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Chapter Three 

Elementary Functions 

 

[1] The Exponential Functions 

      A real valued function 𝑓ሺ𝑥ሻ ൌ 𝑒௫, 𝑓: ℝ → ℝା, is one-to-one and 
onto function, and 

1. 𝑒௫భ. 𝑒௫మ ൌ 𝑒௫భା ௫మ 

2. 𝑒௫ ൌ 1 ൅ 𝑥 ൅
௫మ

ଶ!
൅

௫య

ଷ!
൅ ⋯ 

 

 

Definition: 

    Let  𝑧 ൌ 𝑥 ൅ 𝑖𝑦, define  

Expሺ𝑧ሻ ൌ 𝑒௭ ൌ 𝑒௫ା௜௬ ൌ 𝑒௫. 𝑒௜௬ ൌ 𝑒௫ሺcos 𝑦 ൅ 𝑖 sin 𝑦ሻ 

If 𝑓ሺ𝑧ሻ ൌ 𝑒௭ ൌ 𝑢 ൅ 𝑖𝑣 → 𝑅𝑒ሺ𝑧ሻ ൌ 𝑒௫ cos 𝑦 , 𝐼𝑚ሺ𝑧ሻ ൌ 𝑒௫ sin 𝑦  

If  𝑦 ൌ 0 → 𝑒௭ ൌ 𝑒௫ 

If  𝑥 ൌ 0 → 𝑒௭ ൌ 𝑒௜௬ ൌ cos 𝑦 ൅ 𝑖 sin 𝑦 

 

Note:  If 𝑓ሺ𝑧ሻ ൌ 𝑒௭, then 

1. 𝑒௭  is an analytic function, since  

𝑢 ൌ 𝑒௫ cos 𝑦 , 𝑣 ൌ 𝑒௫ sin 𝑦 

𝑢௫ ൌ 𝑒௫ cos 𝑦 ൌ 𝑣௬ , 𝑢௬ ൌ െ𝑒௫ sin 𝑦 ൌ െ 𝑣௫ 

and 𝑢௫ , 𝑢௬ , 𝑣௬ , 𝑣௫ , 𝑢 , 𝑣 are continuous functions and satisfy 

C.R.E, therefore 𝑒௭ is differentiable function ∀ 𝑧 ∈ ℂ. 
 
 

ሺ0,1ሻ 

𝒆𝒙 
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2. 𝑓ᇱሺ𝑧ሻ ൌ 𝑒௭, since 𝑓ᇱሺ𝑧ሻ ൌ 𝑢௫ ൅ 𝑖𝑣௫ ൌ 𝑒௫ cos 𝑦 ൅ 𝑖𝑒௫ sin 𝑦 

  ൌ 𝑒௫ሺcos 𝑦 ൅ 𝑖 sin 𝑦ሻ ൌ 𝑒௭    

3. |𝑒௭| ൌ 𝑒௫, since 
|𝑒௭| ൌ ห𝑒௫𝑒௜௬ห ൌ |𝑒௫|ห𝑒௜௬ห  

  ൌ |𝑒௫|ඥcosଶ𝑦 ൅ sinଶ𝑦 

  ൌ |𝑒௫|. 1 

  ൌ |𝑒௫| 

But  𝑒௫ ൐ 0, ∀𝑥 ∈ ℝ , so |𝑒௭| ൌ 𝑒௫ 

4. |𝑒௭| ് 0, since |𝑒௭| ൌ 𝑒௫ ് 0, ∀𝑥 ∈ ℝ  
Note: 𝑒௭ ൌ 0  iff   |𝑒௭| ൌ 0 
 

5. 𝑒௭: ℝ → ℂ െ ሼ0ሽ 

 

Example:  Let 𝑤 ് 0 and 𝑤 ൌ 𝑟𝑒௜ఏ, find 𝑧 if 𝑧 ൌ 𝑟𝑒௜ఏ ൌ 𝑤 

Solution:  

