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[4] Logarithmic Functions 

         The real logarithm function 𝑙𝑛𝑥 is defined as the inverse of the 
exponential function. 𝑦 ൌ  𝑙𝑛𝑥 is the unique solution of the equation 
𝑥 ൌ  𝑒௬. In order to define the complex logarithm log 𝑧, as the 
inverse of 𝑒௪  , one must solve the complex equation:  

𝑧 ൌ  𝑒௪ , 

for w, where z is any non-zero complex number. If w = u + vi be the 
Cartesian form for w and 𝑧 ൌ  𝑟𝑒௜ఏ be the exponential form for z.  

 Then the above equation can be written as 

 𝑒௨𝑒௩௜ ൌ  𝑟𝑒௜ఏ .  

  𝑒௨ ൌ 𝑟 , 𝑣 ൌ 𝜃  𝑢 ൌ ln 𝑟  and 𝑣 ൌ arg 𝑧  𝑤 ൌ ln 𝑟 ൅
𝑖 arg 𝑧 

Therefore the logarithm of a complex number z is defined by:  

log 𝑧 ൌ ln|𝑧| ൅ 𝑖 𝑎𝑟𝑔𝑧 , 𝑧 ് 0 

log 𝑧 ൌ ln 𝑟 ൅ 𝑖ሺ𝜃 ൅ 2𝑛𝜋ሻ, 𝑛 ൌ 0, ∓1, ∓2, …  

Definition: (Principal value) 

     The principal branch (Principal value) of the complex logarithmic 
function which is given by: 

Log 𝑧 ൌ ln|𝑧| ൅ 𝑖 Arg 𝑧 ൌ ln 𝑟 ൅ 𝑖𝜃 

is continuous in the domain ሼ𝑟 ൐ 0, െ𝜋 ൏ 𝜃 ൏ 𝜋ሽ. 

Remarks: 

1. The function log 𝑧 ൌ ln 𝑟 ൅ 𝑖ሺ𝜃 ൅ 2𝑛𝜋ሻ is a multiple-valued 
function. The values of  log 𝑧 have the same real part, but their 
imaginary parts differ by interval multiple of  2𝜋. These function 
is not continuous and therefore not analytic in branch points.  

2. For each fixed real number α , the single- value function log 𝑧 ൌ
ln 𝑟 ൅ 𝑖𝜃  , (𝑟 ൐ 0 𝑎𝑛𝑑 𝛼 ൏ 𝜃 ൏  𝛼 ൅ 2𝜋ሻ is a branch of the 
multiple- valued function. The function  Log 𝑧 ൌ ln 𝑟 ൅ 𝑖𝜃  is a 
single-valued function called the principal branch.  
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Note:  

The principal branch of  Log 𝑧 is discontinuous at 𝑧 ൌ 0, since this 
function is not defined at 𝑧 ൌ 0. Also it is not continuous at every 
point in the negative real axis. The nonpositive real axis is called a 
branch cut for Log 𝑧 and the point 0 is called a branch point. 

 

 

  

 

 

To verify that, 

Let  𝑧଴ ∈ branch cut, then  

Arg 𝑧 → 𝜋   when  𝑧 → 𝑧଴ from the 2୬ୢ quarter  

And   

Arg 𝑧 → െ𝜋  when  𝑧 → 𝑧଴ from the 3୰ୢ quarter   

Thus lim
௭→௭బ

log 𝑧 is not exist. 

Examples: 

1. Find log൫1 ൅ √3 𝑖൯ and Log൫1 ൅ √3 𝑖൯ 

Solution: 

 𝑧 ൌ 1 ൅ √3 𝑖 → 𝑥 ൌ 1 , 𝑦 ൌ √3   

𝑟 ൌ |𝑧| ൌ √1 ൅ 3 ൌ 2, and  

1  ൌ 2 cos 𝜃 → cos 𝜃 ൌ
ଵ

ଶ
 

√3 ൌ 2 sin 𝜃 → sin 𝜃 ൌ √ଷ

ଶ

ቑ → 𝜃 ൌ
గ

ଷ
    

Thus:  

Branch cut

Branch point

െ𝝅 ൏ 𝜽 ൏ 𝝅 
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log൫1 ൅ √3 𝑖൯ ൌ ln 2 ൅ 𝑖 ቀ
గ

ଷ
൅ 2𝑛𝜋 ቁ  

And: 

