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Definition: 

If a particle is traveling along a space curve 𝑠, then we can describe the motion of the 
particle in terms of :  

[1] The unit tangent vector 𝑇ሬ⃗  (forward direction) 

[2] The unit normal vector 𝑁ሬሬ⃗  (the tendency of the motion) 

(3) The unit binormal vector 𝐵ሬ⃗ ൌ 𝑇ሬ⃗ ൈ 𝑁ሬሬ⃗  ( ⊥ to the plane created by 𝑇ሬ⃗  and 𝑁ሬሬ⃗  ) 

𝑇ሬ⃗ ,𝑁ሬሬ⃗ ,𝐵ሬ⃗  define a	right‐handed	frame used to calculate the paths of particles moving through space. This frame is 

also called 𝑇ሬ⃗ 𝑁𝐵ሬሬሬሬሬሬ⃗  frame.  

Notes: 

(1) The acceleration 𝑎⃗ always lies in the plane of 𝑇ሬ⃗  and 𝑁ሬሬ⃗  

(2) 𝑎⃗ ⊥ 𝐵ሬ⃗  
(3) 𝑎 ൌ 𝑎்𝑇 ൅ 𝑎ே𝑁 tells us how much of the acceleration takes place tangent to the 
motion ሺ𝑎்ሻ and how much takes place normal to the motion ሺ𝑎ேሻ. 
(4) ሺ𝑎்ሻ  measures the rate of change of the length of 𝑣⃗ (the change in the speed) 
(5) ሺ𝑎ேሻ measures the rate of change of the direction of 𝑣⃗.  

(6) We can calculate 𝑎ே without finding 𝐾 by: |𝑎⃗|ଶ ൌ 𝑎்
ଶ ൅ 𝑎ே

ଶ ⇔ 𝑎ே ൌ ඥ|𝑎⃗|ଶ ൌ 𝑎்
ଶ  

Example:  

Let 𝑟ሺ𝑡ሻ ൌ ሺ1 ൅ 3𝑡ሻ𝚤 ൅ ሺ𝑡 െ 2ሻ𝚥 െ 3 ൅ 𝑘ሬ⃗        write 𝑎⃗ in the form 𝑎⃗ ൌ 𝑎்𝑇ሬ⃗ ൅ 𝑎ே𝑁ሬሬ⃗  without finding 𝑇ሬ⃗  and 𝑁ሬሬ⃗  

𝑣⃗ ൌ 3𝚤 ൅ 𝚥 െ 3𝑘ሬ⃗  ⇒ |𝑣⃗| ൌ √9 ൅ 1 ൅ 9 ൌ √19 

𝑎் ൌ
𝑑
𝑑𝑡

|𝑣⃗| ൌ 0 

𝑎⃗ ൌ 0ሬ⃗ ⇒ 𝑎ே ൌ ට|𝑎⃗|ଶ െ 𝑎்
ଶ ൌ 0 

  𝑎⃗ ൌ ሺ0ሻ𝑇ሬ⃗ ൅ ሺ0ሻ𝑁ሬሬ⃗ ൌ 0ሬ⃗  

Torsion: 

The Torsion function of the smooth curve is : 𝜏 ൌ െ
ௗ஻

ௗௌ
⋅ 𝑁 , where 𝐵 is binormal vector .  

𝑑𝐵ሬ⃗

𝑑𝑠
ൌ

𝑑
𝑑𝑠
ሺ𝑇ሬ⃗ ൈ 𝑁ሬሬ⃗ ሻ ൌ

𝑑𝑇ሬ⃗

𝑑𝑠
ൈ 𝑁ሬሬ⃗ ൅ 𝑇ሬ⃗ ൈ

𝑑𝑁ሬሬ⃗

𝑑𝑠
ൌ 0ሬ⃗ ൅ 𝑇ሬ⃗ ൈ

𝑑𝑁ሬሬ⃗

𝑑𝑠
      ሼ𝑠𝑖𝑛𝑐𝑒 𝑁ሬሬ⃗ ൌ

1
𝐾
𝑑𝑇ሬ⃗

𝑑𝑠
, i. e.𝑁ሬሬ⃗  is the direction of 

𝑑𝑇ሬ⃗

𝑑𝑠
ሽ  

𝑑𝐵ሬ⃗

𝑑𝑠
 ൌ 𝑇ሬ⃗ ൈ

𝑑𝑁ሬሬ⃗

𝑑𝑠

 

