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Chapter Three

Elementary Functions

[1] The Exponential Functions

A real valued function f(x) = e*, f:R - R*, is one-to-one and
onto function, and

ex
1' exllexZ — ex1+ X2

x XX
2" =1+x++>+ S

Definition:

Let z = x + iy, define
Exp(z) = e? = e**W = e¥. e = e*(cosy + isiny)
If f(z) =e*=u+iv-> Re(z) =e*cosy, Im(z) =e*siny
If y=0-¢e”=¢*

If x=0—>e?=e% =cosy+isiny

Note: If f(z) = e%, then
1. e# is an analytic function, since
u=-e*cosy, v =-e*siny
U, =e*cosy =v),, u, = —e*siny = — v,

and wu,,uy , v, ,u,v are continuous functions and satisfy
C.R.E, therefore e“ is differentiable function v z € C.
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2. f'(z) =e% since f'(z) =u, +iv, =e*cosy+ie*siny
=e*(cosy +isiny) = e?

3. |e?| = e*, since
le”| = |e¥e™| = |e*||e¥]

= |e*|\/cos2y + sinZy
= le*]. 1
= |e”|
But e* > 0,Vx € R, so |e?| = e*
4. |e?| # 0, since |[e?| = e* # 0,Vx ER
Note: e? = 0 iff |e?]| =0

5. e“:R->C—-{0}

Example: Letw #0andw = ret findzifz =rel? =w
Solution:

e? =e*. eV =re'

»r=e* ,y=0+2nnm,n=0,+1,..
- x=logr, y=0+2nnm
~z=Inr+1i(0 + 2nm)

Therefore V w € Z, 3 infinity number of values of z such that w = e?,
therefore eZ is not one-to-one.

Note: e? is periodic function with period 2w

eZ = pZt2mi

Proof: Let z = x + iy, hence

z+21i x+iy+2mi

e —e x+i(y+2m)

=e
= e*(cos(y + 2m) + i sin(y + 2m)) = e*(cosy + isiny) = e*
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In general: eZ is not one-to-one only if — < Im(z) < m.

Properties of Exponential Function:

1. e%1,e%2 = gZ1t 22

2.el/7 = g2
e“1

3. — =e
e?2

Z1— 22

4. (e?)" = e, neT
Proof:
1l Let zy =x; +iyy, 2, =X, + 1Y,
e“t.e?2 = e*1(cosy, + isiny;).e*2(cosy, + isiny,)
= e*1.e*2(cos(y; +y2) + isin(y; +y2))
= e*1*%2(cos(yy +¥2) + isin(yy + y2))
_ X1t X2 pi(11+Y2)
— e(x1+iy1)+(x2+iy2)
— eZ1t2;
By the same way, we can prove 2 and 3.
4. (e?)" = (e*cosy + ie*siny)"
= (e*(cosy +isiny))"
= e™(cosy + isiny)"
= e™(cosny + isinny)
_ o piny
_ pnx+iny
= en(x+iy)
_ onz
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5.e%=1

6.arge”’ =y +2nm
7. (e?) = e?

Proof

(e?) = e*(cosy — isiny)
= e*(cos(—y) + i sin(—y))
= X~y

= e?

Polar Coordinates of Exponential Function:

If e? =e*(cosy +isiny)
= r(cos(8 + 2nm) + i sin(6 + 2nm))

Where r = |e?| = e¥,y =0 + 2nn

Example: Solve e =i

Solution: z =1Inr +i(6 + 2nm)

r=Jil=1 and9=argi=§+2nrc

~z=1Inl +i(£+ 2nn) ,n=0,+1, ...
2
[T
=1 (; + Znn)
Example: Find the value of z such that

e?=1++3i

(1,v3)

Solution: z =1Inr +i(0 + 2nm)

r=vi+3=2,6="+2nn —>z=1n2+i(§+2nn)
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Example: Prove that

) - ()

= 61/2 (cos%+ isin%)
- (3r+5)

()

Example: Prove that
pZHmi _ _
Proof: e?+mi = g(x+iy)+mi
_ pX+(ym)i
= e*(cos(y + m) + isin(y + 1))
= e*(—cosy —isiny)
= —e*(cosy + isiny)