Log൫1 ൅ √3 𝑖൯ ൌ ln 2 ൅ 𝑖 
గ

ଷ
  

 

2. logሺ1 ൅ 𝑖ሻ ൌ ln √2 ൅ 𝑖 ቀ
గ

ସ
൅ 2𝑛𝜋 ቁ 

    Logሺ1 ൅ 𝑖ሻ ൌ ln 2 ൅ 𝑖 
గ

ଷ
 

3. logሺ1ሻ ൌ ln 1 ൅ 𝑖ሺ0 ൅ 2𝑛𝜋 ሻ ൌ 2𝑛𝜋 𝑖 

    Logሺ1ሻ ൌ ln 1 ൅ 𝑖0 ൌ 0 

4. logሺ3𝑖ሻ ൌ ln 3 ൅ 𝑖 ቀగ

ଶ
൅ 2𝑛𝜋 ቁ 

    Logሺ3𝑖ሻ ൌ ln 3 ൅ 𝑖 
గ

ଶ
 

5. logሺെ3𝑖ሻ ൌ ln 3 ൅ 𝑖 ቀ
ିగ

ଶ
൅ 2𝑛𝜋 ቁ 

    Logሺെ3𝑖ሻ ൌ ln 3 െ 𝑖 గ

ଶ
 

Properties: 

    Let  𝑧ଵ , 𝑧ଶ ് 0, 𝑛 ∈ ℕ , and 𝛼 ∈ ℝ, then 

1. logሺ𝑧ଵ𝑧ଶሻ ൌ log 𝑧ଵ ൅ log 𝑧ଶ 

2. log ቀ
௭భ

௭మ
ቁ ൌ log 𝑧ଵ െ log 𝑧ଶ 

3. 𝑒୪୭୥ ௭ ൌ 𝑧 , ∀ 𝑧 ് 0 

4. a)  𝑧௡ ൌ 𝑒௡ ୪୭୥ ௭ ,   𝑛 ൌ 1,2,3, … 

b) 𝑧
ଵ ௡ൗ ൌ 𝑒

ଵ ௡ൗ ୪୭୥ ௭ 
5. log 𝑒௭ ൌ 𝑧 ൅ 2𝑛𝜋𝑖 
6. Logሺ𝑒௭ሻ ൌ 𝑧 

Example: Find all the roots of the equation 

log 𝑧 ൌ
గ

ଶ
𝑖  

Solution: 
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1. Taking the 𝑒 for both sides 

𝑒୪୭୥ ௭ ൌ 𝑒
ഏ
మ

 ௜ → 𝑧 ൌ cos
గ

ଶ
൅ 𝑖 sin

గ

ଶ
     

                     →  𝑧 ൌ 𝑖 

2. We can find the roots in another way as follows: 

log 𝑧 ൌ
గ

ଶ
𝑖 → ln 𝑟 ൅ 𝑖ሺ𝜃 ൅ 2𝑛𝜋ሻ ൌ 0 ൅

గ

ଶ
𝑖  

→ ln 𝑟 ൌ 0 → 𝑟 ൌ 1  and    

→ 𝜃 ൅ 2𝑛𝜋 ൌ గ

ଶ
→ 𝜃 ൌ గ

ଶ
െ 2𝑛𝜋  

∴ 𝑧 ൌ 𝑟𝑒௜ఏ ൌ 𝑒௜ቀഏ
మ

 ିଶ௡గቁ  

                    ൌ 𝑒௜ഏ
మ   

                    ൌ cos
గ

ଶ
൅ 𝑖 sin

గ

ଶ
    

                    ൌ 𝑖 

Example: Show that when  𝑛 ൌ 0, ∓1, ∓2, … 

log ቀ𝑖
ଵ

ଶൗ ቁ ൌ ቀ𝑛 ൅
ଵ

ସ
ቁ 𝜋𝑖  

Solution:  ቀ𝑖
ଵ

ଶൗ ቁ ൌ 𝑒
భ
మ

୪୭୥ ௜ 

→ log ቀ𝑖
ଵ

ଶൗ ቁ ൌ log 𝑒
భ
మ

୪୭୥ ௜ ൌ
ଵ

ଶ
log 𝑖    … 1   

Since   log 𝑖 ൌ 𝑖 ቀ
గ

ଶ
൅ 2𝑛𝜋ቁ, then  

→ log ቀ𝑖
ଵ

ଶൗ ቁ ൌ
ଵ

ଶ
 𝑖 ቀ

గ

ଶ
൅ 2𝑛𝜋ቁ   (By 1) 

