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5. Double and Iterated Integrals over Rectangles 

How to construct double integral? 

 Assume 𝑓ሺ𝑥, 𝑦ሻ is defined on a rectangular region 𝑅 

𝑅: 𝑎 ൑ 𝑥 ൑ 𝑏, 𝑐 ൑ 𝑦 ൑ 𝑑 

 Divide 𝑅 into 𝑛 small rectangulars with width Δ𝑥 and 
height Δ𝑦 

 Each small rectangle has area  Δ𝐴 ൌ Δ𝑥Δ𝑦 

 These 𝑛 small rectangles form a partition of R and the 
number 𝑛 gets large as Δ𝑥 and Δ𝑦 become smaller. 

 If we order the areas Δ𝐴ଵ,Δ𝐴ଶ, … ,Δ𝐴௞ , … ,Δ𝐴௡ and in 
each Δ𝐴௄ "small rectangle" we choose a point ሺ𝑥௞ ,𝑦௞ሻ 
and evaluate 𝑓ሺ𝑥௞ ,𝑦௞ሻ "hieght", then the Riemann sum over 𝑅 is 

𝑆௡ ൌ ෍  

௡

௞ୀଵ

𝑓ሺ𝑥௞ ,𝑦௞ሻΔ𝐴௞ 

 As Δ𝑥 → 0 and Δ𝑦 → 0 the norm of the partition ‖𝑝‖ → 0 Hence, 𝑛 → ∞, where 
‖𝑝‖ ൌ maxሼΔ𝑥,Δ𝑦ሽ for any rectangle. 

 Therefore, lim
‖௣‖→଴

 𝑆௡ ൌ lim
‖௣‖→଴

 ∑  ௡
௞ୀଵ 𝑓ሺ𝑥௞ ,𝑦௞ሻΔ𝐴௞ ൌ lim

௡→ஶ
 ∑  ௡
௞ୀଵ 𝑓ሺ𝑥௞ ,𝑦௞ሻΔ𝐴௞ 

 If the limit exists, then its called double integral: 

ඵ 
ோ
𝑓ሺ𝑥,𝑦ሻ𝑑𝐴 or ඵ 

ோ
𝑓ሺ𝑥,𝑦ሻ𝑑𝑥𝑑𝑦 

and the function 𝑓 is said to be integrable. 

 The volume of the resulting solid is 

𝑉 ൌඵ 
ோ
𝑓ሺ𝑥, 𝑦ሻ𝑑𝐴  if   𝑓ሺ𝑥,𝑦ሻ  is  continuous. 

Figure	1: Rectangular	grid	
partitioning	the	region	R	into	small	
rectangles	of	area	∆Ak	=	∆xk	∆yk	
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Figure	2: As	n	increases,	the	Riemann	sum	approximations	approach	the	total	volume	of	the	solid	

Fubini's Theorem for Calculating Double integrals : 

Example:  

Find the volume under the plane 𝑧 ൌ 4 െ 𝑥 െ 𝑦  over the region 𝑅: 0 ൑ 𝑥 ൑ 2, 0 ൑ 𝑦 ൑ 1.   

If cross section ⊥ 𝑥-axis is taken, then the volume is 𝑉 ൌ ׬  
௫ୀଶ
௫ୀ଴ 𝐴ሺ𝑥ሻ𝑑𝑥 where 

𝐴ሺ𝑥ሻ ൌ න  
௬ୀଵ

௬ୀ଴
ሺ4 െ 𝑥 െ 𝑦ሻ𝑑𝑦 

ൌ න  
ଶ

଴
න  
ଵ

଴
ሺ4 െ 𝑥 െ 𝑦ሻ𝑑𝑦𝑑𝑥 ൌ 5 

 

If cross section ⊥ 𝑦-axis is taken, then the volume is 𝑉 ൌ

׬ 𝐴
௬ୀଵ

ሺ𝑦ሻ𝑑𝑦 where 

 

