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Chapter Two

Analytic Functions

[1] Functions of a Complex Variable

Definition:

A function f defined on a set A to a set B is a rule assigns a
unique element of B to each element of A4; in this case we call f a
single function.i.e.:. f:A—> B, A, B<S C

VzeA3AlweBs.tw=f(z)€EB xka

The domain of f in the above def. is A and the range is the set R
of elements of B which f associate with elements of A.

Definition:

Note: The elements in the domain of f are called independent
variables and those in the range of f are called dependent
variables.

Definition:

A f rule which assigns more than one number of B to any
number of A is called a multiple valued function.

Example:

L@ =@

Has two roots therefore f(z) is a multiple function.
2.f(2) = (@75 = (2% /s

Has five roots therefore f(z) is a multiple function. In general, if
f(z) = argz then f is a multiple function.

3. If f(z) = Argz then f is a single function.
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Note:

1. Let f:Z->W, if Z and W are complex, then f is called
complex variables function (a complex function) or a
complex valued function of a complex variable.

2. If A is a set of complex numbers and B is a set of real
numbers then f is called real—valued function of a complex
variable, conversely f is a complex—valued function of real

variables.

Example: Find the domain of the following functions

1Lf(2) =

N | =

Ans.: D = C\ {0}

1
z2+4+1

Ans.: Dy = C\ {—i,i}

2.f(z) =
3.f(2) =22
Ans.: Dy = C, f isreal—valued.

4.f@) =y [ e dt+iYpoy"

\ J \ )
Y Y
Improper Geometric
integral series

Ans.: Dy =x € (0,00) andy € (—1,1)

(What are the conditions that must be satisfied for x so the

integration will be converging?)

Definition: A complex function

f(2) =ay+ayz+az* + -+ apz"

n is a positive integer and a,, a ...a, € C, is a polynomial of degree

n (a, # 0).
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Chapter Two Analytic Functions

P(z)
Q)"
polynomials, is called a rational function.

Definition: A function f(2) = where P and Q are two

Note: Dy = C\ {z: Q(z) # 0}

¢ Suppose that:

w = u + iv is the value of a function f atz = x + iy
Le:f(@)=fx+iy)=u+iv

each of the real numbers u and v depends on the real variables x
and y, and it follows that f(z) can be expressed in terms of a pair of
real—valued functions of real variables x and y.

f2) =ulxy)+ivxy)
If the polar coordinates r and 6 are used instead of x and y, then
u+iv=f(re?)
Where w = u + ivand z = re'®, in that case, we may write

f(2)=u(r,0)+iv(r,0)

Example: If f(z) = z?, then
fx+iy)=(x+iy)? =x%2—y2+i2xy

Hence: u(x,y) = x2 —y?%, v(x,y) = 2xy, when polar coordinates
are used

f(re?) = (rei‘g)2
_ 12,026
=1r2cos20 +ir?sin26

Therefore: u(r,0) = r? cos 26

v(r,0) = r?sin 26
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Chapter Two Analytic Functions

Note: If v(x,y) = 0then fisreal, i.e. f is real—valued function.

[1] Limits

Let f be a function at all points z in some deleted neighborhood
of z,, the statement that the limit of f(z) as z approaches z, is a
number w, or that

lim f(2) = wy,
zZ—2Z

Means that for every e > 0 there exists § > 0 such that
|f(z) — f(zy)| < € whenever |z —2z,| <&

And this means: z — z; in z — plane

w = w, in w — plane

w = f(z)

Example: Prove that
iz 0
im>=3

Such that f is defined on |z| < 1.

Proof: f(z) :%Z

ko
<

Let € >0, T.p. 36 > 0such that

|z—1|<6—>|f(z)—%|<e
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Tofind 6

ro =3 =[5 -3l = Bi- )
Let 6 = 2¢ then:

-4 = <2<
Note: |i| = 1

Example: If f(z) = z%, |z| < 1, prove that

limz%2 =1
z-1

Proof: Let e >0, T.p.36 > 0s.t
|z2 — 1] < € whenever 0< |z—1| < §

22 -1 =|z+ 1||lz=1]| < (|z] + D]z — 1]

<2z-1|<e
=lz—1| <<
2
~ chose § =§
~limz? =1
z—1

Example: Prove that
lim [2x+y)+ily—x)]=4+1i

z>1+2i
Proof: f(z) = 2x+y) +i(y —x)
Zzo=1+2i, z=x+1iy
L=4+1i
Let e>0,T.p.38>0s.t0<|z—2)| <8 - |f(z)—L|<e
|1z —zo| = |x + iy — 1 — 2i]
=lx-1D+i(y—-2)I <6
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Chapter Two Analytic Functions