                      ൌ ቀ
ଵ

ସ
൅ 𝑛ቁ 𝜋𝑖  

Example:  Show that if  𝑅𝑒ሺ𝑧ଵሻ ൐ 0 and 𝑅𝑒ሺ𝑧ଶሻ ൐ 0, then:  

Logሺ𝑧ଵ𝑧ଶሻ ൌ Log 𝑧ଵ ൅ Log 𝑧ଶ 

Proof:  Suppose that 𝑅𝑒ሺ𝑧ଵሻ ൐ 0, 𝑅𝑒ሺ𝑧ଶሻ ൐ 0 , then  
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𝑧ଵ ൌ 𝑟ଵ𝑒௜ఏభ →
ି గ

ଶ
൏ 𝜃ଵ ൏

గ

ଶ
  

𝑧ଶ ൌ 𝑟ଶ𝑒௜ఏమ → ି గ

ଶ
൏ 𝜃ଶ ൏ గ

ଶ
  

→ െ𝜋 ൏ 𝜃ଵ ൅ 𝜃ଶ ൏ 𝜋, which enables us to write  

Logሺ𝑧ଵ𝑧ଶሻ ൌ ln|𝑧ଵ𝑧ଶ| ൅ 𝑖 Argሺ𝑧ଵ𝑧ଶሻ  

                   ൌ lnሺ𝑟ଵ𝑟ଶሻ ൅ 𝑖ሺ𝜃ଵ ൅ 𝜃ଶሻ  

 ൌ ln 𝑧ଵ ൅ ln 𝑧ଶ ൅ 𝑖𝜃ଵ ൅ 𝑖𝜃ଶ 

 ൌ ln 𝑧ଵ ൅ 𝑖𝜃ଵ ൅ ln 𝑧ଶ ൅ 𝑖𝜃ଶ 

 ൌ Log 𝑧ଵ ൅ Log 𝑧ଶ 

In general  

1-  Logሺ𝑧ଵ𝑧ଶሻ ് Log 𝑧ଵ ൅ Log 𝑧ଶ 

2- Log ቀ
௭భ

௭మ
ቁ ് Log 𝑧ଵ െ Log 𝑧ଶ 

Example: Take 𝑧ଵ ൌ 𝑧ଶ ൌ െ1 

→ Logሺ𝑧ଵ𝑧ଶሻ ൌ Logሺ1ሻ ൌ lnሺ1ሻ ൅ 0𝑖 ൌ 0  

→ Log 𝑧ଵ ൅ Log 𝑧ଶ ൌ Logሺെ1ሻ ൅ Logሺെ1ሻ ൌ 2𝜋𝑖  

→ Logሺ1ሻ ് Logሺെ1ሻ ൅ Logሺെ1ሻ  

Hence  

Logሺ𝑧ଵ𝑧ଶሻ ് Log 𝑧ଵ ൅ Log 𝑧ଶ 

In general:   

 Log 𝑧௡ ് 𝑛 log 𝑧 

Example:  Show that: 

a) If  log 𝑧 ൌ ln 𝑟 ൅ 𝑖 arg 𝑧  , ቀ𝑟 ൐ 0 ,
గ

ସ
൏ 𝜃 ൏

ଽగ

ସ
ቁ, then  

log 𝑖ଶ ൌ 2 log 𝑖 

b) If  log 𝑧 ൌ ln 𝑟 ൅ 𝑖 arg 𝑧 , ቀ𝑟 ൐ 0 ,
ଷగ

ସ
൏ 𝜃 ൏

ଵଵగ

ସ
ቁ, then  
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log 𝑖ଶ ് 2 log 𝑖 