ൌ න  
௬ୀ଴

଴
න  
ଶ

଴
ሺ4 െ 𝑥 െ 𝑦ሻ𝑑𝑥𝑑𝑦 ൌ 5 

Fubini's Theorem -First form 

If 𝑓ሺ𝑥, 𝑦ሻ is continous on rectangular region 𝑅:𝑎 ൑ 𝑥 ൑ 𝑏, 𝑐 ൑ 𝑦 ൑ 𝑑, then 

ඵ 
ோ
𝑓ሺ𝑥, 𝑦ሻ𝑑𝐴 ൌ න  

ௗ

௖
න  
௕

௔
𝑓ሺ𝑥, 𝑦ሻ𝑑𝑥𝑑𝑦 ൌ න  

௕

௔
න  
ௗ

௖
𝑓ሺ𝑥, 𝑦ሻ𝑑𝑦𝑑𝑥 
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Example:  

Find the volume of the region bounded above by the plane 𝑧 ൌ 2 െ 𝑥 െ 𝑦 and below by the 
square 𝑅: 0 ൑ 𝑥 ൑ 1,0 ൑ 𝑦 ൑ 1. 

𝑉 ൌ න  
ଵ

଴
 න  

ଵ

଴
 ሺ2 െ 𝑥 െ 𝑦ሻ𝑑𝑥𝑑𝑦 ൌ න  

ଵ

଴
 ቆ2𝑥 െ

𝑥ଶ

2
െ 𝑦𝑥ቇቤ

௫ୀ଴

௫

𝑑𝑦

 ൌ න  
ଵ

଴
 ൬

3
2
െ 𝑦൰𝑑𝑦 ൌ

3
2
𝑦 െ

𝑦ଶ

2
ቤ
଴

ଵ

ൌ 1

 

Example:  

Calculate the double integral:   ∬ 𝑓ሺ𝑥, 𝑦ሻ 𝑑𝐴ோ     Given: f(x,y) = 100 - 6x²y  Over the region: 

0 ≤ x ≤ 2,  -1 ≤ y ≤ 1 

Solution:	

 

Example:  

Find the volume of the region bounded above by the surface 𝑧 ൌ 2sin 𝑥cos 𝑦 and below 

by the rectangle 𝑅: 0 ൑ 𝑥 ൑
గ

ଶ
, 0 ൑ 𝑦 ൑

గ

ସ
. 
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𝑉 ൌ න  

గ
ଶ

଴
 න  

గ
ସ

଴
 2sin 𝑥cos 𝑦𝑑𝑦𝑑𝑥 ൌ න  

గ
ଶ

଴
 ቆ2sin 𝑥sin 𝑦|௬ୀ଴

௬ୀ
గ
ସቇ 𝑑𝑥

 ൌ න  

గ
ଶ

଴
 √2sin 𝑥𝑑𝑥 ൌ െ√2cos 𝑥ห

଴

గ
ଶ ൌ √2

 

H.W.	(6)	
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6. Double Integrals over General Regions (Bounded, Nonrectangular Regions) 

In this section we define and evaluate double integrals over bounded regions in the plane 
which are more general than rectangles. Since the region of integration may have 
boundaries other than line segments parallel to the coordinate axes, the limits of integration 
often involve variables, not just constants. To define the double 
integral of a function ƒ(x,y) over a bounded, nonrectangular region R, 
such as the Figure.  

By covering R with a grid of small rectangular cells whose union 
contains all points of R. However, we cannot exactly fill R with a finite 
number of rectangles lying inside R, since its boundary is curved, and 
some of the small rectangles in the grid lie partly outside R.  

We takes the rectangles that lie completely inside R, not using any that are either partly or 
completely outside. To get approximately 𝑅  by a grid of very small rectangles that are 
completely inside 𝑅.  

Once we have a partition of R, we number the rectangles in some order from 1 to n and let 
∆𝐴௞ be the area of the kth rectangle. We then choose a point ሺ𝑥௞ ,𝑦௞ሻ in the kth rectangle 
and form the Riemann sum. 