Now:    
ௗ஻ሬ⃗

ௗ௦
⊥ 𝑇ሬ⃗    "cross product"      but    

ௗ஻ሬ⃗

ௗ௦
⊥ 𝐵ሬ⃗       "since 𝐵ሬ⃗   has constant length"  

𝑡ℎ𝑒𝑛 
ௗ஻ሬ⃗

ௗ௦
⊥ plane of 𝐵ሬ⃗  and 𝑇ሬ⃗  

Since 𝑇ሬ⃗ ൈ 𝐵ሬ⃗ ൌ െ𝑁ሬሬ⃗   𝑡ℎ𝑒𝑛 
ௗ஻ሬ⃗

ௗ௦
//  𝑁ሬሬ⃗ .    Hence 

ௗ஻ሬ⃗

ௗ௦
ൌ െ𝜏 𝑁ሬሬ⃗  "scalar multiple of 𝑁ሬሬ⃗ ”  

Note that now: 
ௗ஻

ௗௌ
⋅ 𝑁 ൌ െ𝜏 𝑁ሬሬ⃗ ⋅ 𝑁ሬሬ⃗ ൌ െ𝜏 ⇒ hence  𝜏 ൌ െ

ௗ஻

ௗௌ
⋅ 𝑁   is called the torsion. 
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Formulas for Computing Curvature and Torsion 

Now we give easy-to-use formulas for computing the curvature and torsion of a smooth curve. (without proof) 

      𝜅 ൌ
|𝐯ൈ𝐚|

|𝐯|య
 

𝜏 ൌ
อ
௫̇ ௬̇ ௭̇
௫̈ ௬̈ ௭̈
௫⃛ ௬⃛ ௭⃛

อ

|௩ሬ⃗ ൈ௔ሬ⃗ |మ
       if  𝑣⃗ ൈ 𝑎⃗ ് 0ሬ⃗     and   𝑥̇ ൌ

ௗ௫

ௗ௧
  , 𝑥̈ ൌ

ௗమ௫

ௗ௧మ
 ,  𝑥̈ ൌ

ௗయ௫

ௗ௧య
 

Computation formulas For Curves in Space 

 

Example:  

Find 𝑇,𝑁,𝐾,𝐵 and 𝜏 for the space curve  𝑟ሺ𝑡ሻ ൌ ሺ3sin 𝑡ሻi ൅ ሺ3cos 𝑡ሻ𝑗 ൅ 4𝑡𝑘 

Sol.:   

 

𝑇  ൌ
𝑣

|𝑣|

𝑣  ൌ
𝑑𝑟
𝑑𝑡

ൌ ሺ3 cos 𝑡ሻ𝑖 െ ሺ3 sin 𝑡ሻ𝑗 ൅ 4𝑘

|𝑣|  ൌ ඥሺ3cos 𝑡ሻଶ ൅ ሺെ3sin 𝑡ሻଶ ൅ ሺ4ሻଶ ൌ ඥ9 cosଶ 𝑡 ൅ 9 sinଶ 𝑡 ൅ 16

 ൌ ඥ9ሺsinଶ 𝑡 ൅ cosଶ 𝑡ሻ ൅ 16 ൌ √9 ൅ 16 ൌ √25 ൌ 5.

