5. Double and Iterated Integrals over Rectangles
How to construct double integral?

e Assume f(x,y) is defined on a rectangular region R
Ria<x<bc<y<d

dr
e Divide R into n small rectangulars with width Ax and = W
height Ay Ao ey

X Vi

e Each small rectangle has area AA = AxAy

chk

e These n small rectangles form a partition of R and the  ;— .

number n gets large as Ax and Ay become smaller. Figure 1: Rectangular grid
partitioning the region R into small
e If we order the areas AA;,AA,, ..., AA;, ...,AA,, and in rectangles of area AAk = Axk Ayk

each AAg "small rectangle" we choose a point (xy, y;)
and evaluate f (xy, y;) "hieght”, then the Riemann sum over R is

n
Sp = z f (e, Vi) AAy
k=1

e AsAx — 0and Ay — 0 the norm of the partition ||p|| = 0 Hence, n = oo, where
llpl| = max{Ax, Ay} for any rectangle.

e Therefore, Hli”mOSn = 1 he1 [, v )AA, = lim Y-, f(x, vi)AAy
pll— n—oo

im
lp]|—0

e If the limit exists, then its called double integral:

ijf(x,y)dA or -URf(x,y)dxdy

and the function f is said to be integrable.

e The volume of the resulting solid is

V= jf f(x,y)dA if f(x,y) is continuous.
R
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(ayn =16 (b)yn =64 (c)n =256

Figure 2: As n increases, the Riemann sum approximations approach the total volume of the solid

Fubini's Theorem for Calculating Double integrals :

Example:
Find the volume under the planez = 4 — x — y overtheregionR:0 <x <2,0<y < 1.

. . ) =2
If cross section 1 x-axis is taken, then the volumeis V = f;:() A(x)dx where

y=1
A(x)=j -y
y:

2 1
=f f (4—x—y)dydx =5
0o Jo

If cross section L y-axis is taken, then the volume is V =
fy=1 A (y)dy where

y=0 2
=f f (4—x—y)dxdy =5
0 0

Fubini's Theorem -First form
If f(x,y) is continous on rectangular region R:a < x < b,c <y < d, then

ﬂRf(x,y)dA=fcdf;f(x,y)dxdy=fab j;df(x,y)dydx
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Example:
Find the volume of the region bounded above by the plane z = 2 — x — y and below by the
squareR:0<x<10<y < 1.

1 1 2
sz j (2—x—y)dxdy=j <2x—7—yx>
0o Jo 0
3 2

1
1 3 y 1
= ——vyldy==—y ——
jo (2 y) Y=Y
Example:

=1

0
Calculate the double integral: [, f(x,y) dA Given: f(x,y) = 100 - 6x®y Over the region:
O<x<2 -1<sy<1

Solution:

=

1 p2 ! x=2
//f(x, y) dA = / / (100 — 6x%y) dx dy = / {IOOX — 2x3y1 dy
-1Jo -1 x=0
R

1 1
= / (200 — 16y) dy = {200}7 —~ 8y21 = 400.
-1 -1

Reversing the order of integration gives the same answer:

2 pl 2 y=1
/ / (100 — 6x2y) dy dx = / {100)} = 3x2yz} dx
0 J-1 0 y=-1

2

= /_[(100 — 3x%) — (=100 — 3x?) ] dx

0

2
= / 200 dx = 400.
0

Example:
Find the volume of the region bounded above by the surface z = 2sin xcos y and below

by the rectangle R: 0 < x < %,0 <y< %.
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NE

n T
2 (%

V= j j 2sin xcos ydydx = J
o Jo 0

T
5 T

= f V2sin xdx = —V/2cos x|§ =2
0

H.W. (6)

Evaluating Iterated Integrals
In Exercises 1-14, evaluate the iterated integral.

2 p4 2l
1.//2xydydx 2.//(x—y)dydx
1 Jo 0J-1
0 pl 1 pl 2+ 2
3. x+y+ Ddxdy 4. 1 — dx dy
-1J-1 0oJo -
3 2 3 .0
8. / / (4 — y?) dy dx 6. / / (x?y — 2xy) dy dx
0Jo 0 J-2
Lpel 4 p4
7. // dx dy 8. // (5 + \/y) dx dy
0oJo 1+ 1 Jo \2
In2 In5 1 2
9. / / e+ dy dx 10. / / xye* dydx
0 1 0J1
2 pwl2 2w pa
11. / / y sin x dx dy 12. / / (sinx + cosy) dxdy
-1Jo = Jo

4 el 2 2
13.// ;—yxdxdy 14.//xlnydydx
1 1 —1J1

Evaluating Double Integrals over Rectangles

In Exercises 15-22, evaluate the double integral over the given
region R.