ඵ 
ோ
𝑓ሺ𝑥, 𝑦ሻ𝑑𝐴 ൌ lim

‖௣‖→଴
 ෍  

௡

௞ୀଵ

𝑓ሺ𝑥௞ ,𝑦௞ሻΔ𝐴௞ 

 If 𝑧 ൌ 𝑓ሺ𝑥,𝑦ሻ is positive continuous,  If R is a region 
like the one shown in the xy-plane in Figure bounded 
“above” and “below” by the curves 𝑦 ൌ
𝑔ଶሺ𝑥ሻ 𝑎𝑛𝑑 𝑦 ൌ  𝑔ଵሺ𝑥ሻ and on the sides by the lines x = 
a, x = b, we may again calculate the volume by the 
method of slicing. We first calculate the cross 
sectional area 
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Similarly, if R is a region like the one shown in Figure, 
bounded by the curves 𝑥 ൌ ℎଶሺ𝑦ሻ  and 𝑥 ൌ ℎଵሺ𝑦ሻ and the 
lines y=c and y=d, then the volume calculated by slicing is 
given by the iterated integral 

න  
ௗ

௖
න  
௛మሺ௬ሻ

௛భሺ௬ሻ
𝑓ሺ𝑥, 𝑦ሻ𝑑𝑥𝑑𝑦 

Fubini's Theorem - stronger form 

Let 𝑓ሺ𝑥,𝑦ሻ be a continuous on region 𝑅.  

  

Finding Limits of Integration 

Using	Vertical	Cross‐Sections	

When ∬  ோ 𝑓ሺ𝑥, 𝑦ሻ𝑑𝐴 integrating first with respect to y and then 

with respect to x: 

1. Sketch the region of integration and label the bounding curves.  

2. Imagine a vertical line L cutting through R in the direction of 
increasing y. Mark the y-values where L enters and leaves. These 
are the y-limits of integration and are usually functions of x 
(instead of constants 

3. Find the x-limits of integration. Choose x-limits that include all the vertical lines through 
R.   
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Using	Horizontal	Cross‐Sections	

To evaluate the same double integral as an iterated 
integral with the order of integration reversed, use 
horizontal lines instead of vertical lines in Steps 2 and 3  

 

Example:  

sketch the region of integration and write an equivalent 
double integral with the order of integration reversed for 

׬ (1)  
ଵ
଴ ׬  

௘ೣ

ଵ 𝑑𝑦𝑑𝑥 ൌ ׬  
௘
ଵ ׬  

ଵ
୪୬ ௬ 𝑑𝑥𝑑𝑦 

 

׬ (2)  
ଵ
଴ ׬  

௘೤

଴ 𝑑𝑥𝑑𝑦 ൌ ׬  
ଵ
଴ ׬  

ଵ
଴ 𝑑𝑦𝑑𝑥 ൅ ׬  

௘
଴ ׬  

ଵ
୪୬ ௫ 𝑑𝑦𝑑𝑥 

 

Example:  

Find the volume of the solid whose base is the region in the 𝑥𝑦-plane 
that is bounded by  the parabola 𝑦 ൌ 4 െ 𝑥ଶ and the line 𝑦 ൌ 3𝑥, 
while the top of the solid is bounded by the plane 𝑧 ൌ 𝑥 ൅ 4 

  4 െ 𝑥ଶ ൌ 3𝑥 ⇔ 𝑥ଶ ൅ 3𝑥 െ 4 ൌ 0 ⇔ 𝑥 ൌ 1 or 𝑥 ൌ െ4 

𝑉 ൌ න  
ଵ

ିସ
න  
ସି௫మ

ଷ௫
ሺ𝑥 ൅ 4ሻ𝑑𝑦𝑑𝑥 ൌ න  

ଵ

ିସ
ሺ𝑥 ൅ 4ሻሺ4 െ 3𝑥 െ 𝑥ଶሻ𝑑𝑥 ൌ

625
12

 

Example:  

(1) Sketch the region of integration and evaluate the integral   
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 න  
ଵ