Solution: 

a) log 𝑖ଶ ൌ logሺെ1ሻ                   ሺ𝑧 ൌ െ1 ൅ 0𝑖ሻ 

               ൌ lnሺ1ሻ ൅ 𝑖𝜋  

               ൌ 𝑖𝜋   ,   where   𝜋 ∈ ቀగ

ସ
, ଽగ

ସ
ቁ  

And  

2 log 𝑖 ൌ 2 ቀlnሺ1ሻ ൅ 𝑖
గ

ଶ
ቁ ൌ 𝑖𝜋       ሺ𝑧 ൌ 0 ൅ 𝑖ሻ  

∴ log 𝑖ଶ ൌ 2 log 𝑖 

b) log 𝑖ଶ ൌ 𝑖𝜋 , where  𝜋 ∈ ቀ
ଷగ

ସ
,

ଵଵగ

ସ
ቁ, and  

2 log 𝑖 ൌ 2ሺlnሺ1ሻ ൅ 𝑖𝜃ሻ  

            ൌ 2𝑖𝜃  

            ൌ 2𝑖 ቀగ

ଶ
ቁ,  

గ

ଶ
 ∉ ቀଷగ

ସ
, ଵଵగ

ସ
ቁ 

→ 𝜃 ൌ
గ

ଶ
൅ 2𝜋 ൌ

ହగ

ଶ
∈ ቀ

ଷగ

ସ
,

ଵଵగ

ସ
ቁ  

→ 2 log 𝑖 ൌ 2𝑖 ቀ
ହగ

ଶ
ቁ ൌ 5𝜋𝑖  

∴ log 𝑖ଶ ് 2 log 𝑖 

Example:  Show that  

Logሺ1 ൅ 𝑖ሻଶ ൌ 2 Logሺ1 ൅ 𝑖ሻ  

Solution: 

→ Logሺ1 ൅ 𝑖ሻଶ ൌ Logሺ1 ൅ 2𝑖 ൅ 𝑖ଶሻ 

                          ൌ Logሺ1 ൅ 2𝑖 െ 1ሻ 

                          ൌ Log 2𝑖  

                          ൌ ln 2 ൅ 𝑖
గ

ଶ
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→ 2 Logሺ1 ൅ 𝑖ሻ ൌ 2 ቂln √2 ൅ 𝑖
గ

ସ
ቃ  

     ൌ 2 lnሺ2ሻଵ
ଶൗ ൅ 𝑖

గ

ଶ
 

     ൌ ln 2 ൅ 𝑖
గ

ଶ
 

∴ Logሺ1 ൅ 𝑖ሻଶ ൌ 2 Logሺ1 ൅ 𝑖ሻ 

Example:  Show that  

Logሺെ1 ൅ 𝑖ሻଶ ് 2 Logሺെ1 ൅ 𝑖ሻ  

Solution: 

→ Logሺെ1 ൅ 𝑖ሻଶ ൌ Logሺെ2𝑖ሻ 

                             ൌ ln 2 െ 𝑖
గ

ଶ
  

→ 2 Logሺെ1 ൅ 𝑖ሻ ൌ 2 ቂln √2 ൅ 𝑖
ଷగ

ସ
ቃ  

        ൌ ln 2 ൅ 𝑖
ଷగ

ଶ
 

Hence  

Logሺെ1 ൅ 𝑖ሻଶ ് 2 Logሺെ1 ൅ 𝑖ሻ 

Derivative of logarithm function : 

For each fixed real number α , The single valued logarithmic 
function log z log 𝑧 ൌ ln 𝑟 ൅ 𝑖𝜃  , (𝑟 ൐ 0 𝑎𝑛𝑑 𝛼 ൏ 𝜃 ൏  𝛼 ൅ 2𝜋ሻ is 
differentiable  on its domain and   

𝑑
𝑑𝑧

ሺlog 𝑧ሻ ൌ
1
𝑧

   ,     𝑟 ൐ 0  &  𝛼 ൏ 𝜃 ൏ 𝛼 ൅ 2𝜋 

Proof: 

log 𝑧 ൌ ln 𝑟 ൅ 𝑖𝜃 ,   𝑟 ൐ 0  &   𝛼 ൏ 𝜃 ൏ 𝛼 ൅ 2𝜋 

Let  𝑢 ൌ ln 𝑟   ,            𝑣 ൌ 𝜃 , then  

      
𝑢௥ ൌ

ଵ

௥
       ,           𝑣௥ ൌ 0 

𝑢ఏ ൌ 0      ,           𝑣ఏ ൌ 1
ቋ ⟹  𝑢௥ ൌ

ଵ

௥
𝑣ఏ

   𝑢ఏ ൌ െ𝑟 𝑣௥
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∴ C. R. Eqs are satisfied and since 𝑢௥ , 𝑢ఏ , 𝑣௥ , 𝑣ఏ, 𝑢 , 𝑣 are continuous 
functions, then log 𝑧 is differentiable on its domain and  