𝑒௭ ൌ 𝑒௫. 𝑒௜௬ ൌ 𝑟𝑒௜ఏ  

→ 𝑟 ൌ 𝑒௫      , 𝑦 ൌ 𝜃 ൅ 2𝑛𝜋 , 𝑛 ൌ 0, ∓1, …  

→ 𝑥 ൌ log 𝑟 , 𝑦 ൌ 𝜃 ൅ 2𝑛𝜋   

∴ 𝑧 ൌ ln 𝑟 ൅ 𝑖ሺ𝜃 ൅ 2𝑛𝜋ሻ   

Therefore  ∀ 𝑤 ∈ ℤ, ∃ infinity number of values of 𝑧 such that 𝑤 ൌ 𝑒௭, 
therefore  𝑒௭ is not one-to-one. 

Note:  𝑒௭ is periodic function with period 2𝜋 

𝑒௭ ൌ 𝑒௭ାଶగ௜ 

Proof: Let  𝑧 ൌ 𝑥 ൅ 𝑖𝑦, hence  

𝑒௭ାଶగ௜ ൌ 𝑒௫ା௜௬ାଶగ௜ ൌ 𝑒௫ା௜ሺ௬ାଶగሻ  

            ൌ 𝑒௫ሺcosሺ𝑦 ൅ 2𝜋ሻ ൅ 𝑖 sinሺ𝑦 ൅ 2𝜋ሻሻ ൌ 𝑒௫ሺcos 𝑦 ൅ 𝑖 sin 𝑦ሻ ൌ 𝑒௭ 
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In general: 𝑒௭ is not one-to-one only if  െ𝜋 ൏ 𝐼𝑚ሺ𝑧ሻ ൏ 𝜋. 

 

Properties of Exponential Function: 

1. 𝑒௭భ. 𝑒௭మ ൌ 𝑒௭భା ௭మ 

2. 𝑒ଵ ௭⁄ ൌ 𝑒ି௭ 

3.  
𝑒௭భ

𝑒௭మ
  ൌ 𝑒௭భି ௭మ 

4. ሺ𝑒௭ሻ௡ ൌ 𝑒௡௭, 𝑛 ∈ ℤ 

Proof: 

1. Let  𝑧ଵ ൌ 𝑥ଵ ൅ 𝑖𝑦ଵ, 𝑧ଶ ൌ 𝑥ଶ ൅ 𝑖𝑦ଶ 

𝑒௭భ. 𝑒௭మ ൌ 𝑒௫భሺcos 𝑦ଵ ൅ 𝑖 sin 𝑦ଵሻ. 𝑒௫మሺcos 𝑦ଶ ൅ 𝑖 sin 𝑦ଶሻ  

 ൌ 𝑒௫భ. 𝑒௫మሺcosሺ𝑦ଵ ൅ 𝑦ଶሻ ൅ 𝑖 sinሺ𝑦ଵ ൅ 𝑦ଶሻሻ  

 ൌ 𝑒௫భା ௫మሺcosሺ𝑦ଵ ൅ 𝑦ଶሻ ൅ 𝑖 sinሺ𝑦ଵ ൅ 𝑦ଶሻሻ 

 ൌ 𝑒௫భା ௫మ. 𝑒௜ሺ௬భା௬మሻ 

 ൌ 𝑒ሺ௫భା௜௬భሻାሺ௫మା௜௬మሻ 

 ൌ 𝑒௭భା ௭మ 

By the same way, we can prove 2 and 3. 

4. ሺ𝑒௭ሻ௡ ൌ ሺ𝑒௫ cos 𝑦 ൅ 𝑖𝑒௫ sin 𝑦ሻ௡ 

   ൌ ൫𝑒௫ሺcos 𝑦 ൅ 𝑖 sin 𝑦ሻ൯
௡

 

   ൌ 𝑒௡௫ሺcos 𝑦 ൅ 𝑖 sin 𝑦ሻ௡ 

   ൌ 𝑒௡௫ሺcos 𝑛𝑦 ൅ 𝑖 sin 𝑛𝑦ሻ 

   ൌ 𝑒௡௫𝑒௜௡௬ 

   ൌ 𝑒௡௫ା௜௡௬ 

   ൌ 𝑒௡ሺ௫ା௜௬ሻ 

   ൌ 𝑒௡௭ 
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5. 𝑒଴ ൌ 1 

6. arg 𝑒௭ ൌ 𝑦 ൅ 2𝑛𝜋 

7. ሺ𝑒௭ሻതതതതതത ൌ 𝑒௭̅ 

Proof:  

