA and AnB=BnA.
(1) (AuB)u C=Au (BuC)and (An BN C=An (BN C).
iv) AuBnNnCO)=(AuB)n(AuC).
andANBuUC)=(AnB)Uu(AnC().
v) A=A and ANID=U.
(vi) AuQ=Q and ANQ=A.
(vii) Q° = and °=Q.
(viii) (A% =A.
(ix) AUA*=Q and ANA°=0D.
x) (AUB)=A°"B° and (AN B)'=A°UB"
(xi) AcB = B°c A"
(xii) (A-B)#B - A.
(x111) A-BcCA.

i a3l L 2y (ol 1) i el o2 oty
sl Jglas (.\\JSZ\MLJ a0l @\._.cdbﬁ\ﬁ\ séla\iﬂ\

ke e g 5w dai¥ dlee of e gais Al (1v) daldd) ga s
AL G laiS Al S ) adalal)
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1A SN A8y sty

AUBNO)={x:(xe A)vxe (BnC)} AV iy el e
={x:(xeA)vixeBAaxe ()} gl
={x:[xeA)vExeB)]a[xeAvxeO]}

AT da I 813l e g 55 M ey Sl sl oY
={x:x € (AUB) Ax € (AUC)} A iy o (e
=(AuUB) N (AUC) bl iy ya3 g

ALY 48y yhat)

>
=

A (MR MMM M® M

AUBUC) | (AUB)NAUCO)

N R (M MWK |N (MM
™ M [N M [M|M M |M
"R RN MMM R MM M

€
€
€
€
&
&
&
&

Table 8
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Exercises

(1) Let A, B and C are three nonempty subsets of a universal
set Q. Prove the following statements by using three methods;
(a) Definitions (b) Belongs tables  (c) Propositions.

() (ANB)UANB)=(AUB)N(AUB)=A.
(i) [A°N (A UB)°=A UB".

(i) [A°N (BN C) =AUB UC.

(iv) (A NB) N (A°N B%) = .

(2) Let A, B and C are three nonempty subsets of a universal
set Q. Prove the following statement;
(AAB)AC=AABAC).
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