ௗ

ௗ௭
ሺlog 𝑧ሻ ൌ 𝑒ି௜ఏሺ𝑢௥ ൅ 𝑖𝑣௥ሻ  

   ൌ 𝑒ି௜ఏ ቀ
ଵ

௥
൅ 𝑖0ቁ 

  ൌ
ଵ

௥௘೔ഇ  ൌ
ଵ

௭
 

In particular  

ௗ

ௗ௭
ሺLog 𝑧ሻ ൌ

ଵ

௭
   , 𝑟 ൐ 0  &  െ 𝜋 ൏ 𝜃 ൏ 𝜋 . i.e. Log z analytic for all 

𝑧  except when  𝑅𝑒ሺ𝑧ሻ ൑ 0 , and  𝐼𝑚ሺ𝑧ሻ ൌ 0.  

Note:  ሺLog 𝑓ሺ𝑧ሻሻ ൌ
௙ᇲሺ௭ሻ

௙ሺ௭ሻ
 . 

Example:  Find  ௗ

ௗ௭
ሺLog 3𝑧ଶሻ 

Solution: 𝑓ሺ𝑧ሻ ൌ 3𝑧ଶ →
ௗ

ௗ௭
ሺLog 𝑓ሺ𝑧ሻሻ ൌ

௙ᇲሺ௭ሻ

௙ሺ௭ሻ
ൌ

଺௭

ଷ௭మ ൌ
ଶ

௭
 .   

Example: Determine the domain of analyticity for the function  

𝑓ሺ𝑧ሻ ൌ Logሺ3𝑧 െ 𝑖ሻ 

Solution:  

The function Logሺ3𝑧 െ 𝑖ሻ is analytic everywhere with  𝑅𝑒ሺ3𝑧 െ 𝑖ሻ ൑
0, and  𝐼𝑚ሺ3𝑧 െ 𝑖ሻ ൌ 0, must be removed, i.e.  

𝑅𝑒ሺ3𝑧 െ 𝑖ሻ ൑ 0 → 𝑅𝑒൫3𝑥 ൅ 𝑖ሺ3𝑦 െ 1ሻ൯ ൌ 3𝑥 ൑ 0 → 𝑥 ൑ 0 

      𝐼𝑚ሺ3𝑧 െ 𝑖ሻ ൌ 0 → 𝐼𝑚൫3𝑥 ൅ 𝑖ሺ3𝑦 െ 1ሻ൯ ൌ 3𝑦 െ 1 ൌ 0 → 𝑦 ൌ
ଵ

ଷ
  

Thus 𝑓 is analytic everywhere except the horizontal line 

                                                       

 

    

        𝒙 

𝟏

𝟑
𝒊  

𝒚 ൌ 𝟏

𝟑
, 𝒙 ൑ 𝟎  

𝒚

𝑥 ൑ 0, 𝑦 ൌ
ଵ

ଷ
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Example:  Show that the function  

𝑓ሺ𝑧ሻ ൌ
୐୭୥ሺ௭ାସሻ

௭మା௜
  

is analytic everywhere except for the point ቀିሺଵି௜ሻ

√ଶ
, ሺଵି௜ሻ

√ଶ
ቁ and the 

portion 𝑥 ൑ െ4 of the real axis.  

Solution: Logሺ𝑧 ൅ 4ሻ is analytic everywhere except for the points that 
satisfy the condition  

𝑅𝑒ሺ𝑧 ൅ 4ሻ ൑ 0 and  𝐼𝑚ሺ𝑧 ൅ 4ሻ ൌ 0 

→ 𝑥 ൅ 4 ൑ 0
                 𝑥 ൑ െ4

ቅ , 𝑦 ൌ 0  and  𝑧ଶ ൅ 𝑖 ൌ 0 → 𝑧ଶ ൌ െ𝑖 → 𝑧 ൌ ∓ ሺെ𝑖ሻଵ
ଶൗ                   

𝑧 ൌ 𝑟𝑒௜ఏ ൌ ∓ ቀ𝑒ି௜ ഏ
మቁ

ଵ
ଶൗ
   

                ൌ ∓ 𝑒ି௜ ഏ
ర   

                ൌ ∓ ቂcos
గ

ସ
െ 𝑖 sin

గ

ସ
ቃ    

                ൌ ∓ ቂ
ଵ

√ଶ
െ 𝑖

ଵ

√ଶ
ቃ     

                ൌ ∓
ሺଵି௜ሻ

√ଶ
     

Hence 𝑓 is not analytic at the point ∓
ሺଵି௜ሻ

√ଶ
  and the line 𝑥 ൑ െ4,    𝑦 ൌ

0. 
 