𝑇  ൌ
ሺ3 cos 𝑡ሻ𝑖 െ ሺ3 sin 𝑡ሻ𝑗 ൅ 4𝑘

5
ൌ

3 cos 𝑡
5

𝑖 െ
3 sin 𝑡

5
𝑗 ൅

4
5
𝑘
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 𝑁 ൌ
𝑑𝑇/𝑑𝑡

|𝑑𝑇/𝑑𝑡|
 

𝑑𝑇
𝑑𝑡

ൌ
െ3sin 𝑡

5
𝑖 െ

3cos 𝑡
5

𝑗 ൅ 0 

ฬ
𝑑𝑇
𝑑𝑡
ฬ ൌ ඨ

9
25

sinଶ 𝑡 ൅
9

25
cosଶ 𝑡 ൌ

3
5

 

𝑁 ൌ
െ3/5sin 𝑡

3/5
𝑖 െ

3/5cos 𝑡
3/5

𝑗 

𝑁 ൌ ሺെsin 𝑡ሻ𝑖 െ ሺcos 𝑡ሻ𝑗 

  𝐾  ൌ
1

|𝑣|
⋅ ฬ
𝑑𝑇
𝑑𝑡
ฬ

 
ൌ

1
5
⋅

3
5
ൌ

3
25

 

𝐵 ൌ 𝑇 ൈ 𝑁 

𝐵 ൌ อ
𝑖 𝑗 𝑘

3/5cos 𝑡 െ3/5sin 𝑡 4/5
െsin 𝑡 െcos 𝑡 0

อ 

ൌ 𝑖 ቚെ3/5sin 𝑡 4/5
െcos 𝑡 0

ቚ െ 𝑗 ቚ3/5cos 𝑡 4/5
െsin 𝑡 0

ቚ ൅ 𝑘 ቚ3/5cos 𝑡 െ3/5sin 𝑡
െsin 𝑡 െcos 𝑡

ቚ 

ൌ ሺ൅4/5cos 𝑡ሻ𝑖 െ ሺ4/5sin 𝑡ሻ𝑗 ൅ ൬
3
5

cosଶ 𝑡 െ
3
5

sinଶ 𝑡൰ 𝑘 

∴ 𝐵 ൌ ሺ
4
5

cos 𝑡ሻ𝑖 െ ሺ
4
5

sin 𝑡ሻ𝑗 െ
3
5
𝑘 

 

      𝜏 ൌ
อ
௫̇ ௬̇ ௭̇
௫̈ ௬̈ ௭̈
௫⃛ ௬⃛ ௭⃛

อ

|௩ሬ⃗ ൈ௔ሬ⃗ |మ
      

ሺ3 cos 𝑡ሻ𝑖 െ ሺ3 sin 𝑡ሻ𝑗 ൅ 4𝑘 

ቮ
𝑥̇ 𝑦̇ 𝑧̇
𝑥̈ 𝑦̈ 𝑧̈
𝑥⃛ 𝑦⃛ 𝑧⃛

ቮ ൌ อ
3 cos 𝑡 3 sin 𝑡 4
െ3 sin 𝑡 3 cos 𝑡 0
െ3 cos 𝑡 െ3 sin 𝑡 0

อ 

4ሺ9 sinଶ 𝑡 ൅ 9cosଶ 𝑡 ൌ 36ሺsinଶ ൅ cosଶ 𝑡ሻ ൌ 36 

𝑣⃗ ൈ 𝑎⃗ ൌ ቮ
𝚤 𝚥 𝑘ሬ⃗

3 cos 𝑡 3 sin 𝑡 4
െ3 sin 𝑡 3 cos 𝑡 0

ቮ=െ12 cos 𝑡 𝑖 െ 12𝑠𝑖𝑛𝑡 𝑗 ൅ ሺ9 cosଶ 𝑡 ൅ 9 sinଶ 𝑡ሻ𝑘 =െ12 cos 𝑡 𝑖 െ 12𝑠𝑖𝑛𝑡 𝑗 ൅ 9𝑘 
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|𝑣 ൈ 𝑎|ଶ ൌ 144 ൅ 81 ൌ  225 