- lx -1 < [(x -1 +i(y —2)|

If@z) - Ll =2x+y+ily —x) —4—i
<|2x+y—4+i(y—x—-1)|
<|2x-24+y-=-2|+]ily—x—1)]
=12x—2+y—-2|+|y—2—-x+1]
<2x—1|+|y—-2|+|y—-2|+ |x —1]

=3|x — 1| + 2|y — 2|

Let § = min(g ,Z) =§

&mhﬂmﬂx—1|<5<§

|y—2|<5<§

Slf@-L < Z+5<e
Exercise: Prove that

lim z2 = z2
z-z

Properties of Limit:

1. If f(z) = c then leg}) f(z) =c.

2.1f f(z) = z then Zli)rzr(l) f(z) = z,.

3. Jim(f(2) F9() = lim f(2) F lim g(2).
- f@ _ RSP

4. lim =20
z—24 9(2) leglo 9(2)

5. lim f(2). g(z) = lim f(2). lim g(2)
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Proof:

1-Let e >0, T.p.38 >0 s.t |[f(z) —c| < e whenever |z—2,| <§
—|f(2)—cl=lc—c|=0

Let 6 be any real number

~ lim f(z) =c

YAYA

2-Let € >0, T.p.36>0, |f(2) —zyl <€ if [z—2zy| <6

= |f(2) =zl =z —2z|l <€
Chosee =4
~ lim f(2) = z,

VA AS

Example: Find limit f(2) if its exist, such that

f(Z)Z 2xy n x?

x2+y2 E
Proof: Assume that limit f(z) exists.
Lety = 0, we get

. _ . — . 2 . —
lez‘(fiof () = (x,yl)lg%o,O)f () }clgtl)x t=0

Letx = 0,weget limf(z) =0

Lety = x, then
NV o (2L
zl—r>%f(z) B (x,x)lir(lo,o)f(z) N (x,x)ILI%O,O) 2x%2 1+ xl

x? x?
lim 1+ i|l=1+ Ilim i=14+40=1
(x,)—(0,0) 1+x (xx)~(0,0)1 + x

This is impossible; therefor this limit is not exist.
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Chapter Two Analytic Functions

Note: The limit in the real numbers is studying the approaches
from the right and left, but in the complex numbers is studying
from every side of the circle.

C R

Theorem: If lim f(z) = wy,then lim f(z) = w,
Z—2Z Z=Zg

Then w; = w,. (The limit is unique)
Proof: Lete > 0
Since

lim f(z) =w; »36; >0,if |z — z5] < 6;
zZ-2Z,

> 1f(@) —wil <3
Since

llm f(Z) =wy; - 362 > O,iflz_Zol < 62
z-2Z,

- |f(2) — w,] <§

lwy —wa| = [w; = f(2) + f(2) —wy|
< |wy = f@|+ |f(2) — w,
< §+§= €

Chose 6 = min(d,,9,)

swy —wy| <€

[‘ 34



Chapter Two Analytic Functions

W =W
Theorem: Let f(z) = u(x,y) + iv(x,y) such that z = x + iy,
Zo = Xo + Yo ,Wo = Uy + ivy, Then

lim f(2) = w, iff m u(x,y) = uO,Zli_)r?0 v(x,y) =1,

li
Z—Zg Z—Zg

Note: C is a complete space, since f is converge iff u, v are
converge, but u, v are converge and u, v are real functions.
Therefore it is Cauchy

=~ f is converge — f is Cauchy
=~ C is complete
Note: p(z) = ay+ a;z+ ayz?> + -+ a,z"s.taq; €C,i=0,1,..,n
Then
lim p(z) = p(z)
0
Example: Find limit of f(2) if it's exist

1 lim 4x2y?—1+i(x%-y?)—ix

z—3—4i Jx2+y?

Solution:

(ax?y?-D)+i(x%-y?-x)

lim =
z—3—4i Jx2+y2
. 4x%y?-1 . .. x%—y?—x
= lim +i lim
Z—3—41 \/x?%+y? z—3—4i Jx2+y2
=115 — 2i
.z—i
2. lim =
z—-i Z°+1
Solution:
zZ—i . z—1 : z—i . zZ—1i
= lim = lim = lim

71 z2+1 z—i 2%2—(-1) 7—i z2—12 7z—i (z—1)(z+1)
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= 11ms =
z—i (z+1) 2i

2 . .