଴
 න  

௬మ

଴
 3𝑦ଷ𝑒௫௬𝑑𝑥𝑑𝑦 ൌ න  

ଵ

଴
 3𝑦ଶ𝑒௫௬ቤ

௫ୀ଴

௫ୀ௬మ

𝑑𝑦

ൌ න  
ଵ

଴
 ൫3𝑦ଶ𝑒௬

య
െ 3𝑦ଶ൯𝑑𝑦 ൌ 𝑒௬

య
െ 𝑦ଷ|଴

ଵ ൌ 𝑒 െ 2

 

.  
(2) reverse the order of integration: 𝑥 ൌ 𝑦ଶ then in first quarter 𝑦 ൌ  √𝑥  

න  
ଵ

଴
න  
ଵ

√௫
3𝑦ଷ𝑒௫௬𝑑𝑦𝑑𝑥 

Example:  

Evaluate ∬  ோ
ୱ୧୬ ௫

௫
𝑑𝐴 where 𝑅 is triangle in the 𝑥𝑦-plane bounded by the 𝑥-axis, the line 

𝑦 ൌ 𝑥 and the line 𝑥 ൌ 1. sketch 𝑅. 

න  
ଵ

଴
න  
௫

଴

sin 𝑥
𝑥

𝑑𝑦𝑑𝑥 ൌ න  y
ଵ

଴

sin 𝑥
𝑥

ฬ
𝑥
0 𝑑𝑥 ൌ න  

ଵ

଴
sin𝑥 𝑑𝑥

ൌ 1 െ cos ሺ1ሻ 

 

 

(2) reverse the order of integration ׬  ଴ ׬  
ଵ
௬
ୱ୧୬ ௫

௫
𝑑𝑥𝑑𝑦    (difficult to integrate) 

Properties of Double Integrals: 

If 𝑓ሺ𝑥, 𝑦ሻ and 𝑔ሺ𝑥, 𝑦ሻ are continuous on the bounded region 𝑅, then the following is true: 
(1) Constant Multiple: ∬  ோ 𝑐𝑓ሺ𝑥, 𝑦ሻ𝑑𝐴 ൌ 𝑐∬  ோ 𝑓ሺ𝑥,𝑦ሻ𝑑𝐴, 𝑐 ∈ ℝ. 

(2) Sum and Difference: ∬  ோ ሺ𝑓ሺ𝑥, 𝑦ሻ േ 𝑔ሺ𝑥, 𝑦ሻሻ𝑑𝐴 ൌ ∬  ோ 𝑓ሺ𝑥, 𝑦ሻ𝑑𝐴 േ∬  ோ 𝑔ሺ𝑥,𝑦ሻ𝑑𝐴 

(3) Domination: [a] If 𝑓ሺ𝑥, 𝑦ሻ ⩾ 0 on 𝑅, then ∬  ோ 𝑓ሺ𝑥, 𝑦ሻ𝑑𝐴 ⩾ 0. 

                                [b] If 𝑓ሺ𝑥,𝑦ሻ ൒ 𝑔ሺ𝑥, 𝑦ሻ on 𝑅, then ∬  ோ 𝑓ሺ𝑥,𝑦ሻ𝑑𝐴 ൒ ∬  ோ 𝑔ሺ𝑥, 𝑦ሻ𝑑𝐴 

(4) Additivity: ∬  ோ 𝑓ሺ𝑥, 𝑦ሻ𝑑𝐴 ൌ ∬  ோభ
𝑓ሺ𝑥, 𝑦ሻ𝑑𝐴 ൅∬  ோమ

𝑓ሺ𝑥, 𝑦ሻ𝑑𝐴 if 

𝑅 is the union of two nonover lapping regions 𝑅ଵ and 𝑅ଶ. 𝑅 ൌ
𝑅ଵ ∪ 𝑅ଶ  
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Example:  