= —e

Example: Find all the complex solutions of
e?=1
Solution:
et=1-r=1,0=0

~z=In1+i(0+2nn) =i2nm
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Example: Find all the complex solutions of

et? =
Solution: e*? =i = e**(cos 4y + i sin4y)
r=1, 6 =§+2nn, n=0,+1,..
e?? = e*™(cos 4y + isin 4y)
= 1.(cos§+ isin%)
e =1-4x=Inl1->x=0

&cos4y=cos%—>4y=g—> %+2nn

y =
.-.Z=x+iy=0+i(g+2nn)=i(g+2nn)
Note:

1. f(2) = eZ is not analytic at any point (not analytic everywhere).
(H.w)

2. f(z) = e% is analytic function.
Proof:
e = e7Y(cos x + i sin x)
l.uy =—eVsinx, u, =—eYcosx
Uy = V) , Uy = =V, » C.R.E are satisfied,
I u,v,u,,uy , v, , vy are continuous functions.
From (i) and (ii), we get e%* is analytic function and
(eiz)’ =u, +iv,
= —e Vsinx +ie Y cosx
= ie Y(cosx + isinx)

= je¥
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[2] Trigonometric Functions

Definition: Let z = x + iy, define

. elZ _ e—lZ eLZ _I_ e—LZ
sinz =—— coOSz =————
2i ’ 2
sin z cos z
tanz = ) cotz = —
cos z sin z
1 1
secz = , CSCZ = —
cos z sin z

Note: sinz and cos z are analytic functions in the complex plane,
hence they're entire functions, but tanz,secz are analytic only
when cos z # 0.

Note:

1. (sinz)’ = %[ieiz +ie™¥]

eiz+ e—iz
= T = C0SZz

l_l N VAR ¥4 =£ iz _ -z
2. (cosz) —z[le ie ] 2[e e ]
eiz_e—iz .
- [ = sz
21
Note:

1. cos?z + sinz =1

Proof:

. .2 . .
. elZ+e—lZ elz_e—lZ
cos?z + sin?z = (T) + (2—1)

2

e2iZ 4oy p—2iZ2_p2izy o o-2iz

4

INEIRN
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2. cos z = cosx coshy — i sinx sinhy
where cosiy = coshy, siniy = sinhy

3. sin z = sinx coshy + i cosx sinhy

4. |sin z|? = sin?x + sinh?y

5. |cos z|? = cos?x + sinh?y

Note: sinz and cosz are periodic, since

1. sin(z + 2m) = sinz

2.cos(z + 2m) = cosz

But

3.tan(z + ) =tanz

Proof: 1. (H.w)

2.cos(z + 2m) = cos(x + iy + 2m) = cos(x + 2w + iy)
= cos(x + 2m)coshy — i sin(x + 2m)sinhy
= cos x coshy — i sinx sinhy
= Ccosz

3. (H.w)

Note: The zeros of sinz and cos z are real.

Example: The zero of cosz is z = g + nr.

Solution:

cosz=10

— cosx coshy — i sinx sinhy = 0 + 0i
s cosx coshy =0 ..(1)

& sinx sinhy =0 ...(2)

Since cos x coshy = 0 — eithercosx = 0 or coshy = 0
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Ifcosx =0—-x =§+nn
Substituting in (2) we get
sinhy=0->y=0

ev+

e_y
> =0,Vy

If coshy = 0 — this is not possible since ( coshy =

ey— e_y
2

and sinhy = =0 if y =0).
. s
wz=xtiy=c+nr+0
nzZ=24nm
2
Note: If we take equation (2) we get:
sinx sinhy = 0 — either sinx = 0 or sinhy = 0

If sinx = 0 — this is not possible since
(T
sin ( > + mr) #0
Thensinhy=0-y =20

.-.z=§+nn+0=§+nn

Note: Coshy (the range of coshy > 1) is always positive.