. z“+(3—-1i) z+2-2i
3. lim ,
z-(-1,i) z+1-1

Solution:

Note: z2+ (3—i)z+2—-2i=(z+1-0)(z+2)

. z22+(3-i)z+2-2i . (z+1-0)(z+2)
- z—}%inu) z+1-i - Z_}%_Li) (z+1-0)
= z—}%ﬂ,i)(z +2)
——14i+2
=141

[3] Continuity

Definition:

A function f is continuous at a pointz, if all of the three
following conditions are satisfied:

1. zh—gl f(2) exists,
2. f(zy) exists,
3. lim f(2) = f(20)

A function of a complex variable is said to be continuous in a
region R if it is continuous at each point R.

Theorem: If f, g are continuous functions at z, then

1. f + g is continuous.

2. f. g is continuous.
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3.5 , 9(zy) # 0is continuous.

4. fog is continuous at z, if f is continuous at g(z,).

Example: f(z) = z?%is continuous in complex plane since V z, €
C

1. f(z) = 2§
2. lim f(z) = z2
zZ-27

3. Iim f(2) = f (z0)

2_
Example: Is f(z) = % continuous at z = 1

Solution: f is not continuous since f (1) not exist

_ z2—1 _ (zo—1D(zp+1) _
f(ZO) - zo—1 - Zg—1 — ZO + 1

Zl_l)gnf(z) =2
But f(1) =2

wlim f(z) # f(1)

Theorem: f(z) = u(x,y) + iv(x,y) is continuous at z, iff u(x,y)
and v(x,y) are continuous at (x,, y)-

Proof: Let f be continuous at z, , then
lim f(z) = f(2)
Z—Zg

That means:

Zlir? (ux,y) +iv(x,y)) = ulxy, yo) + i v(x0,¥o)
—Zy

[‘ 37



Chapter Two Analytic Functions

- lim u(x,y) + ilim v(x, y) = u(x, yo) + i v(xo, ¥o)
AIA

VAT

s lim u(x, y) = ulxg, vo)
ZZ

limv(x,y) = v(xy, ¥o)
Z—Z,

~ u, v are continuous at z,.

Example: Is f(x + iy) = x? + y* + ixy continuous at (1, 1)
Solution: u(x,y) = x? +y2, v(x,y) = xy

By the above theorem

u(1,1) =2, }Cl_r)r} u(x,y) =2 =u(l1,1)
y—-1

v(1,1) =1, J161_1)1} vix,y) =1=v(1,1)
y-1

~ u, v are continuous at (1,1)

= f(z) is continuous at (1,1).

Example: Find the limit if it’s exists

. VA
lim —
z-0Z

Solution:
Sz . x—=1ly
lim- = lim -
z-0Z z-0x + 1y

LIfy=0-lim=Z=1

x—-0X

2. Ifx=0—>lim_—iy=—1

y—0 1y
~ The limit is not exist.

Example: Discuss the continuity of
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zZ—1 . .
f(Z)— m lf ZF1—1

20  if z=7Fi
Solution: Note f is not continuous at z = +i.

(Since f( +i) is undefined)

_ _ _ zZ—1 . 1 1
f(z) =2 and lim f(z) = lim Z—F = lim 7o = o

But f is not defined at z = —i, therefore f is not continuous at z =
i, thatis f is continuous at {z € C\{—i,i}}

Example: Discuss the continuity of

zZ+4 .
o) = 7 T i if z+—2i
—4i if z=-2i

Solution: fiscontinuous atVv z # —2i.
When z = —2i
lim f(z) = f(—2i) = —4i
z—->=21

_ o (z=2D(z+2D) ]
Am fl) = lim — oy - ¥

But f is not defined at z = —2i
~ f is not continuous at z = —2i.

Thenis f iscontinuousat{z € C: z # —2i }

Exercise: Discuss the continuity of

—jjfi if z#¥2i
f@=y"1 .
7t if z=-2i
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[4] Derivative

Let f be a function whose domain of definition contains a

neighborhood |z — z,| < € of a point z,. The derivative of f at z, is
the limit

fGa) = tim KL

and the function f is said to be differentiable atz, when
f'(zy) exists. If Az = z — z,, then Az - 0 when z — z,. Thus

f(zo + Az) — f(20)
Az

f'(z0) = AI;I_T}O

Theorem: If f is differentiable at z,, then f is continuous at z,.