[5] Complex Exponents 

     We define 𝑧௖, where 𝑧 , 𝑐 ∈ ℂ  and 𝑧 ് 0, by 

𝑧௖ ൌ 𝑒௖ ୪୭୥ ௭        … ሺ1ሻ 

And  

𝑐௭ ൌ 𝑒௭ ୪୭୥ ௖     ሺ𝑐 ് 0ሻ 

Example: Find  𝑖ିଶ௜ 
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Solution:  𝑖ିଶ௜ ൌ 𝑒ିଶ௜ ୪୭୥ ௜ 

                           ൌ 𝑒ିଶ௜ቀഏ
మ

ାଶ௡గቁ௜  

 ൌ 𝑒ሺସ௡ାଵሻగ , 𝑛 ൌ 0, ∓1, ∓2, … 

Which is multiple valued. 

Note: In a view of the property  𝑒ି௭ ൌ
ଵ

௘೥ , we have 𝑧ି௖ ൌ
ଵ

௭೎  ሺ𝑧 ് 0ሻ 

and so  

ሺ𝑖ሻିଶ௜ ൌ ଵ

௜మ೔ ൌ 𝑒ሺସ௡ାଵሻగ , 𝑛 ൌ 0, ∓1, ∓2, …  

We notice that the function log 𝑧 ൌ ln 𝑟 ൅ 𝑖𝜃, 𝑟 ൐ 0 , 𝛼 ൏ 𝜃 ൏ 𝛼 ൅
2𝜋 , is a single-valued and analytic function in the domain, thus 
when the branch of log 𝑧 is used, it follows that 

𝑧௖ ൌ 𝑒௖ ୪୭୥ ௭  

is also single-valued and analytic in the same domain, and   

ௗ

ௗ௭
ሺ𝑧௖ሻ ൌ

ௗ

ௗ௭
൫𝑒௖ ୪୭୥ ௭൯ ൌ

௖

௭
𝑒௖ ୪୭୥ ௭  

Since  𝑧 ൌ 𝑒୪୭୥ ௭ , then 

ௗ

ௗ௭
ሺ𝑧௖ሻ ൌ 𝑐 

௘೎ ౢ౥ౝ ೥

௘ౢ౥ౝ ೥ ൌ 𝑐𝑒௖ ୪୭୥ ௭𝑒ି ୪୭୥ ௭  

                               ൌ 𝑐𝑒௖ ୪୭୥ ௭ି୪୭୥ ௭  

                               ൌ 𝑐𝑒ሺ௖ିଵሻ ୪୭୥ ௭ 

                               ൌ 𝑐𝑧௖ିଵ   

∴
ௗ

ௗ௭
ሺ𝑧௖ሻ ൌ 𝑐𝑧௖ିଵ  ሺ𝑟 ൐ 0 , 𝛼 ൏ arg 𝑧 ൏ 𝛼 ൅ 2𝜋ሻ   

When  𝛼 ൌ െ𝜋  then െ 𝜋 ൏ arg 𝑧 ൏ 𝜋, the function  

𝑧௖ ൌ 𝑒௖ ୐୭୥ ௭ , 𝑧 ് 0 

Is called principal value of  𝑧௖. 

Example: Find the principal value of the following:  
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a) ሺ𝑖ሻ௜ 