ሺ𝑒௭ሻതതതതതത ൌ 𝑒௫ሺcos 𝑦 െ 𝑖 sin 𝑦ሻ 

        ൌ 𝑒௫ሺcos ሺെ𝑦ሻ ൅ 𝑖 sin ሺെ𝑦ሻሻ 

        ൌ 𝑒௫ି௜௬ 

        ൌ 𝑒௭̅ 

 

Polar Coordinates of Exponential Function: 

     If  𝑒௭ ൌ 𝑒௫ሺcos 𝑦 ൅ 𝑖 sin 𝑦ሻ 

               ൌ 𝑟ሺcosሺ𝜃 ൅ 2𝑛𝜋ሻ ൅ 𝑖 sinሺ𝜃 ൅ 2𝑛𝜋ሻሻ 

Where  𝑟 ൌ |𝑒௭| ൌ 𝑒௫, 𝑦 ൌ 𝜃 ൅ 2𝑛𝜋  

 

Example: Solve 𝑒௭ ൌ 𝑖 

Solution:  𝑧 ൌ ln 𝑟 ൅ 𝑖ሺ𝜃 ൅ 2𝑛𝜋ሻ   

𝑟 ൌ |𝑖| ൌ 1  and  𝜃 ൌ arg 𝑖 ൌ
గ

ଶ
൅ 2𝑛𝜋   

∴ 𝑧 ൌ ln 1 ൅ 𝑖 ቀ
గ

ଶ
൅ 2𝑛𝜋ቁ , 𝑛 ൌ 0, ∓1, …   

        ൌ 𝑖 ቀ
గ

ଶ
൅ 2𝑛𝜋ቁ 

Example: Find the value of  𝑧 such that 

𝑒௭ ൌ 1 ൅ √3 𝑖 

Solution:  𝑧 ൌ ln 𝑟 ൅ 𝑖ሺ𝜃 ൅ 2𝑛𝜋ሻ   

𝑟 ൌ √1 ൅ 3 ൌ 2 , 𝜃 ൌ గ

ଷ
൅ 2𝑛𝜋 → 𝑧 ൌ ln 2 ൅ 𝑖 ቀగ

ଷ
൅ 2𝑛𝜋ቁ   

  𝑖    

ሺ1, √3 ሻ



References 

59 
 

 Example: Prove that  

𝑒ቀమశഏ೔
ర

ቁ ൌ √𝑒  ቀ
ଵା௜

√ଶ
ቁ  

Proof:  𝑒ቀ
మశഏ೔

ర
ቁ ൌ 𝑒ቀ 

భ
మ

 ା 
ഏ
ర

 ௜ቁ 

                          ൌ 𝑒
ଵ

ଶൗ ቀcos
గ

ସ
൅ 𝑖 sin

గ

ସ
ቁ  

                          ൌ √𝑒 ቀ 
ଵ

√ଶ
൅

௜

√ଶ
ቁ  

                          ൌ √𝑒 ቀ 
ଵା௜

√ଶ
ቁ 

 

Example: Prove that 

𝑒௭ାగ௜ ൌ െ𝑒௭ 

Proof:  𝑒௭ାగ௜ ൌ 𝑒ሺ௫ା௜௬ሻାగ௜ 

 ൌ 𝑒௫ାሺ௬ାగሻ௜  

 ൌ 𝑒௫ሺcosሺ𝑦 ൅ 𝜋ሻ ൅ 𝑖 sinሺ𝑦 ൅ 𝜋ሻሻ 

 ൌ 𝑒௫ሺെ cos 𝑦 െ 𝑖 sin 𝑦ሻ 

 ൌ െ𝑒௫ሺcos 𝑦 ൅ 𝑖 sin 𝑦ሻ 

 ൌ െ𝑒௭ 

 