15.//(6y2—2x)dA, RE 0=x=1 0=y=2
R

16.//(%)@, Ri 0=x=4, 1=y=2
y
R

17. //xycosydA, R —l=x=], 0=sy=7

R
18. //ysin(x+y)dA, RR —m=x=0, 0sy=m7
R
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6. Double Integrals over General Regions (Bounded, Nonrectangular Regions)

In this section we define and evaluate double integrals over bounded regions in the plane
which are more general than rectangles. Since the region of integration may have
boundaries other than line segments parallel to the coordinate axes, the limits of integration
often involve variables, not just constants. To define the double
integral of a function f(x,y) over a bounded, nonrectangular region R, S

such as the Figure. \ GRS }
Axy

By covering R with a grid of small rectangular cells whose union
contains all points of R. However, we cannot exactly fill R with a finite o
number of rectangles lying inside R, since its boundary is curved, and

some of the small rectangles in the grid lie partly outside R.

We takes the rectangles that lie completely inside R, not using any that are either partly or
completely outside. To get approximately R by a grid of very small rectangles that are
completely inside R.

Once we have a partition of R, we number the rectangles in some order from 1 to n and let
AA; be the area of the kth rectangle. We then choose a point (xy, y;) in the kth rectangle
and form the Riemann sum.

([ reman= ym S remona,
R k=1

lipll—0

e Ifz = f(x,y)is positive continuous, If R is a region
like the one shown in the xy-plane in Figure bounded
“above” and “below” by the curves y=
g>(x) and y = g,(x) and on the sides by the lines x =
a, X = b, we may again calculate the volume by the
method of slicing. We first calculate the cross
sectional area

y=g2(x)
A(x) = / f(x,y) dy

y=81(x)

and then integrate A(x) from x = a to x = b to get the volume as an iterated integral:

b b rg(x)
V= / A(x) dx =/ f(x,y) dy dx.

a a 21(x)
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bounded by the curves x = h,(y) and x = h;(y) and the A
lines y=c and y=d, then the volume calculated by slicing is
given by the iterated integral

d rhy(y) \ R
j J f(x, y) dXdy x = hy(y)
Cc

hi(y)

Similarly, if R is a region like the one shown in Figure, Jw\
y)

Fubini's Theorem - stronger form
Let f(x,y) be a continuous on region R.

1. If Risdefinedby a = x = b, gi(x) = y = g(x), with g, and g, continuous

on [a,b], then
b pg(x)
// flx,y)dA = / f(x,y) dy dx.
a g1(x)

R

2. If Risdefinedby ¢ =y = d, hi(y) = x = hy(y), with h; and h, continuous

on [c,d], then
d phy(y)
// flx,y) dA = / f(x, y) dx dy.
¢ hy(y)

R

Finding Limits of Integration
Using Vertical Cross-Sections

When [f, f(x,y)dA integrating first with respect to y and then

Leaves at

with respect to x: y=VI- 2
p 1 /
R nters a
1. Sketch the region of integration and label the bounding curves. ? ot
L
2. Imagine a vertical line L cutting through R in the direction of .
increasing y. Mark the y-values where L enters and leaves. These Sm(l“w ) : Luﬁ;w

are the y-limits of integration and are usually functions of x sx=0 sl
(instead of constants

3. Find the x-limits of integration. Choose x-limits that include all the vertical lines through
R.
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)

x=1 y=V1—x-
// flx,y)dA = / / f(x,y) dy dx.
x=0 y=1—x

A .
Using Horizontal Cross-Sections Largesty Enters :
isy=1 nters at
TN | x=1-y
To evaluate the same double integral as an iterated
integral with the order of integration reversed, use y -
horizontal lines instead of vertical lines in Steps 2 and 3 i \ fez‘wf/”l‘“_—\
isy = & .
S0 1 *
1 V1—y?
// flx, y)dA = / / f(x,y) dxdy.
0 1—y
A :
Example:

sketch the region of integration and write an equivalent
double integral with the order of integration reversed for

W f, [ dydx=[] [, dxdy

y
@), [0 dxdy = [ [} dydx+ [ [ dydx

Example:
Find the volume of the solid whose base is the region in the xy-plane
that is bounded by the parabolay = 4 — x? and the line y = 3x, (-40) /]|

while the top of the solid is bounded by the plane z = x + 4 1,0)
4—x2=3xox’2+3x—4=0x=1lorx=—4 0
b ! 625
sz _[ (X+4)dydx=j (x+4)(4 — 3x — x?)dx = —
-4 J3x —4 12

Example:
(1) Sketch the region of integration and evaluate the integral
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x=y

1 ,y? 1
j J 3y3eXdxdy = f 3y2eXy dy
o Jo 0

1
=j (331283’3 —3y?)dy = eV’ —y3l=e—2
0

x=0

(2) reverse the order of integration: x = y2=» then in first quarter y = /x

1 1
j j 3y3e*Ydydx
0o Hx
Example:
Evaluate ffR Sir; ~ dA where R is triangle in the xy-plane bounded by the x-axis, the line

y = x and the line x = 1. sketch R.