N

Example: Find all the roots of

sinz = 3
Solution:
sinz = sinx coshy + i cosx sinhy

sinz = 3 — sinx coshy + i cosx sinhy = 3 + 0i
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sinx coshy =3 .. (1)

cosx sinhy =0 ..(2)

From (2) we get:

cosx sinhy = 0, then

Either cosx =0 - x =§+ nr

Or sinhy = 0 —» y=0 - this is not possible
Then cosx =0 - x =§+nﬂ

from (1) we get:

1 nis even
-1 nis odd

sin% +nm = {
If niseventhen coshy=3 -y =138
If nis odd then coshy = —3 this is not possible
Example: Find all the roots of
sin(z+1) = 2i
Solution: sin(z + i) = sin(x — iy + i) = sin(x + i(1 — y))
> sin(x+i(1—y)) =0+2i
— sinx cosh(1 — y) + i cosx sinh(1 —y) = 0 + 2i
sinx cosh(1—y) =0 ..(1)
cosx sinh(1—y) =2 ..(2)
From (1) we get:
sinx cosh(1 — y) = 0, then
Either cosh(1 — y) = 0 — this is not possible
Or sinx =0-x=nn

1 nis even

Then cosnm ={_1 s odd
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From (2) we get:

If nis even then sinh(1 —y) = 2, then - 1 —y = sinh™1(2)
- y=-sinh™12+1
- y=04

If nis odd then sinh(1 — y) = =2, then » 1 —y = sinh~1(-2)
- y=-sinh™12+1
> y=24

Example: Prove that

|622+i +eiz2 < 2% 4 p—2xy

Proof:

|eZZ+i + eizz| — |62x+i(2y+1) + ei(xz—y2+ 2ixy)|
< |32x+i(23/+1)| + |ei(x2—y2+ 2ixy)|

— |er ei(2y+1)| + |e—2xy ei(xz—yz) |

= @2X 4 72X (Since et = 1)
[3] Hyperbolic Functions

The hyperbolic Sine and Cosine of a complex variable defined as
they are with a real variable; that is,

. eZ—e eZ+ e Z
1. Sinhz = — Coshz =

Since eZ?ande™? are entire functions, then it follows from
definition (1) that sinhz and coshz are entire functions,
furthermore,

d .
1.— sinhz = cosh z
dz

2. Ll Coshz = Sinh z
dz
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2 22
} eZ+e™? eZ—e~?
3. cosh?z — sinh?z = ( - ) — ( - )

22424 e 22— 224 2722
4

=1
4. Sinh z and Cosh z are periodic functions with period 2mi.
¢ Show that
sinh(z + 2mi) = sinh z

Proof:

eZ+2mi_ p—z—2mi

sinh(z + 2mi) = >

eZ.e2Mi_ p—Z =27l

eZ(cos 2mi+isin 2mwi)— e ~%(cos(—2mi)+i sin(—27mi))

2

eZ—e™2 . . .
=— (cos2mi =1, sin2mi = 0)
= sinhz

5. |sinh z|? = sinh?x + sin?y
Proof:
|sinh z|? = sinh?x cos? y + cosh? x sin? y
= sinh?x(1 — sin? y) + (1 + sinh?x) sin? y
= sinh?x — sinh?x sin?y + sin? y + sinh?x sin?y

= sinh?x + sin? y

6. |cosh z|? = cos?y + sinh?x  (H.w)
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7. The zeros of Sinhz are z = nmi
Proof:

sinh z = sinh x cos y + i cosh x siny
sinhz = 0 — sinhx cosy + i coshxsiny = 0 + 0i
sinhxcosy =0 ..(1)

coshxsiny =0 ..(2)

From (1), we get:

sinh x cosy = 0, then

Either sinhx =0or cosy =0

If sinhx=0->x=0
Substituting in (2), we get:
siny=0->y=nn

If cosy = 0 — this is not possible

sz=x+1y =0+ i(nm) = nmi

Note: The Cosh cannot be negative in real numbers, but it can be
in complex numbers.

sinhx coshx

L/

Example: Solve e??71 =1
Solution:
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e2z-1 — p2(x+iy)-1 — o2x-1 ,2iy

= e?*"1(cos 2y + i sin 2y)
e?””l =1 - e** 1(cos2y +isin2y) = cos0 + isin0
e?*lcos2y =1 ..(1)
e?*1sin2y =0 ..(2)
From (2), we get
Either e?*"1 = 0 or cos2y =0
If e2*~1 = 0 - this is not possible
Ifsin2y =0-2y=nm -y =nz—n ,n=20,+1, ...
Substituting in (1), we get:

2x

e _1=1—>2x—1=0—>x=%

.'-Z=x+iy=%+i%=%(1+nni)

68