Example: Find all the complex solutions of  

𝑒௭ ൌ 1 

Solution: 

  𝑒௭ ൌ 1 → 𝑟 ൌ 1 , 𝜃 ൌ 0   

∴ 𝑧 ൌ ln 1 ൅ 𝑖ሺ0 ൅ 2𝑛𝜋ሻ ൌ 𝑖 2𝑛𝜋   
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Example: Find all the complex solutions of  

𝑒ସ௭ ൌ 𝑖 

Solution:  𝑒ସ௭ ൌ 𝑖 ൌ 𝑒ସ௫ሺcos 4𝑦 ൅ 𝑖 sin 4𝑦ሻ 

𝑟 ൌ 1 , 𝜃 ൌ
గ

ଶ
൅ 2𝑛𝜋 , 𝑛 ൌ 0, ∓1, …   

𝑒ସ௭ ൌ 𝑒ସ௫ሺcos 4𝑦 ൅ 𝑖 sin 4𝑦ሻ  

       ൌ 1. ቀcos
గ

ଶ
൅ 𝑖 sin

గ

ଶ
ቁ 

∴ 𝑒ସ௫ ൌ 1 → 4𝑥 ൌ 𝑙𝑛1 → 𝑥 ൌ 0  

& cos 4𝑦 ൌ cos
గ

ଶ
→ 4𝑦 ൌ

గ

ଶ
→ 𝑦 ൌ

గ

଼
൅ 2𝑛𝜋  

∴ 𝑧 ൌ 𝑥 ൅ 𝑖𝑦 ൌ 0 ൅ 𝑖 ቀ
గ

଼
൅ 2𝑛𝜋ቁ ൌ 𝑖 ቀ

గ

଼
൅ 2𝑛𝜋ቁ   

Note:  

1. 𝑓ሺ𝑧ሻ ൌ 𝑒௭̅  is not analytic at any point (not analytic everywhere).    
(H.w) 

2. 𝑓ሺ𝑧ሻ ൌ 𝑒௜௭ is analytic function. 

Proof: 

𝑒௜௭ ൌ 𝑒ି௬ሺcos 𝑥 ൅ 𝑖 sin 𝑥ሻ  

i. 𝑢௫ ൌ െ𝑒ି௬ sin 𝑥  , 𝑢௬ ൌ െ𝑒ି௬ cos 𝑥 

    𝑢௫ ൌ  𝑣௬                , 𝑢௬ ൌ െ𝑣௫ → C. R. E are satisfied.   

ii. 𝑢 , 𝑣, 𝑢௫ , 𝑢௬ , 𝑣௬ , 𝑣௫ are continuous functions. 

From (i) and (ii), we get 𝑒௜௭ is analytic function and  

൫𝑒௜௭൯
ᇱ

ൌ 𝑢௫ ൅ 𝑖𝑣௫  

 ൌ െ𝑒ି௬ sin 𝑥 ൅ 𝑖𝑒ି௬ cos 𝑥 

  ൌ 𝑖𝑒ି௬ሺcos 𝑥 ൅ 𝑖 sin 𝑥ሻ 

  ൌ 𝑖𝑒௜௭ 
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 [2] Trigonometric Functions  

Definition:  Let  𝑧 ൌ 𝑥 ൅ 𝑖𝑦, define 

sin 𝑧 ൌ
𝑒௜௭ െ 𝑒ି௜௭

2𝑖
 , cos 𝑧 ൌ

𝑒௜௭ ൅ 𝑒ି௜௭

2
 

tan 𝑧 ൌ
sin 𝑧
cos 𝑧

   , cot 𝑧 ൌ
cos 𝑧
sin 𝑧

 

sec 𝑧 ൌ
1

cos 𝑧
   , csc 𝑧 ൌ

1
sin 𝑧

 

 

Note:  sin 𝑧  and cos 𝑧 are analytic functions in the complex plane, 
hence they’re entire functions, but tan 𝑧 , sec 𝑧 are analytic only 
when cos 𝑧 ് 0. 