Proof: To prove f is continuous, we must prove that

lim £(2) = (z)

lim £(2) — f(zg) = lim |12 =L))o
z-2z, z—2Z, Z—Z
- i FEZT imr—)
— F(z). 0

=0

« lim £(2) = £(z0)
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Differentiation Formulas:

In the following formulas, the derivative of a function f at a
point z, is denoted by either %f(z) or f'(z,).

d .
1.— ¢ =0, cisconstant
dz

d
2.—z=1
dz

3.0 (cf@) =cf @

a d d ’ /
4—lf+gl=—f+_g9=f +yg
5. [f.gl=f.g +g.f

a L] _9f'-fg
6. = [g =Tz g+0

i ny _ n—1
7'dz (z7") =nz

8. (gof)'(z0) = g'(f(20)) - ' (20)

Note: If w = f(z) and W = g(w), then

aw _ dw dw

= — .—  (The Chain rule)
dz dw dz

Example: Find the derivative of f(z) = (2z% +i)°
Solution: writew = 2z2 +iand W = w?

Then:

% (222 +10)° = sw*. 4z = 20 z(22% + i)*

41



Chapter Two Analytic Functions

Examples: Find f'(z) by using the definition of derivative:
1. f(2) = z2
Solution:

dw  (z+Az)? -z
— = lim
dz  Az—0 Az

. Z%+2z Az+(Az)?-z?
= lim
Az—0 Az

. Az(2z+Az)
= lim —————=
Az—0 Az

= Al;r_r)lo(Zz + Az)

=2z

1. flz2) =2
Solution:

aw = z+Az-Z
dz T Az

Z+Az—-2Z

= lim
Az—0

= lim —
Az—0Az

Let Az = (Ax,Ay) approach the origin (0,0) in the Az —plane. In
particular, as Az — 0 horizontally through the point (Ax, 0) on the
real axis, then

Ay
Az=Ax+10=Ax—i0

g (0,4y)
=A 0

X+ 1 | Ax
= Az (0,0) (Ax, 0)
Az Az

~ lim — = lim =1

Az—»0Az Az-0AZ
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When Az approaches (0, 0) vertically through the point (0, Ay) on
the imaginary axis, then

Az=0+1Ay=0—iAy
=—(0+1iAy)
= —-Az

. E—l' ~Az .
Az Az

But the limit is unique, and then Z—VZV IS not exist.

[5] Cauchy — Riemann Equations (C-R-E)

Theorem: Suppose that f(z) = u(x,y) + iv(x,y) and f '(z) exists
at a point z, = x, + iy,. Then the first-order partial derivatives of u
and v must exist at (x,,y,), and they must satisfy the Cauchy-
Riemann equations

There is also

f'(20) = uy + ivy
Where these partial derivatives are to be evaluated at (x,, y,).
Proof:

Let f be differentiable at z, then

f(zo + Az) — f(20)
Az ’

f'(zy) = lim Az = Ax + iAy
Az—0

u(xg+Ax, yo+Ay)+iv(xg+Ax,yo+Ay)—u(x9,¥0)—iv(x9,¥0)

= lim

AZ—0 Ax+iAy
s ulxo+Ax, yo+Ay)—ulxoyo) | ... v(Xo+Ax, Yo+Ay)-v(xo,Y0)
= lim , +ilim :

Az—0 Ax+iAy Az—0 Ax+iAy

Let y=0= Ay=0= Az=Ax—->0
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. ulxo+Ax, yo)—ulx,¥o) . .,. Vv(xo+Ax,yo)—v(x0,¥0)
= lim +ilim

Ax—0 Ax Ax—0 Ax

= Uy (X0, ¥0) + ivx(x0,¥0) ... (1)
let x=0= Ax=0= Az=iAy -0

_ . u(xOJ 370+Ay}_u(xOLV0) PR v(xOJ y0+Ay)_v(xOryO)
= lim - +i lim -
iAy—0 Ay iAy—0 iAy

= % uy(xOr yO) + Uy(xo, yO)
= vy(xO! :VO) - iuy(xOI yO) (2)
From (1) and (2) we get

Uy =Dy, Uy = —Vy

Note:

L f'(2) = uy +iv, orf'(z) = u, —ivy .
2. If f'(2) exists then C-R-Eq. are satisfied, but the converse is
not true.

The converse of the above theorem is not necessary true:

Example: Let
0 ifz=0
f(@) ={(2)2
—(ZZ) if z#0
Solution: The C-R-Eq. are satisfied
2)?*
yoon o f@=fO) =0
f(O)—il_r)% z—0 —1Z1_I)r(1) z—0
=\ 2
. Z
= lim (%)
e (xe—iy)?
B y—{% (x+iy)?

Let y=0- f'(0) =1
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Let x=0- f'(0) =1

y2(1-i)?  1-2i-1
y2(1+i)2  142i-1

Let y=x- f'(0) =

_ -2i

2i

=-1

~ f'(z) isnot existat z = 0.