∴ 𝜏 ൌ
36

225
ൌ

4
2.5

 

The planes determined by 𝑇ሬ⃗ ,𝑁ሬሬ⃗ ,𝐵ሬ⃗  : 

If P is the plane ⊥ vector 𝑟 ൌ A𝚤 ൅ B𝚥 ൅ C𝑘ሬ⃗    and the point ሺ𝑥଴,𝑦଴, 𝑧଴ሻ is  

in the plane P then the equation of the plane is 𝐴ሺ𝑥 െ 𝑥଴ሻ ൅ 𝐵ሺ𝑦 െ 𝑦଴ሻ ൅ 𝐶ሺ𝑧 െ 𝑧଴ሻ ൌ 0 

Example:  

1) Find 𝑟ሺ𝑡ሻ, 𝑣⃗,𝑇ሬ⃗ ,𝑁ሬሬ⃗ ,𝐵ሬ⃗  at 𝑡 ൌ 0 for   𝑟ሺ𝑡ሻ ൌ ሺcos 𝑡ሻ𝚤 ൅ ሺsin 𝑡ሻ𝚥 ൅ ൅t𝑘ሬ⃗  

2) Find the torsion 

(2) Find the equations of the osculating plane, normal plane and rectifying plane. 

SOL 

(1) 𝑣⃗ ൌ ሺെsin 𝑡ሻ𝚤 ൅ ሺcos 𝑡ሻ𝚥 ൅ 𝑘ሬ⃗  

 |𝑣⃗| ൌ ඥsinଶ 𝑡 ൅ cosଶ 𝑡 ൅ 1 ൌ √2

 𝑇ሬ⃗ ൌ
𝑣⃗

|𝑣⃗|
ൌ ൬

െ1

√2
sin 𝑡൰ 𝚤 ൅ ൬

1

√2
cos 𝑡൰ 𝚥 ൅ ൬

1

√2
൰ 𝑘ሬ⃗

 𝑇ሬ⃗ ሺ0ሻ ൌ ൬
1

√2
൰ 𝚥 ൅ ൬

1

√2
൰ 𝑘ሬ⃗

 
𝑑𝑇ሬ⃗

𝑑𝑡
ൌ ൬

െ1

√2
cos 𝑡൰ 𝚤 െ ൬

1

√2
sin 𝑡൰ 𝚥 ⇒ ቤ

𝑑𝑇ሬ⃗

𝑑𝑡
ቤ ൌ ඨ

1
2
ൌ

1

√2

𝑁ሬሬ⃗ ൌ

𝑑𝑇ሬ⃗
𝑑𝑡

ቤ𝑑𝑇
ሬ⃗
𝑑𝑡 ቤ

ൌ ሺെcos 𝑡ሻ𝚤 െ ሺsin 𝑡ሻ𝚥

𝑁ሬሬ⃗ ሺ0ሻ ൌ െ𝚤
 

𝐵ሬ⃗ ሺ0ሻ ൌ 𝑇ሬ⃗ ሺ0ሻ ൈ 𝑁ሬሬ⃗ ሺ0ሻ ൌ ተተ

𝚤 𝚥 𝑘ሬ⃗

0
1

√2

1

√2
െ1 0 0

ተተ ൌ
െ1

√2
𝚥 ൅

1

√2
𝑘ሬ⃗

𝑟ሺ0ሻ ൌ 𝚤

 