Note:   

1. ሺsin 𝑧ሻᇱ ൌ
ଵ

ଶ௜
ൣ𝑖𝑒௜௭ ൅ 𝑖𝑒ି௜௭൧ 

                  ൌ
௘೔೥ା ௘ష೔೥

ଶ௜
ൌ cos 𝑧 

2. ሺcos 𝑧ሻᇱ ൌ
ଵ

ଶ
ൣ𝑖𝑒௜௭ െ 𝑖𝑒ି௜௭൧ ൌ

௜

ଶ
ൣ𝑒௜௭ െ 𝑒ି௜௭൧ 

                  ൌ െ ቂ
௘೔೥ି ௘ష೔೥

ଶ௜
ቃ ൌ െ sin 𝑧 

Note: 

1. cosଶ𝑧 ൅ sinଶ𝑧 ൌ 1 

Proof:  

cosଶ𝑧 ൅ sinଶ𝑧 ൌ ቀ
௘೔೥ା௘ష೔೥

ଶ
ቁ

ଶ
൅ ቀ

௘೔೥ି௘ష೔೥

ଶ௜
ቁ

ଶ
  

 ൌ
௘మ೔೥ାଶା ௘షమ೔೥ି௘మ೔೥ା ଶି ௘షమ೔೥

ସ
 

 ൌ
ସ

ସ
 

 ൌ 1 
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2. cos 𝑧 ൌ cos𝑥 cosh𝑦 െ 𝑖 sin𝑥 sinh𝑦 

    where cos 𝑖𝑦 ൌ cosh𝑦 , sin 𝑖𝑦 ൌ sinh𝑦 

3. sin 𝑧 ൌ sin𝑥 cosh𝑦 ൅ 𝑖 cos𝑥 sinh𝑦 

4. |sin 𝑧|ଶ ൌ sinଶ𝑥 ൅ sinhଶ𝑦 

5. |cos 𝑧|ଶ ൌ cosଶ𝑥 ൅ sinhଶ𝑦 

Note:  sin𝑧  and cos𝑧 are periodic, since 

1. sinሺ𝑧 ൅ 2𝜋ሻ ൌ sin 𝑧 

2. cos ሺ𝑧 ൅ 2𝜋ሻ ൌ cos 𝑧 

But  

3. tan ሺ𝑧 ൅ 𝜋ሻ ൌ tan 𝑧 

Proof:  1. (H.w) 

2. cos ሺ𝑧 ൅ 2𝜋ሻ ൌ cos ሺ𝑥 ൅ 𝑖𝑦 ൅ 2𝜋ሻ ൌ cos ሺ𝑥 ൅ 2𝜋 ൅ 𝑖𝑦ሻ 

 ൌ cos ሺ𝑥 ൅ 2𝜋ሻcosh𝑦 െ 𝑖 sinሺ𝑥 ൅ 2𝜋ሻsinh𝑦 

 ൌ cos 𝑥 cosh𝑦 െ 𝑖 sin𝑥 sinh𝑦 

                           ൌ cos𝑧 

3. (H.w) 

Note:  The zeros of sin 𝑧  and cos 𝑧 are real. 

Example: The zero of  cos 𝑧  is  𝑧 ൌ గ

ଶ
൅ 𝑛𝜋. 

Solution:  

cos 𝑧 ൌ 0  

→ cos𝑥 cosh𝑦 െ 𝑖 sin𝑥 sinh𝑦 ൌ 0 ൅ 0𝑖  

∴ cos𝑥 cosh𝑦 ൌ 0    … ሺ1ሻ  

&  sin𝑥 sinh𝑦 ൌ 0    … ሺ2ሻ  

Since cos 𝑥 cosh𝑦 ൌ 0 → either cos 𝑥 ൌ 0 or cosh𝑦 ൌ 0 
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If cos𝑥 ൌ 0 → 𝑥 ൌ
గ

ଶ
൅ 𝑛𝜋 

Substituting in (2) we get 

sinh𝑦 ൌ 0 → 𝑦 ൌ 0  

If cosh𝑦 ൌ 0 → this is not possible since ሺ cosh𝑦 ൌ
௘೤ା ௘ష೤

ଶ
് 0, ∀ 𝑦 

and  sinh𝑦 ൌ
௘೤ି ௘ష೤

ଶ
ൌ 0  if  𝑦 ൌ 0ሻ.  