Example: f(z) = z2 = x2 — y? + 2 ixy
Solution:
ulx,y) =x2—y% > u, = 2x

v(x,y) =2xy - v, =2x

S f'(2) =uy +ive =2x+ 2y = 2(x +iy) = 2z

Example: f(z) =Z=x— iy

Solution: u(x,y)=x - u,=1
v(x,y) =-y- v, =-1

~ Uy # vy — f is not differentiable at z.

Note: The following theorem gives a necessary and sufficient
condition to satisfy the converse of the previous theorem.

Theorem: Let f(z) = u(x,y) + iv(x,y) , and

L, v, uy, vy, u,, vy, arecontinuous at N.(z,)
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2. Uy =V, Uy = —Vy
Then f is differentiable at z, and
f'(z0) = uy +iv,
f'(z0) = vy, —iu,
Example: Show that the function
f(z) =eYcosx+ie¥Ysinx

Is differentiable z for all and find its derivative.
Solution:
Let u(x,y) =e Y cosx
- u, =—e Vsinx

u, = —e Y cosx
v(x,y) = e ¥Ysinx
- v, =eYcosx

v, = —e Vsinx
Luy,=v, and u, = —vy
2.U, UV, Uy, Vy, Uy, Vyarecontinuous
Then f'(z) exist. Tofind f'(z) = u, + iv,
f'(z) = uy +iv, = —eYsinx +ie Y cosx

= e Y(icosx — sinx)
= je Y (cosx + isinx)

— ie—yeix
— ieix—y
— iei(x+iy)
= je“”
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[6] Polar Coordinates of Cauchy — Riemann Equations

Let f(z) =u(r,0) +iv(r,0), then Cauchy-Riemann equations
are:

And f'(zy) = e O (u, +iv,).

Example: Use C-R equations to show that the functions
1 f(2) = |zI?

2.f(z)=z—-2Z

are not differentiable at any nonzero point.

Solution:

1. |z|* = x? + y?

ulx,y) =x2+vy%, v(x,y)=0

U, = 2X , v, =0
uy=2y , vy=2x

C-R equations are not satisfied, therefore f' is not exist.

2.z—Z=((x+1iy) — (x —iy)

=x+iy—x+1iy
=2yi
u(x,y) =0 , vix,y) =2y
U, =0 ) vy =0
uy, =0 , vy, =2

C-R equations are not satisfied, hence f' is not exist.
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Example: Use C-R equations to show that f'(z) and f''(z) are
exist everywhere

1. f(z) =2z
Solution:
f(2)=2° = (x +iy)®
= x3 + 3x2%iy + 3x(iy)? + (iy)3
=x3+ 3ix%y — 3xy? —iy3
=x3 —3xy? +i(Bx%y —y?)
u(x,y) = x3 — 3xy? - u, = 3x% — 3y?
U, = —6bxy
v(x,y) = 3x%y —y* > v, = 6xy
v, = 3x% — 3y?
SU =V, Uy = Uy
=~ C-R equations are satisfied
f1(2) = uy +ivy
= 3x% —3y% +i6xy
=3(x% +i%y? + 2ixy) = 3(x + iy)? = 322
f'(2) = uy +ivy
= 6x +16y
= 6(x + iy)

= 6z

2. f(z) = cosx coshy — isinxsinhy

Solution:
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u(x,y) =cosxcoshy — u, =—sinxcoshy
U, = cosxsinhy
v(x,y) = —sinxsinhy - v, = —cosxsinhy
vy = —sinx coshy
Uy = V), Uy, = —Vy

=~ C-R equations are satisfied
f'(@) = uy +iv,

= —sinx coshy — i cos x sinh y
f(2) = u + v

= —cosx coshy + isinx sinhy

Example: Let f(z) = z3, write f in polar form and then find f'(z)

Solution: f(z) = z3 = (reie')3 = r3e3i0

=1r3cos30 +ir3sin36

u(r,0) =r3cos30 - u, = 3r? cos 30
ug = —3r3sin 36
v(r,0) =r3sin30 - v, = 3r%sin30
vy = 373 cos 36
Now, u, = % Vg, Ug = —TV,
f'(2) = e, +iv]
= e~9[3r2 cos 30 + i3r? sin 36]

= 3r2e~[cos 360 + i sin 36]
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Example: Let f(z) = (r +%) cosf +1i (r —%) sinf, z+0, f'(z2).
Solution:

1
u(r,0) =\(r +;) cos @

Since u, v, uy, vy, uy, v, are continuous and C-R equations holds
then

f'(2) = e u, +iv]

=10 [(1 —Tiz) cos 0 + i (1 +riz) sin@]
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