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[4] Logarithmic Functions

The real logarithm function Inx is defined as the inverse of the
exponential function. y = [nx is the unique solution of the equation
x = eY. In order to define the complex logarithm logz, as the
inverse of e" , one must solve the complex equation:

z = e%,
for w, where z is any non-zero complex number. If w = u + vi be the
Cartesian form for wand z = re® be the exponential form for z.
Then the above equation can be written as
ele¥t = re'f .

u

e*=r, v=60 2> u=Inr and v=argz @ w=Inr+

iargz
Therefore the logarithm of a complex number z is defined by:
logz=In|z| +iargz,z+# 0

logz=Inr+i(0 +2nm),n=0,+1,+2, ...

Definition: (Principal value)

The principal branch (Principal value) of the complex logarithmic
function which is given by:

Logz =In|z| + iArgz =Inr + i
is continuous in the domain {r > 0, -7 < 6§ < 7}.
Remarks:

1. The function logz =Inr+i(6 +2nw) is a multiple-valued
function. The values of logz have the same real part, but their
imaginary parts differ by interval multiple of 2. These function
is not continuous and therefore not analytic in branch points.

2. For each fixed real number a , the single- value function logz =
Inr+i0 , (r>0anda <60 < a+2m) is a branch of the
multiple- valued function. The function Logz =Inr +if is a
single-valued function called the principal branch.
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Note:

The principal branch of Logz is discontinuous at z = 0, since this
function is not defined at z = 0. Also it is not continuous at every
point in the negative real axis. The nonpositive real axis is called a
branch cut for Log z and the point 0 is called a branch point.

Branch cut \
N N

A

Branch point

) —n<0<m
To verify that,

Let z, € branch cut, then

Argz —» m when z — z, from the 2"¢ quarter
And

Argz —» —m when z — z, from the 3¢ quarter

Thus lim log z is not exist.
A A

Examples:

1. Find log(1 + V3 i) and Log(1 + V3 i)
Solution:
z=1+\3i-x=1,y=43

r=|zl =v1+3=2,and

1 =2cosf — cosf =
—>9=g

N | =
oG

V3 =2sinf - sinf =

Thus:
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log(l +\/5_’i) =1In2 +i(§+2nﬂ)
And:

. . T
Log(1+\/§l)=1n2+l§

2. log(1 + i) =ln\/§+i(g+ 2n7'[)
Log(1 + i) =ln2+i§

3.log(1) =In1+i(0+2nm) =2nmi

Log(1) =In1+i0=0
N (T
4.log(3i) =In3+i (2 + Znn)
Log(3i) =1n3+i§
N (-
5. log(—3i) —ln3+l(2 +2n7‘c)
Log(—3i) =ln3—i§

Properties:

Let z;, z, # 0, n € N,and a € R, then

1. log(z,2,) =logz; +logz,

2. log (z—:) = logz; —logz,

3. el%8Z =7 vz£0

4.2) zZt=em8Z =123 .
b) Zl/n = el/nIOgZ

loge? = z + 2nmi

6. Log(e?) =z

o

Example: Find all the roots of the equation
logz = gi

Solution:
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1. Taking the e for both sides
elogz — egi -2z = cos§+ isin%
- zZ=1
2. We can find the roots in another way as follows:
logz = gi - Inr+i(6 +2nmr) =0 +§i

»>Ilnr=0-r=1 and

T . . I
= COoOS—+1SIn—

2 2
=1

Example: Show that when n = 0,¥1, ¥2, ...

T
log (il/z) _ (n + %) -

Solution: (i'/2) = p7logi

> log (i%2) = loge:'*8 = 2logi .1

Since logi = l(g + 2nﬂ), then
- log (i1 2) = % I (g + Znn) (By 1)

1 .
= (Z + n) i
Example: Show thatif Re(z;) > 0 and Re(z,) > 0, then:

Log(z,z,) = Logz; + Log z,

Proof: Suppose that Re(z;) > 0, Re(z,) > 0, then
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7, = ryetfr —>_Tn<91 <§
z, = 1yetf2 —>_7n<92 <§
- —1 < 0; + 6, < m, which enables us to write
Log(z,z,) = In|z,z,| + i Arg(z,2,)
= In(ryry) + (6, + 6;)
=Inz, +Inz, +i6; +i0,
=Inz, +i6; +1Inz, +i6,
= Logz,; + Logz,
In general
1- Log(z;z,) #+ Logz, + Logz,
2- Log (z—:) # Logz, — Logz,
Example: Take z; = z, = —1
— Log(z,2z,) = Log(1) =In(1) +0i =0
— Logz; + Logz, = Log(—1) + Log(—1) = 2mi
— Log(1) # Log(—1) + Log(—1)
Hence
Log(z,z,) # Logz; + Log z,
In general:
Logz™ # nlogz
Example: Show that:

a)If logz=Inr+iargz ,(r>0, %<9<%),then

logi? = 2logi

11w

b) If logz=1nr+iargz,(r>0, %”<9<T),then
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logi? # 2logi