Solution: p.v. ሺ𝑖ሻ௜ ൌ 𝑒௜ ୐୭୥ ௜ ൌ 𝑒௜ቀ୪୬ ଵା௜ ഏ
మ

ቁ ൌ 𝑒ିഏ
మ    

b) ቂ
௘

ଶ
൫െ1 െ √3 𝑖൯ቃ

ଷగ௜
    

Solution:  

p.v. ቂ
௘

ଶ
൫െ1 െ √3 𝑖൯ቃ

ଷగ௜
ൌ 𝑒ଷగ௜ ୐୭୥ቂ೐

మ
൫ିଵି√ଷ ௜൯ቃ 

                                         ൌ 𝑒ଷగ௜ቂ୪୬ቚ౛
మ

൫ିଵି√ଷ ௜൯ቚି ௜ మഏ
య

ቃ 

                                         ൌ 𝑒ଷగ௜ቀ୪୬ ௘ି ௜ 
మഏ
య

ቁ   

 ൌ 𝑒ଷగ௜ቀଵି ௜ మഏ
య

ቁ 

 ൌ 𝑒ଷగ௜ାଶగమ
 

 ൌ  𝑒ଶగమ
. 𝑒ଷగ௜  

 ൌ െ𝑒ଶగమ
     ሺ𝑒ଷగ௜ ൌ cos 3𝜋 ൅ 𝑖 sin 3𝜋 ൌ െ1ሻ  

c) 𝑧
ଶ

ଷൗ  

Solution: p.v  𝑧
ଶ

ଷൗ ൌ 𝑒
మ
య

୐୭୥ ௭ ൌ 𝑒
మ
య

ሺ୪୬|௭|ା௜ఏሻ 

                                                   ൌ 𝑒
మ
య

୪୬ ௥ ା మ
య

ఏ௜   

                                                   ൌ 𝑒୪୬ ௥
మ

యൗ
. 𝑒 మ

య
ఏ௜ 

                                                   ൌ √𝑟ଶయ
 𝑒 మ

య
ఏ௜  

Note: One can show that the above p.v. is analytic in the domain 
𝑟 ൐ 0 , െ𝜋 ൏ 𝜃 ൏ 𝜋. 

Finally,   

ௗ

ௗ௭
ሺ𝑐௭ሻ ൌ

ௗ

ௗ௭
൫𝑒௭ ୪୭୥ ௖൯ ൌ 𝑒௭ ୪୭୥ ௖. log 𝑐 ൌ 𝑐௭ log 𝑐  

Which is analytic when the value of  log 𝑐 is specified, i.e.: it is 
analytic everywhere. 
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[6] Inverse of Trigonometric and Hyperbolic Functions   

    In this section, we shall show the following identities: 

1. sinିଵ 𝑧 ൌ െ𝑖 log൫𝑖𝑧 ൅ √1 െ 𝑧ଶ൯  

2. cosିଵ 𝑧 ൌ െ𝑖 log൫𝑧 ൅ 𝑖√1 െ 𝑧ଶ൯ 

3. tanିଵ 𝑧 ൌ
௜

ଶ
log ቀ

௜ା௭

௜ି௭
ቁ 

4. sinhିଵ 𝑧 ൌ log൫𝑧 ൅ √𝑧ଶ ൅ 1൯ 

5. coshିଵ 𝑧 ൌ log൫𝑧 ൅ √𝑧ଶ െ 1൯ 

6. tanhିଵ 𝑧 ൌ
ଵ

ଶ
log ቀ

ଵା௭

ଵି௭
ቁ 

7. 
ௗ

ௗ௭
 sinିଵ 𝑧 ൌ

ଵ

√ଵି௭మ 

8. 
ௗ

ௗ௭
 cosିଵ 𝑧 ൌ

ିଵ

√ଵି௭మ 

9. 
ௗ

ௗ௭
 tanିଵ 𝑧 ൌ

ଵ

ଵା ௭మ 

10. 
ௗ

ௗ௭
 sinhିଵ 𝑧 ൌ

ଵ

√ଵା ௭మ 

11. 
ௗ

ௗ௭
 coshିଵ 𝑧 ൌ

ଵ

√ ௭మ ିଵ
 

12. 
ௗ

ௗ௭
 tanhିଵ 𝑧 ൌ ଵ

ଵି ௭మ 

 

Example: Find the values of the following: 

1) sinିଵሺെ𝑖ሻ            2) tanିଵ 2𝑖           3) coshିଵሺെ1ሻ          4) tanhିଵሺ0ሻ 

Solution: 

