Definition:
If a particle is traveling along a space curve s, then we can describe the motion of the
particle in terms of :

[1] The unit tangent vector T (forward direction)
[2] The unit normal vector N (the tendency of the motion)
(3) The unit binormal vector B=TxN ( L to the plane created by T and IV)

T N,E define a right-handed frame used to calculate the paths of particles moving through space. This frame is
also called TNB frame.
Rectifying

NOteS: plane \

Binormal

Normal plane

(1) The acceleration d always lies in the plane of T and N

(2)d LB

(3) a = a;T + ayN tells us how much of the acceleration takes place tangent to the

motion (ar) and how much takes place normal to the motion (ay). A
(4) (ay) measures the rate of change of the length of ¥ (the change in the speed)

(5) (ay) measures the rate of change of the direction of v.

(6) We can calculate ay without finding K by: |d|? = a? + a§ © ay = +/|d|? = a

Principal
normal

Example:
Let#(t) = (14 3t)i+ (t —2)J—3+k  write d in the form @ = a;T + ayN without finding T and N

B=31+7-3k = |9 =V9+1+9 =119
— d g _0
aT_dtlvl_
d=0=ay= ||d?—a2=0
d=(0)T + (0)N =0
Torsion:
The Torsion function of the smooth curveis: 7t = — 2—? - N, where B is binormal vector.
9B_ 4 iy =T msTx W 547%™ (oince W= 29T | o N is the direction of 22
—=—(Tx =—X X — = X — =——i.e. —
g5 ds ) s s s {since de,le is the direction o ds}
dﬁ_fxdﬁ
ds ds

dE - oon n d§ = "_s =4 n
Now: s T "cross product” but s B "since B has constant length

then Z—f 1 plane of Band T

SinceT x B = —N then Z—f// N. Hence Z—I: = —7 N "scalar multiple of N”
dB = o dB ) .
Note that now: el N=—tN-N=—-t=hence 7= - N is called the torsion.
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Formulas for Computing Curvature and Torsion
Now we give easy-to-use formulas for computing the curvature and torsion of a smooth curve. (without proof)

__|vxa|

GE

Xy z

Xy Z

X vy Z . = . dx .. d?x .. d3x
=222 jfpxd+0 and x=— i =—, & = —

|[vxadl? dt dt2 dt3

Computation formulas For Curves in Space

. v
Unit tangent vector: T = |—|
v
o ' dT /dt
Principal unit normal vector: = —
|dT /dt|
Binormal vector: B=TXN
_az| _ v % al
Curvature: K = ds| = ’ |2
n V ~
y z
. dB y z
Torsion: T = _X.N = ] < I,
R v X al|?
Tangential and normal scalar
components of acceleration: a = afT + ayN
d
ar = —|v|
T dr
_ 2 2 2
anN = K’V| = |a| — ar

Example:
Find T, N, K, B and 7 for the space curve r(t) = (3sin t)i + (3cos t)j + 4tk

Sol.:
v
v
dr
v == (Bcost)i — (3sint)j + 4k

lv] =+/(3cos £)% + (=3sin t)2 + (4)2 =+/9cos? t + 9sin?t + 16
=/9(sin2 t + cos2t) + 16 = V9 + 16 = V25 = 5.
_(3cost)i—(351nt)j+4k_3cost, SSint,+4k

B 5 ~ 5 5 /75

T
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dT/dt

~ dT/de|
dT  —3sin t 3cost,+0
a5 '~ 5 J
mw_ IR I
dr| ~ 25" FT 5 F Ty

_ —3/5sint_  3/5cos t

N
3/5 . 3/5
N = (—sin t)i — (cos t)j
Kk =1 §Z|__1 33
vl ldtl=5"5=35
B=TXxXN
i j k
B =|3/5cost —3/5sint 4/5
—sin t —cos t 0
_ .|—3/SSin t 4/5 .|3/5cos t 4/5| 3/5cost —3/5sint
=i — ) +k .
—cos t 0 —sin t 0 —sin t —cos t
3 3
= (+4/5cos t)i — (4/5sin t)j + (gcos2 t —gsin2 t) k
~ B = + t)i 4 t)j 3k
~ B = (5 cos t)i (5 sin t)j z
Xy z
X y z
_Ix y z
T= [Dxd|2
(Bcost)i — (3sint)j + 4k
X y Z 3cost 3sint 4
X Yy Z|=]|-3sint 3cost 0
X y 7 —3cost —3sint O