Evaluate the improper integral over the 

 unbounded region 𝑅:׬  
ஶ
ିஶ ׬  

ஶ
ିஶ

ௗ௫ௗ௬

ሺ௫మାଵሻሺ௬మାଵሻ
 

 ൌ න  
ஶ

ିஶ
 2න  

ஶ

଴
 

𝑑𝑥𝑑𝑦
ሺ𝑥ଶ ൅ 1ሻሺ𝑦ଶ ൅ 1ሻ

ൌ 2න  
ஶ

ିஶ
 ൬ lim
௕→ஶ

 tanିଵ 𝑥ቚ
௫ୀ଴

௫ୀ௕
൰

𝑑𝑦
𝑦ଶ ൅ 1

𝑑𝑥
ሺ𝑥ଶ ൅ 1ሻሺ𝑦ଶ ൅ 1ሻ

 ௬ୀ
ଵ

௫మାଵ𝑥

 ൌ 2න  
ஶ

ିஶ
 
𝜋
𝑥

𝑑𝑦
𝑦ଶ ൅ 1

ൌ 2𝜋න  
ஶ

଴
 
𝑑𝑦

𝑦ଶ ൅ 1
ൌ 2𝜋 lim

௕→ஶ
 tanିଵ 𝑦ቚ

଴

ஶ
ൌ 2𝜋 ቀ

𝜋
2
ቁ ൌ 𝜋௭

 

H.W.	(7)	
1) Finding Limits of Integration: write an iterated integral for 4R dA over the described 
region R using (a) vertical cross-sections, (b) horizontal cross-sections. 

	

13. Bounded by y= tanx, x=0, and y=1 

2)	Sketch	the	region	of	integration	and	evaluate	the	integral.	
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3)	Reversing	the	Order	of	Integration		

	

4)	Integrals	over	Unbounded	Regions	

	

5)	

	

7. Area by Double Integration 

 Recall the Riemann sum in the definition of a double integral 𝑆௡ ൌ
∑  ௡
௞ୀଵ 𝑓ሺ𝑥௞ ,𝑦௞ሻΔ𝐴௞. 

 If we Let 𝑓ሺ𝑥, 𝑦ሻ ൌ 1, then the Riemann sum becomes 𝑆௡ ൌ ∑  ௡
௞ୀଵ Δ𝐴௞ which is the 

sum of the areas of small rectangles * We define the area of a closed, bounded plane 
region 𝑅 by: 

𝐴 ൌ lim
‖ఘ‖→଴

 ෍  

௡

௞ୀଵ

Δ𝐴௞ ൌ ඵ 
ோ
𝑑𝐴 

Example:  

Find the area of the region 𝑅 bounded by (1) 
𝑥 ൌ 0, 𝑦 ൌ 2𝑥 and 𝑦 ൌ 4. 

𝐴 ൌ න  
ଶ

଴
 න  

ସ

ଶ௫
 𝑑𝑦𝑑𝑥 ൌ න  

ଶ

଴
 ሺ𝑦 െ 2𝑥ሻ𝑑𝑥 ൌ 4 ൌ න  

ସ

଴
 න  

௬
ଶ

଴
 𝑑𝑥𝑑𝑦 
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(2) The parabola 𝑥 ൌ െ𝑦ଶ and the line 𝑦 ൌ 𝑥 ൅ 2. 

𝐴 ൌ න  
ଵ

ିଶ
 න  

ି௬మ

௬ିଶ
 𝑑𝑥𝑑𝑦 ൌ න  

ଵ

ିଶ
 ሺ2 െ 𝑦 െ 𝑦ଶሻ𝑑𝑦

 ൌ
9
2

 

(3) The curve 𝑦 ൌ ln 𝑥 and 𝑦 ൌ 2ln 𝑥 and the line 𝑥 ൌ 𝑒 

𝐴 ൌ න  
௘

ଵ
 න  

ଶ୪୬ ௫

୪୬ ௫
 𝑑𝑦𝑑𝑥 ൌ න  

௘

ଵ
 ln 𝑥𝑑𝑥

 ൌ ሺ𝑥ln 𝑥 െ 𝑥ሻ|ଵ
௘ ൌ 1

 

Average Value: 

 Remember that the average value of an integrable function of one variable, 𝑓ሺ𝑥ሻ, on 
closed interval ሾ𝑎, 𝑏ሿ is avሺ𝑓ሻ ൌ

ଵ

௕ି௔
׬  
௕
௔ 𝑓ሺ𝑥ሻ𝑑𝑥. 