∴ 𝑧 ൌ 𝑥 ൅ 𝑖𝑦 ൌ
గ

ଶ
൅ 𝑛𝜋 ൅ 0  

∴ 𝑧 ൌ
గ

ଶ
൅ 𝑛𝜋   

Note: If we take equation (2) we get: 

sin𝑥 sinh𝑦 ൌ 0 → either sin𝑥 ൌ 0 or sinh𝑦 ൌ 0  

If sin𝑥 ൌ 0 → this is not possible since  

sin ቀ 
𝜋
2

൅ 𝑛𝜋ቁ ് 0 

Then sinh𝑦 ൌ 0 → 𝑦 ൌ 0 

∴ 𝑧 ൌ
గ

ଶ
൅ 𝑛𝜋 ൅ 0 ൌ

గ

ଶ
൅ 𝑛𝜋  

 

Note:  Cosh𝑦 ሺ the range of coshy ൒ 1ሻ is always positive. 

 

 

 

Example: Find all the roots of  

sin𝑧 ൌ 3 

Solution: 

 sin𝑧 ൌ sin𝑥 cosh𝑦 ൅ 𝑖 cos𝑥 sinh𝑦 

 sin𝑧 ൌ 3 → sin𝑥 cosh𝑦 ൅ 𝑖 cos𝑥 sinh𝑦 ൌ 3 ൅ 0𝑖  

1
𝒄𝒐𝒔𝒉
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sin𝑥 cosh𝑦 ൌ 3    … ሺ1ሻ  

cos𝑥 sinh𝑦 ൌ 0    … ሺ2ሻ  

From (2) we get: 

cos𝑥 sinh𝑦 ൌ 0, then 

Either  cos𝑥 ൌ 0 → 𝑥 ൌ
గ

ଶ
൅ 𝑛𝜋  

Or  sinh𝑦 ൌ 0 → y=0  this is not possible  

Then cos𝑥 ൌ 0 → 𝑥 ൌ
గ

ଶ
൅ 𝑛𝜋  

from (1) we get: 

sin
గ

ଶ
൅ 𝑛𝜋 ൌ ቄ 1         𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

െ1              𝑛 𝑖𝑠 𝑜𝑑𝑑
     

If n is even then  cosh𝑦 ൌ 3 → 𝑦 ≅ 1.8 

If n is odd then cosh𝑦 ൌ െ3  this is not possible 

Example: Find all the roots of  

sin ሺ𝑧̅ ൅ 𝑖ሻ ൌ 2𝑖 

Solution: sinሺ𝑧̅ ൅ 𝑖ሻ ൌ sinሺ𝑥 െ 𝑖𝑦 ൅ 𝑖ሻ ൌ sin ሺ𝑥 ൅ 𝑖ሺ1 െ 𝑦ሻሻ 

→ sin൫𝑥 ൅ 𝑖ሺ1 െ 𝑦ሻ൯ ൌ 0 ൅ 2𝑖   

→ sin𝑥 coshሺ1 െ 𝑦ሻ ൅ 𝑖 cos𝑥 sinhሺ1 െ 𝑦ሻ ൌ 0 ൅ 2𝑖   

sin𝑥 coshሺ1 െ 𝑦ሻ ൌ 0    … ሺ1ሻ  

cos𝑥 sinhሺ1 െ 𝑦ሻ ൌ 2    … ሺ2ሻ  

From (1) we get: 

sin𝑥 coshሺ1 െ 𝑦ሻ ൌ 0, then 

Either coshሺ1 െ 𝑦ሻ ൌ 0 → this is not possible 

Or  sin𝑥 ൌ 0 → 𝑥 ൌ 𝑛𝜋 

Then cos 𝑛𝜋  ൌ ቄ 1         𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛
െ1              𝑛 𝑖𝑠 𝑜𝑑𝑑
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From (2) we get:  