Solution:
a) logi? =log(—1) (z=-1+0i)
=1In(1) + in
. T 9m
=imr , where mw€ (Z’T)
And

2logi =2 (In(1) +i%) =in  (z=0+10)
~logi? = 2logi
b) logi? = im , where w € (%”,1%”), and

2logi = 2(In(1) + i6)
= 2i0

~ai(s) Te (.

=T = e (2,1)
4 4

~2logi = 2i (¥) = 5mi
~logi? # 2logi
Example: Show that
Log(1+i)? = 2Log(1 + i)

Solution:
- Log(1 + i)? = Log(1 + 2i + i?)

= Log(1+2i—1)

= Log 2i

=In2+iZ
2
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- 2Log(1+i) = 2 [lnx/i+ lﬂ
=2In(2)"/2 + i~
=In2+iZ
~ Log(1+i)? =2Log(1+1)
Example: Show that
Log(—1 +i)? # 2 Log(—1 + i)
Solution:
- Log(—1 + i)? = Log(—2i)
=In2 - i%
- 2Log(~1+1i) =2 [1n\/§+ i
=In2+ i%ﬂ
Hence
Log(—1+i)? # 2Log(—1 + i)

Derivative of logarithm function :

For each fixed real number a , The single valued logarithmic
function log z logz=Inr+i@ , (r>0anda <6 < a+2n) is
differentiable on its domain and

d 1
—({ogz)=—, r>0&a<éb<a+2nm
dz Z

Proof
logz=Inr+if, r>0 & a<0<a+?2n
Let u=Inr , v = 0 ,then
1 1
Ur =2 vr=0}=> Ur ="Vg
ug =0 , vg =1 Ug = —T U,
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~ C.R.Egs are satisfied and since u,. ,uy , v, , vy, u, v are continuous
functions, then log z is differentiable on its domain and

d i .
E(logz) =e Y, +iv,)

=7 (% + iO)

1 1

rei® ~ z
In particular

%(Logz) =§ ,7>0 & —m <0 <m.i.e.Logzanalytic for all
z except when Re(z) < 0,and Im(z) = 0.

: _I'@
Note: (Logf(z)) = ok

Example: Find % (Log 3z2)

on: —3,2_, 9 '@ _ 6z _2
Solution: f(z) = 32° » - (Logf(2) = - = =37 ="

Example: Determine the domain of analyticity for the function
f(z) = Log(3z — 1)
Solution:

The function Log(3z — i) is analytic everywhere with Re(3z — i) <
0, and Im(3z — i) = 0, must be removed, i.e.

Re(3z—i)<0-Re(3x+i(B3y—1))=3x<0-x<0

ImBz—i)=0-Im(3x+iBy-1)=3y-1=0->y =

Thus f is analytic everywhere except the horizontal line x < 0, y = é

W=
~

76




References

Example: Show that the function
f( ) _ Log(z+4)

Z2+i

is analytic everywhere except for the point ( (\}E 2 (1\/_1)) and the

portion x < —4 of the real axis.

Solution: Log(z + 4) is analytic everywhere except for the points that
satisfy the condition

Re(z+4)<0and Im(z+4) =0

>x+4<0 _ 2 i 2 _ _; — T (Y
xS—4}’y_0 and z°+i=0-z"=—i »z=+F(—i) /2
. 1/

z=re‘9=_(e_15) ?
=Fe s

—_ T . . TT
=4 |cos—— Lsm—]
4 4

(-

\/_ ) and the line x < —4, y=

Hence f is not analytic at the point + —=
0.

[5] Complex Exponents
We define z¢, where z,c € C and z # 0, by
2€ = eclogz (1)
And
c? = e?lo8¢ (¢ £ 0)

Example: Find i~%
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Solution: i~2i = ¢~2tlogi

_ e—2i(§+2nn)i

=eWn+m =0 F1,7F2,..
Which is multiple valued.

Note: In a view of the property e = eiz we have z7¢ = Z—lc (z#0)

and so
N=2i — 1 _ (n+D)n —0F1 I
(i) Zi= e , n=0,+1,+2, ..