 We now define the average value of an integrable function 𝑓 over a region 𝑅 as 
follows: 

avሺ𝑓ሻ ൌ
1
𝐴
ඵ 
ோ
𝑓𝑑𝐴, where 𝐴 is the area 𝑅.  

Example:  

Find the average value of 𝑓ሺ𝑥, 𝑦ሻ ൌ
ଵ

௫௬
 over the square 

ln 2 ൑ 𝑥 ൑ 2 ln 2 , ln 2 ൑ 𝑦 ൑ 2ln 2. 

  𝐴 ൌ න  
ଶ୪୬ ଶ

୪୬ ଶ
 න  

ଶ୪୬ ଶ

୪୬ ଶ
 𝑑𝑦𝑑𝑥 ൌ න  

ଶ୪୬ ଶ

୪୬ ଶ
 ln 2𝑑𝑥 ൌ ሺln 2ሻଶ

𝑎𝑣ሺ𝑓ሻ ൌ
1

ሺln 2ሻଶ
න  
ଶ୪୬ ଶ

୪୬ ଶ
 න  

ଶ୪୬ ଶ

୪୬ ଶ
 
𝑑𝑦𝑑𝑥
𝑥𝑦

ൌ
1

ሺln 2ሻଶ
න  
ଶ୪୬ ଶ

୪୬ ଶ
 
1
𝑥
ቂln 𝑦|௬ୀ୪୬ ଶ

௬ୀଶ୪୬ ଶቃ𝑑𝑥

 ൌ
1

ሺln 2ሻଶ
න  
ଶ୪୬ ଶ

୪୬ ଶ
 
ln 2
𝑥

𝑑𝑥 ൌ
1

ln 2
න  
୪୬ ଶ

୪୬ ଶ
 
𝑑𝑥
𝑥

 ൌ
1

ln 2
ൣln 𝑥|୪୬ ଶ

୪୬ ଶ൧ ൌ
ln 2
ln 2

ൌ 1

 

Example:  
Find the average value of 𝑓ሺ𝑥,𝑦ሻ ൌ 𝑥 cos 𝑥𝑦 over the rectangle 𝑅 !  0 ⩽ 𝑥 ⩽ 𝜋,  0 ⩽ 𝑦 ⩽ 1. 



34 
 

SoI.	

Average value of 𝑓 over 𝑅 ൌ
ଵ

 area of ோ
∬ோ 𝑓𝑑𝐴 

(1)  

 area of 𝑅  ൌ 𝐴 ൌඵ 
ோ
 𝑑𝐴

 ൌ න  
గ

଴
 න  

ଵ

଴
 𝑑𝑦 𝑑𝑥 ൌ න  

గ

଴
 ሾ𝑦ሿ଴

ଵ𝑑𝑥

 ൌ න  
గ

଴
 𝑑𝑥 ൌ ሾ𝑥ሿ଴

గ ൌ 𝜋

 

 

(2) 

ඵ 
ோ
 𝑓𝑑𝐴  ൌ න  

గ

଴
 ቆන  

ଵ

଴
 𝑥଴
௫cos 𝑥𝑦ୡ୭ୱ𝑑𝑦ቇ 𝑑𝑥

 ൌ න  
గ

଴
 ሾsin 𝑥𝑦ሿ଴

ଵ𝑑𝑥 ൌ

 ൌ න  
గ

଴
 ሺsin 𝑥 െ sin 0ሻ𝑑𝑥 ൌ න  

గ

଴
 sin 𝑥𝑑𝑥

 ൌ ሾെcos 𝑥ሿ଴
గ ൌ െcosିଵ

గ െ ሺെcos 0గଵ ሻ ൌ 1 ൅ 1 ൌ 2

 

∴ A verage value of 𝑓 over 𝑅 ൌ
ଵ

గ
⋅ 2 ൌ

ଶ

గ
 

 