If n is even then sinhሺ1 െ 𝑦ሻ ൌ 2, then →  1 െ 𝑦 ൌ sinhିଵሺ2ሻ 

                                                               →    𝑦 ൌ െ sinhିଵ2 ൅ 1 

                                        →  𝑦 ൌ 0.4 

If n is odd then sinhሺ1 െ 𝑦ሻ ൌ െ2, then →  1 െ 𝑦 ൌ sinhିଵሺെ2ሻ 

                                                               →    𝑦 ൌ െ sinhିଵ2 ൅ 1 

                                        →  𝑦 ൌ 2.4 

Example:  Prove that  

ห𝑒ଶ௭ା௜ ൅ 𝑒௜௭మ
ห ൑ 𝑒ଶ௫ ൅ 𝑒ିଶ௫௬ 

Proof:  

ห𝑒ଶ௭ା௜ ൅ 𝑒௜௭మ
ห ൌ ห𝑒ଶ௫ା௜ሺଶ௬ାଵሻ ൅ 𝑒௜ሺ௫మି ௬మା ଶ௜௫௬ሻห  

                         ൑ ห𝑒ଶ௫ା௜ሺଶ௬ାଵሻห ൅ ห𝑒௜ሺ௫మି ௬మା ଶ௜௫௬ሻห 

 ൌ ห𝑒ଶ௫ 𝑒௜ሺଶ௬ାଵሻห ൅ ห𝑒ିଶ௫௬ 𝑒௜ሺ௫మି ௬మሻ ห 

 ൌ 𝑒ଶ௫ ൅ 𝑒ିଶ௫௬                   (Since 𝑒௜… ൌ 1) 

[3] Hyperbolic Functions 

     The hyperbolic Sine and Cosine of a complex variable defined as 
they are with a real variable; that is, 

1. Sinh 𝑧 ൌ
௘೥ି ௘ష೥

ଶ
 ,   Cosh 𝑧 ൌ

௘೥ା ௘ష೥

ଶ
 

Since  𝑒௭ and 𝑒ି௭ are entire functions, then it follows from 
definition (1) that sinh 𝑧  and cosh 𝑧 are entire functions, 
furthermore, 

1. 
ௗ

ௗ௭
 sinh 𝑧 ൌ cosh 𝑧 

2. 
ௗ

ௗ௭
 Cosh 𝑧 ൌ Sinh 𝑧 
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3. coshଶ𝑧 െ sinhଶ𝑧 ൌ ቀ
௘೥ା ௘ష೥

ଶ
ቁ

ଶ
െ ቀ

௘೥ି ௘ష೥

ଶ
ቁ

ଶ
  

         ൌ
௘మ೥ାଶା ௘షమ೥ି ௘మ೥ା ଶି ௘షమ೥

ସ
 

         ൌ 1 

4. Sinh 𝑧  and Cosh 𝑧 are periodic functions with period 2𝜋𝑖. 

 Show that  

sinhሺ𝑧 ൅ 2𝜋𝑖ሻ ൌ sinh 𝑧 

Proof: 

sinhሺ𝑧 ൅ 2𝜋𝑖ሻ ൌ
௘೥శమഏ೔ି ௘ష೥షమഏ೔

ଶ
  

 ൌ
௘೥.௘మഏ೔ି ௘ష೥.௘షమഏ೔ 

ଶ
 

 ൌ
௘೥ሺୡ୭ୱ ଶగ௜ା௜ ୱ୧୬ ଶగ௜ሻି ௘ష೥ሺୡ୭ୱሺିଶగ௜ሻା௜ ୱ୧୬ሺିଶగ௜ሻሻ 

ଶ
 

 ൌ
௘೥ି ௘ష೥ 

ଶ
                 ሺcos 2𝜋𝑖 ൌ 1 , sin 2𝜋𝑖 ൌ 0ሻ 

      ൌ sinh 𝑧 

 