(2)  𝑎⃗ ൌ ሺെcos 𝑡ሻ𝚤 െ ሺsin 𝑡ሻ𝚥 

𝑣⃗ ൈ 𝑎⃗ ൌ ቮ
𝚤 𝚥 𝑘ሬ⃗

െsin 𝑡 cos 𝑡 1
െcos 𝑡 െsin 𝑡 0

ቮ ൌ ሺsin 𝑡ሻ𝚤 െ ሺcos 𝑡ሻ𝚥 ൅ 𝑘ሬ⃗  
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|𝑣⃗ ൈ 𝑎⃗| ൌ ඥsinଶ 𝑡 ൅ cosଶ 𝑡 ൅ 1 ൌ √2 

𝑑𝑎⃗
𝑑𝑡

ൌ ሺsin 𝑡ሻ𝚤 െ ሺcos 𝑡ሻ𝑗 

 

 𝜏 ൌ

อ
𝑥̇ 𝑦̇ 𝑧̇
𝑥̈ 𝑦̇ 𝑧̈
𝑥̇ 𝑦̇ 𝑧̇

อ

|𝑣⃗ ൈ 𝑎⃗|ଶ
ൌ

อ
െsin 𝑡 cos 𝑡 1
െcos 𝑡 െsin 𝑡 0

sin 𝑡 െcos 𝑡 0
อ

2
ൌ

1
2

 

3) Since 𝑟ሺ0ሻ ൌ 𝚤 ⇒ The point is 𝑷ሺ1,0,0ሻ 

     𝐵ሬ⃗ ሺ0ሻ ൌ
ିଵ

√ଶ
𝚥 ൅

ଵ

√ଶ
𝑘ሬ⃗ ⊥ osculating plane    

 𝐴ሺ𝑥 െ 𝑥଴ሻ ൅ 𝐵ሺ𝑦 െ 𝑦଴ሻ ൅ 𝐶ሺ𝑧 െ 𝑧଴ሻ ൌ 0 

The equation for the osculating plane is  
ିଵ

√ଶ
ሺ𝑦 െ 0ሻ ൅

ଵ

√ଶ
ሺ𝑧 െ 0ሻ ൌ 0 

𝒚 െ 𝒛 ൌ 𝟎	is	the	osculating	plane.	

𝑇ሬ⃗ ሺ0ሻ ൌ ቀ ଵ

√ଶ
ቁ 𝚥 ൅ ቀ ଵ

√ଶ
ቁ 𝑘ሬ⃗ ⊥ normal plane ⇒ The equation of the normal plane is 

ଵ

√ଶ
ሺ𝑦 െ 0ሻ ൅

ଵ

√ଶ
ሺ𝑧 െ 0ሻ ൌ 0 

𝒚 ൅ 𝒛 ൌ 𝟎	is	the	normal	plane	

𝑁ሬሬ⃗ ሺ0ሻ ൌ െ𝚤 ⊥ rectifying plane 
⇒ The equation of the rectifying plane is   െሺ𝑥 െ 1ሻ ൌ 0   

 𝒙 ൌ 𝟏	is	the	rectifying	plane	

H.W.(5)	

1 Find the Practical’s velocity and acceleration vectors for the motion on the circle 𝑟ሺ𝑡ሻ ൌ ሺsin 𝑡ሻ𝑖 ൅ ሺcos 𝑡ሻ𝑗, 
where 𝑡 ൌ 𝜋/4 and 𝜋/2. 

2 Find the Practice's velocity and acceleration vector for 𝑟ሺ𝑡ሻ ൌ ቀ4cos 
௧

ଶ
ቁ 𝑖 ൅ ቀ4sin 

௧

ଶ
ቁ 𝑗 where 𝑡 ൌ 𝜋 and 𝑡 ൌ

3𝜋/2. 