I *sin x L sin x| x T
j J dydx =j y |0dx =f sinx dx
o Jo X 0 X 0

=1-—cos (1)

sin x

(2) reverse the order of integration fo fyl dxdy (difficult to integrate)

X

Properties of Double Integrals:
If f(x,y) and g(x, y) are continuous on the bounded region R, then the following is true:
(1) Constant Multiple: [f, ¢f (x,y)dA = c [[, f(x,y)dA,c € R.
(2) Sum and Difference: [f, (f(x,y) + g(x,¥))dA = [f, f(x,y)dA % [[, g(x,y)dA
(3) Domination: [a] If f(x,y) > 0 on R, then ffR f(x,y)dA > 0.
[b] If f (x,¥) = g(x,¥) on R, then [[, f(x,y)dA = [[, g(x,y)dA
(4) Additivity: [[, f(x,y)dA = fle f(x,y)dA + ffRZ f(x,y)dA if
R is the union of two nonover lapping regions R; and R,. R = <7\\

R1 U R2 \‘¥4//# ‘
// |

R, | R=RUR
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Example:

Evaluate the improper integral over the
dxdy
© (x2+1)(y?+1)

j f 2f (hm tan~?! x| ) iy
(*+ DO+ 1) —oo N x=0/ Y2 +1(x2+ 12+ 1)
“mn dy dy _ L T )
_Zj—ooxy +1—2nf0 y2+1_2”z}5§otan 3’|0 —2”(5)—7T

H.W. (7)
1) Finding Limits of Integration: write an iterated integral for 4R dA over the described
region R using (a) vertical cross-sections, (b) horizontal cross-sections.

unbounded region R: [~ [~

9. 10.

11. 12.

13. Bounded by y= tanx, x=0, and y=1

2) Sketch the region of integration and evaluate the integral.

In8 ,lny 2 )
21, / / e dx dy 22, / / dx dy
1 Jo 1 Jy
1 py? 4 pVax 3
23. / / 3y3e™ dx dy 24, / / =e¥/Vx dy dx
0Jo 1 Jo 2
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3) Reversing the Order of Integration
1 pVI1I—y?
/ / 3y dx dy
0 J—-V1-y?

e plnx
/ / xy dy dx
1 Jo

4) Integrals over Unbounded Regions

00 1 i 1 p1/V1-22
/ / ——dy dx 70. / / 2y + 1) dydx
1 Jex XY -1J-1/V1-x

5) Find the volume of the region bounded above by the paraboloid
z = x> + y*> and below by the triangle enclosed by the lines
y =x,x = 0,and x + y = 2 in the xy-plane.

7. Area by Double Integration
e Recall the Riemann sum in the definition of a double integral §,, =
Yk=1 f (i, i) AAg.

e Ifwe Let f(x,y) = 1, then the Riemann sum becomes S,, = },;;—; AA; which is the
sum of the areas of small rectangles * We define the area of a closed, bounded plane

region R by:
n
A= lim Z AAk=jf dA
lpll—0 R
k=1
Example:
Find the area of the region R bounded by (1)

x =0,y =2xand y = 4.

2 (4 2 4 2
A= f dydx = f (y—2x)dx =4 = f j dxdy
0 0 0o Jo

2x
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(2) The parabola x = —y? and the line y = x + 2.

1 ,-y? 1
= f J dxdy = f (2—y—y*)dy
-2 Jy-2 -2

2

(3) The curve y = In x and y = 2In x and the linex = ¢

e r2lnx e
= f f dydx = f In xdx
1 JInx 1

=xnx—-—x)f=1

Average Value:
e Remember that the average value of an integrable function of one variable, f(x), on
closed interval [a, b] is av(f) = ﬁff f(x)dx.

e We now define the average value of an integrable function f over a region R as
follows:

1
av(f) = Z,[ fdA, where A is the area R.
R

Example:

Find the average value of f(x,y) = é over the square

In2<x<2In2, In2<y<2n 2

2ln 2 (2ln 2 2ln 2
] j dydx = f In 2dx = (In 2)?
In 1 1

n 2
2ln 2 ~2ln 2 2ln 2
=g | [ B ] smoREy e
(In 2)2 In2 Jn Xy (ln 2)2 Iy 2 Yly=in
1 2ln 2 In 2 1 In 2 dx
- N f ax
(ln 2)2 In 2 x In 2 n2 X
1 In 2
= xn il =—=

Example:
Find the average value of f (x,y) = x cos xy overtherectangleR! 0 < x <7, 0 <y < 1.
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Sol.

Average value of f over R = are:OfR ffRfdA
(1)
areaof R =4 =jf dA
R
s 1 s
=f f dydx=f [yladx
o Jo 0
s
= f dx=[x]§=m
0
(2)

s y

= (sin x —sin 0)dx = f sin xdx

0 0

= [—cos x]¥ = —cos™; —(—cos O}) =1+1=2

AN

~ A verage value of f over R = % -2 =
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