1) sinିଵሺെ𝑖ሻ ൌ െ𝑖 log ቂ𝑖 ሺെ𝑖ሻ ൅ ඥ1 െ ሺെ𝑖ሻଶቃ   

                       ൌ െ𝑖 logൣ1 ൅ √2൧                        … ሺ1ሻ  



References 

81 
 

Now: log൫1 ൅ √2൯ ൌ ln൫1 ൅ √2൯ ൅ 𝑖2𝑛𝜋   

And: 

log൫1 െ √2൯ ൌ lnห1 െ √2ห ൅ 𝑖ሺ𝜋 ൅ 2𝑛𝜋ሻ   

                      ൌ െ lnห1 െ √2ห ൅ 𝑖ሺ2𝑛 ൅ 1ሻ𝜋  … ሺ2ሻ  

Since ሺെ1ሻ௡ ln൫1 ൅ √2൯ ൅ 𝑛𝜋𝑖, constitute the set of values of ln൫1 ∓

√2൯ and 𝑛𝜋𝑖 is the same as 2𝑘𝜋𝑖 when 𝑛 is even and ሺ2𝑘 ൅ 1ሻ𝜋𝑖 when 

𝑛 is odd, so  

sinିଵሺെ𝑖ሻ ൌ െ𝑖ൣሺെ1ሻ௡ ln൫1 ൅ √2൯ ൅ 𝑛𝜋𝑖൧  

                   ൌ 𝑛𝜋 ൅ 𝑖ሺെ1ሻ௡ାଵ ln൫1 ൅ √2൯  

 

2) tanିଵ 2𝑖 ൌ
௜

ଶ
log ቀ

௜ା ଶ௜

௜ି ଶ௜
ቁ 

                    ൌ
௜

ଶ
logሺെ3ሻ  

 ൌ
௜

ଶ
ሾln 3 ൅ 𝑖ሺ𝜋 ൅ 2𝑛𝜋ሻሿ 

 ൌ
ିଵ

ଶ
ሺ2𝑛 ൅ 1ሻ𝜋 ൅

௜

ଶ
ln 3   

3) coshିଵሺെ1ሻ ൌ log ቂെ1 ∓ ඥሺെ1ሻଶ െ 1ቃ ൌ logሺെ1ሻ 

                           ൌ ln 1 ൅ 𝑖ሺ𝜋 ൅ 2𝑛𝜋ሻ  

 ൌ ሺ2𝑛 ൅ 1ሻ𝜋𝑖 , 𝑛 ൌ 0, ∓1, ∓2, …  

4) tanhିଵሺ0ሻ ൌ
ଵ

ଶ
log ቀ

௜ା ଴

௜ି ଴
ቁ 

                        ൌ ln 1 ൅ 2𝑛𝜋𝑖  

                        ൌ 2𝑛𝜋𝑖 , 𝑛 ൌ 0, ∓1, ∓2, …  

Example: Solve 

sin 𝑧 ൌ 2 
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Solution: sin 𝑧 ൌ 2 → 𝑧 ൌ sinିଵ 2 

 ൌ െ𝑖 log൫2𝑖 ൅ √1 െ 4൯ 

 ൌ െ𝑖 log൫2𝑖 ൅ √3 𝑖൯ 

 ൌ െ𝑖 log ቀ൫2 ൅ √3 ൯𝑖ቁ 

→ െ𝑖 log ቀ൫2 ൅ √3 ൯𝑖ቁ ൌ െ𝑖ൣlog 𝑖 ൅ log൫2 ൅ √3 ൯൧  

                                       ൌ െ𝑖 ቂቀln 1 ൅ ቀ
గ

ଶ
൅ 2𝑛𝜋ቁ 𝑖ቁ ൅ log൫2 ൅ √3 ൯ቃ 

                                       ൌ
గ

ଶ
൅ 2𝑛𝜋 െ 𝑖 log൫2 ൅ √3 ൯   

                                       ൌ 𝜋ሺ1 ൅ 2𝑛ሻ െ 𝑖 log൫2 ൅ √3 ൯ 

Example:  Solve 

cos 𝑧 ൌ √2 

Solution:  cos 𝑧 ൌ √2 → 𝑧 ൌ cosିଵ √2 

cosିଵ 𝑧 ൌ െ𝑖 log൫𝑧 ൅ 𝑖√1 െ 𝑧ଶ൯  

cosିଵ √2 ൌ െ𝑖 log ቆ√2 ൅ 𝑖ට1 െ ൫√2൯
ଶ

ቇ    

   ൌ െ𝑖 log൫√2 ൅ 𝑖√1 െ 2൯ 

   ൌ െ𝑖 log൫√2 െ 1൯ 

   ൌ െ𝑖 log൫√2 െ 1൯ ൅ 2 