4(9sin®t + 9cos? t = 36(sin? + cos? t) = 36

7 ik
DXd=|3cost 3sint 4|=—12costi— 12sintj+ (9cos?t+ 9sin?t)k=—12costi— 12sintj+ 9k
—3sint 3cost O
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lvx al? = 144 + 81 = 225

36
ST —_—

B 4
T 225 25

The planes determined by T,N,B :
If P is the plane L vector 7 = A7 + Bj + Ck and the point (xq, Yo, Zo) is

in the plane P then the equation of the plane is A(x — xy) + B(y — ) + C(z —z5) =0

Example:
1) Find r(¢),3,T,N, B att = 0 for 7(t) = (cos )i + (sin )] + +tk

2) Find the torsion

(2) Find the equations of the osculating plane, normal plane and rectifying plane.

SoL
(1) % = (—sin )i+ (cos t)j + k
|| = y/sin? t +cos? t + 1 =2

77 (‘1- ,:)*+(1 t)*+(1)z
= —= = \|—F7=SIn A —COS —
B \V2 vz IT\z

T(O)—(l)w(l)/?
~\B Tz
dT_(—l t)* (1 _ t)*:> dr| 11
P \/ECOS i 2sm J 7| = |3 7
a7
v4 dt - . -
N=—=(—cost)i—(sint
JF ( )t — (sin t)]
dt
N(0) =-7
T ]k
B(0) = T(0) x N(0) 1oL, 1y
= = _ _=_] PR
' E V| 7V
-1 0 0
7(0) =1
(2) d = (—cos )T — (sin t)]
7 ik .
—cost —sint O
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|3 X d| =+/sin? t+cos? t+1 =12

-

da R
— = (sin t)i — (cos t)j

dt
x y Z —sint cost 1
Xy z —cost —-sint O
=X Y 21 _lsint —cost Ol_
|V x al? 2 2

3) Since 7(0) = 7 = The point is P(1,0,0)
= -1, , 17 .
B(0) = 7/ + \/_Ek 1 osculating plane

Alx—=x0) + By —y0) +C(z—2,) =0
: : . -1 1
The equation for the osculating plane is N3 (y—0)+ 7 (z—-0)=0
y — z = 0 is the osculating plane.

7(0) = (%)j’ + (%) k L normal plane = The equation of the normal plane is % (y—0)+ % (z=0)=0

y + z = 0 is the normal plane

N(0) = —7 1 rectifying plane
= The equation of the rectifying planeis —(x —1) =0

x = 1 is the rectifying plane

H.W.(5)

1 Find the Practical’s velocity and acceleration vectors for the motion on the circle r(t) = (sin t)i + (cos t)j,
where t = /4 and /2.

2 Find the Practice's velocity and acceleration vector for r(t) = (4cos %) i+ (4sin %)J wheret =mandt =
3n/2.
Find the velocity and speed and acceleration for r(t) = (t + 1)i + (t? — 1)j + 2tk, where t = 1.
4 Find the Continuity and Limit of
r(t) = (sin t)i + (t? — cos t)j + e'k, where ty = 0

5 Find the derivative of r(t) = (In t)i + (=) & + (tln t)k

6-Evaluate the integral
1
f (30 + 7j + (t + Dk]dt
0
7 Evaluate the integreel of
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/[ s
r(t) = (sint)i + (1 + cost)j + (sec? — 1)k where - 1 <t< 7
8 Solve the initial value for r as avector function of t differential function. % = —ti — tj — tk initial Condition:
r(0) =i+ 2] + 3k.
9 Aspring gun at ground level fires a golf ball at an angle 45°. the ball lands 10 m away
a. What wass ball initial speed?

b. for the Same initial speed find the firing angle that make the range 6m ? Find flight time - and Maximum
height.

10 Find the curve's unit tangent vector. Also, find the are length of the curve

r(t) = (tcos )i + (tsin t)j + ((2V2/3)t3/2)1 <0<t <
11 Find the are length Parametrization of a curve at t, = a for the curve r(t) = (cos 4t)i + (sin 4t)j + 4tk

12 Find the T and N and K for the curves
ar()=(nsect)i+tj, —n/2<t<m/2
b.r(t) ==+ (ncos t);, —m/2<t<m/2
c.7(t) = (etcos t)i + (e'sin t); + 2k
13. Write acceleration in the form a = a;T + ay N with out finding T and N r(t) = (1 + 3t)i + (t — 2)j — 3tK
14.Find ¢, T, N, and B at the given value of t Where r(t) = (cos t)i + (sin t)j — k, t = /4
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