3 Find the velocity and speed and acceleration for 𝑟ሺ𝑡ሻ ൌ ሺ𝑡 ൅ 1ሻ𝑖 ൅ ሺ𝑡ଶ െ 1ሻ𝑗 ൅ 2𝑡𝑘, where 𝑡 ൌ 1. 

4 Find the Continuity and Limit of 

𝑟ሺ𝑡ሻ ൌ ሺsin 𝑡ሻ𝑖 ൅ ሺ𝑡ଶ െ cos 𝑡ሻ𝑗 ൅ 𝑒௧𝑘, where 𝑡଴ ൌ 0 

5 Find the derivative of 𝑟ሺ𝑡ሻ ൌ ሺln 𝑡ሻ𝑖 ൅ ቀ௧ିଵ
௧ାଶ

ቁ 𝛿 ൅ ሺ𝑡ln 𝑡ሻ𝑘 

6-Evaluate the integral 

න  
ଵ

଴
ሾ𝑡ଷ𝑖 ൅ 7𝑗 ൅ ሺ𝑡 ൅ 1ሻ𝑘ሿ𝑑𝑡 

7 Evaluate the integreel of 
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𝑟ሺ𝑡ሻ ൌ ሺsin 𝑡ሻ𝑖 ൅ ሺ1 ൅ cos 𝑡ሻ𝑗 ൅ ሺsecଶ െ 1ሻ𝑘       where    െ
𝜋
4
⩽ 𝑡 ൑

𝜋
4

.  

8 Solve the initial value for 𝑟 as avector function of 𝑡 differential function. 
ௗ௥

ௗ௧
ൌ െ𝑡𝑖 െ 𝑡𝑗 െ 𝑡𝑘 initial Condition: 

 𝑟ሺ0ሻ ൌ 𝑖 ൅ 2𝚥 ൅ 3𝑘. 

9 Aspring gun at ground level fires a golf ball at an angle 45∘. the ball lands 10 m away 
a. What wass ball initial speed? 
b. for the Same initial speed find the firing angle that make the range 6𝑚 ? Find flight time - and Maximum 
height. 

10 Find the curve's unit tangent vector. Also, find the are length of the curve 

𝑟ሺ𝑡ሻ ൌ ሺ𝑡cos 𝑡ሻ𝑖 ൅ ሺ𝑡sin 𝑡ሻ𝑗 ൅ ൫ሺ2√2/3ሻ𝑡ଷ/2൯1 ൏ ,0 ⩽ 𝑡 ⩽ 𝜋 

11 Find the are length Parametrization of a curve at 𝑡௢ ൌ 𝑎 for the curve 𝑟ሺ𝑡ሻ ൌ ሺcos 4𝑡ሻ𝑖 ൅ ሺsin 4𝑡ሻ𝑗 ൅ 4𝑡𝑘 

12 Find the T and 𝑁 and 𝐾 for the curves 
a. 𝑟ሺ𝑡ሻ ൌ ሺln sec 𝑡ሻ𝑖 ൅ 𝑡𝑗,  െ 𝜋/2 ൏ 𝑡 ൏ 𝜋/2 
b. 𝑟ሺ𝑡ሻ ൌ

௧௜

 
൅ ሺln cos 𝑡ሻ௝ ,  െ 𝜋/2 ൏ 𝑡 ൏ 𝜋/2 

c. 𝑟ሺ𝑡ሻ ൌ ሺ𝑒௧cos 𝑡ሻ𝑖 ൅ ሺ𝑒௧sin 𝑡ሻ௝ ൅ 2𝑘 
13. Write acceleration in the form 𝑎 ൌ 𝑎்𝑇 ൅ 𝑎ே𝑁 with out finding 𝑇 and 𝑁 𝑟ሺ𝑡ሻ ൌ ሺ1 ൅ 3𝑡ሻ𝑖 ൅ ሺ𝑡 െ 2ሻ𝑗 െ 3𝑡𝐾 
14. Find 𝑐, T,𝑁, and 𝐵 at the given value of 𝑡 Where 𝑟ሺ𝑡ሻ ൌ ሺcos 𝑡ሻ𝑖 ൅ ሺsin 𝑡ሻ𝑗 െ 𝑘,  𝑡 ൌ 𝜋/4 

 