We notice that the function logz=Inr+i0, r>0, a<f <a+
2w, is a single-valued and analytic function in the domain, thus
when the branch of log z is used, it follows that

7€ = pclogz

is also single-valued and analytic in the same domain, and

a ey _ a clogz) _ € ,clogz
dz(z)_dz(e )_Ze

Since z = e'°8Z then

d ¢ eclog” clo -1
— — gz ogz
(2°) =c — = ce e

= ce€ logz—logz

— Ce(c—l) logz

=cz¢1

%(ZC) =czt (r>0, a<argz < a+ 2m)

When a = —r then — 7 < argz < m, the function

c=ecLogz’ 7+ 0

Z
Is called principal value of z€.

Example: Find the principal value of the following:
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a) ()"

A

i . . : L TT _
Solution: p.v. (i)t = etlo8t = el(ln 1+3) _ e

3mi

b) [£(-1 =31

Solution:

p.v. E (-1-+3 i)]sm — oBmiLogl;(-1-v3 1)}
_ o3mi[Infi(-1-v3 )|~ i F]

eSni(ln e—1 2?”)

eSni(l— z%”)

i 2
— e3m+27r
= p2m? p3mi
2 i P
= —e?™  (e3™ = cos3m +isin3m = —1)
2
c) z /3
. 2 2Logz _ _2(In|z|+i6)
Solution: p.v z7/3 = €3°8% = ¢3

2 2,.
— eglnr+§91

2 2,.
e]nr /3'e§9l

= rZ e

Note: One can show that the above p.v. is analytic in the domain
r>0,-t<0<m.

Finally,
%(cz) = %(e“ogc) = e?1%8¢ Jogc = cZlogc

Which is analytic when the value of logc is specified, i.e.: it is
analytic everywhere.
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[6] Inverse of Trigonometric and Hyperbolic Functions

In this section, we shall show the following identities:

1.sin"tz = —ilog(iz + V1 — z2)
2. cos™1z = —ilog(z + iV1 — z2)
- i i+z
3.tan 1z = -log (;)
4.sinh™ z = log(z + Vz% + 1)
5.cosh™t z = log(z + Vz2 — 1)

6.tanh™1z = %log (ﬂ)

1-z
2 ginlz =2t
7 d T V1-z2
-1
8. —coslz=
d 1—2z2
d 1 1
.—tan" "z =
9 dz 1+ z2
d . .1 1
10.— sinh ™" z =
dz V14 z2
d _ 1
11. — cosh™ 1z = ——
dz z2 -1
d _ 1
12. — tanh 1z =
dz 1—2z2

Example: Find the values of the following:

1) sin™*(—10) 2) tan~! 2i 3) cosh™1(-1)
Solution:
1) sin~ (i) = —ilog i (—i) + /T = (-7

= —ilog[1 + V2] (D)
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Now: log(1 + v2) = In(1 + v2) + i2nn

And:

log(l — \/E) = 1n|1 — \/§| + i(m + 2nm)
=—In|1 —V2|+i@2n+ Dr ..(2)

Since (—1)" In(1 + v2) + nni, constitute the set of values of In(1 F

\/7) and nmi is the same as 2kmwi when n is even and (2k + 1)mi when
n is odd, so

sin"!(=i) = —i[(-1)"In(1 + V2) + nri]

=nm + i(-1)"*! ln(l + \/f)

2)tan~12i = élog (i+ Zi)

i— 20

= élog(—3)

[In3 + i(m + 2nm)]

N | ~

=_71(2n+1)7r+%1n3

3) cosh™1(—1) = log [—1 FJ(=1)2z - 1] = log(—1)

=In1l+i(m+ 2nm)
=0@2n+ Dni, n=0,¥F1,F2,...
4) tanh™1(0) = %log (ii—g)
=In1+ 2nmi
=2nmi, n=0,+1,+2, ...
Example: Solve

sinz = 2
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Solution: sinz=2 - z =sin"12
= —ilog(2i + V1 —4)
= —ilog(2i +V3i)
= —ilog ((2 + \/§)l)
> —ilog((2 +V3)i) = —i[logi + log(2 + V3 )]
= —i[(In1+ (Z+2nm) 1) +log(2 + V3)]
=~ +2nm —ilog(2 +v3)
= (1 +2n) —ilog(2 ++3)

Example: Solve
COSZ = \/7

Solution: cosz =+2 — z = cos™1/2
cos 1z = —ilog(z + iVl — z2)

cos™!V2 = —ilog (\/f +i /1 — (\/Z)2>

= —ilog(v2 + V1 -2)
= — log(\/f — 1)
= —ilog(vV2—-1)+2
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