5. |sinh 𝑧|ଶ ൌ sinhଶ𝑥 ൅ sinଶ 𝑦 

Proof: 

|sinh 𝑧|ଶ ൌ sinhଶ𝑥 cosଶ 𝑦 ൅ coshଶ 𝑥 sinଶ 𝑦  

                ൌ sinhଶ𝑥ሺ1 െ sinଶ 𝑦ሻ ൅ ሺ1 ൅ sinhଶ𝑥ሻ sinଶ 𝑦 

 ൌ sinhଶ𝑥 െ sinhଶ𝑥 sinଶ 𝑦 ൅ sinଶ 𝑦 ൅ sinhଶ𝑥 sinଶ 𝑦 

 ൌ sinhଶ𝑥 ൅ sinଶ 𝑦 

 

6. |cosh 𝑧|ଶ ൌ cosଶ𝑦 ൅ sinhଶ 𝑥     (H.w) 
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7. The zeros of  Sinh 𝑧 are  𝑧 ൌ 𝑛𝜋𝑖 

Proof:  

sinh 𝑧 ൌ sinh 𝑥 cos 𝑦 ൅ 𝑖 cosh 𝑥 sin 𝑦  

sinh 𝑧 ൌ 0 → sinh 𝑥 cos 𝑦 ൅ 𝑖 cosh 𝑥 sin 𝑦 ൌ 0 ൅ 0𝑖 

sinh 𝑥 cos 𝑦 ൌ 0  … ሺ1ሻ 

cosh 𝑥 sin 𝑦 ൌ 0  … ሺ2ሻ 

From (1), we get: 

sinh 𝑥 cos 𝑦 ൌ 0, then 

Either sinh 𝑥 ൌ 0 or cos 𝑦 ൌ 0 

If  sinh 𝑥 ൌ 0 → 𝑥 ൌ 0 

Substituting in (2), we get: 

sin 𝑦 ൌ 0 → 𝑦 ൌ 𝑛𝜋 

If cos 𝑦 ൌ 0 → this is not possible 

∴ 𝑧 ൌ 𝑥 ൅ 𝑖𝑦 ൌ 0 ൅ 𝑖ሺ𝑛𝜋ሻ ൌ 𝑛𝜋𝑖 

 

Note: The Cosh cannot be negative in real numbers, but it can be 
in complex numbers. 

 

 

 

 

 

 

Example:  Solve  𝑒ଶ௭ିଵ ൌ 1  

Solution:  

1

𝒄𝒐𝒔𝒉𝒙𝒔𝒊𝒏𝒉𝒙
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𝑒ଶ௭ିଵ ൌ 𝑒ଶሺ௫ା௜௬ሻିଵ ൌ 𝑒ଶ௫ିଵ. 𝑒ଶ௜௬   

                       ൌ 𝑒ଶ௫ିଵሺcos 2𝑦 ൅ 𝑖 sin 2𝑦ሻ  

𝑒ଶ௭ିଵ ൌ 1 → 𝑒ଶ௫ିଵሺcos 2𝑦 ൅ 𝑖 sin 2𝑦ሻ ൌ cos 0 ൅ 𝑖 sin 0  

𝑒ଶ௫ିଵ cos 2𝑦 ൌ 1 … ሺ1ሻ  

𝑒ଶ௫ିଵ sin 2𝑦 ൌ 0  … ሺ2ሻ  

From (2), we get 

Either 𝑒ଶ௫ିଵ ൌ 0 or cos 2𝑦 ൌ 0 

If 𝑒ଶ௫ିଵ ൌ 0 → this is not possible 

If sin 2𝑦 ൌ 0 → 2𝑦 ൌ 𝑛𝜋 → 𝑦 ൌ
௡గ

ଶ
 , 𝑛 ൌ 0, ∓1, … 

Substituting in (1), we get: 

𝑒ଶ௫ିଵ ൌ 1 → 2𝑥 െ 1 ൌ 0 → 𝑥 ൌ
ଵ

ଶ
  

∴ 𝑧 ൌ 𝑥 ൅ 𝑖𝑦 ൌ
ଵ

ଶ
൅ 𝑖

௡గ

ଶ
ൌ

ଵ

ଶ
 ሺ1 ൅ 𝑛𝜋𝑖ሻ  

 

  


