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Complex Numbers

[1] Definition:

A complex number z is an ordered pair (a, b) of real numbers
such that

C={RxR}={(ab):abeR}

where R denotes the Real Numbers set. The real numbers a, b are
called the real and imaginary parts of the complex number z =
(a,b) ,thatis a = Re(z) and b = Im(z). If b =Im(z) = 0 then z =
(a,0) = a so that the set of complex numbers is a natural extension
of real numbers, then we have:

a = (a, 0) for any real number a. Thus
0 = (0,0), 1 = (1,0), 2 =1(20),..

A pair (0, b) is called a pure imaginary number and the pair (0, 1) is
called the imaginary i, that is

(0,1) =i
Now any complex number z can be written as:
(a,0) +(0,b) = (a,b) =z

The operation of addition (z; + z,) and multiplication (z,.z,) are
defined as follows

z1 + 2, = (a3, b1) + (az,by) = (a1 + az, by + by)

21.75 = (aq, b1). (az, by) = (a1a; — byby, a1b; + biay)
Such that z; = (a4, by),2z, = (a,, by)

Now,

2z = (a,0) + (0,b) = (a,0) + (0,1)(b, 0)

Hence (a,0) + (0,1)(b,0) = (a,b) = zwhere (0,1) =i
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Then z=a+ib

3 =222 z2"=22....2

%(_/
n — times

i2=1ii=(0,1.(01)=-1o0ri=+v—-1

Then i? =-1, i =V-1

Now, z2 =z.z, z

[2] Basic Algebraic Properties:
The following algebraic properties hold for all z;,z,,z; € C

1.z +2, =2, + 24 (Commutative laws under addition and)
2. Z1.Zy = Zy.74 multiplication

3. (z1+2z) +2z3 =2, + (2, + 23) (Associative under addition)
4.(21.25). 23 = 2,.(25.23) (Associative under multiplication)
5. Zl' (Zz + Z3) - Zl'ZZ + Zl.Zg (DIStI"ibUtiOﬂ Ia.WS)

6.21 + 23 = z3 + z, iff z; = z3 }

: (Cancelation law)
7. 21.29 = Z3.25 iff z; =23

Note: the additive identity 0 = (0,0) and the multiplication
identity 1 = (1,0), for any complex number. That is

z+0=0+z=z
l.z=2z.1=z
for any complex number.

Definition:

The additive inverse z* of z is a complex number with the
property that

z+z"=0 (@))
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It is clear that (1) is satisfied if z* = (—x,—y), has an additive
inverse.

Definition:

The multiplication inverse z71(z # 0) of z is a complex number
with the property that

z.zt=z1lz=1 (2

Such that:

7 = (F,5) (Hw)

xZ +y2 4 xZ +y2

Note: the additive and multiplication identity are unique.

Note: if z, # 0, then

Z1 __ (x1x2+y1y2 J’1x2—x1J’2)
Zy x2+y2 ' xZ+y2

Exercise: show that z = 0 iff Re(z) = 0 and Im(z) = 0.
Example: verify that
L(V2-i)—i(1-+v2i)

Solution:
V2—i—i—+2=-2i
2.(2,-3)(-2,1)
Solution:

(2,-3)(=2,1) =(—4+3,24+6)=(-1,8)

3.(3,1)(3, -1) (1 i)

5’10
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BDG-D(3.5)=0+1-3+3)(5.5)
= 10.0)(555)
=(£-0 2+0)
=21

Example: show that each of the two numbers z = 1 + i satisfies
the equation

z2—2z+2=0
Proof: for z=1+1i
1+)?>-21+i)+2=142i—-1-2-2i+2=0
forz=1-i (Hw)
Example: show that (1 —i)* = —4
Proof: (1 -1)?%)? = (1 —2i—1)?
= 4i2 = —4
Example: prove that (1 +2)? =1+ 2z + z2
Proof: L.H.S > (1 + 2)2 = (1 + 2)(1 + 2)
= ((1,0) + (x,3))- ((1,0) + (x, 7))
=(1+x,y)1+xy)
= (1+2x+x%—v% 2y + 2xy)
RHS->1+4+2z+2%=(10)+2(x,y)+ (x,y).(x,y)
= (1,0) + (2x,2y) + (x,y). (x, ¥)
= (1+2x+x%—v%2y + 2xy)
= (1 + z)?

=L.H.S
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Note: (—z) is the only additive inverse of a given complex number.

[3] Properties of Complex Numbers:
1. Im(iz) = Re(z)

2. Re(iz) = Im(2)

3. 1—jz =z z¥+0

4. (-1)z=—=z

5. (212,)(2324) = (2123)(2,24)

Zl+Z2 Zq Zy
6.2 BB, g
Z3 Zz3 z3

Note:

(1+z)”=1+nz+$zz+WZ3+m+zn

[4] Vectors and Moduli

It is natural to associate any nonzero complex number z = x + iy
with the directed line segment or vector from the origin to the
point (X, y) that represents z in the complex plane. In fact, we can
often refer to z as the point z or the vector z, in Fig. 1 the number
z =x+ iy and —2 + i are displayed graphically as both two points
and radius vector.

(-2,1) z=®Y)
1_
' X
-2 0
Figure 1
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When z; = x; + iy, and z, = x, + iy,, the sum
z1+ 2z, = (1 +x3) +i(y1 +¥2)

Corresponds to the point (x; + x,,y, + y,), it is also corresponds to
a vector with those coordinates as its components. Hence z; + z,
may be obtained vectorially as shown in Fig. 2.

y

Zy -

1% /

ZZ X /I ZZ
1 /
VA
! x
0

Figure 2

The distance between two points (x;,y,) and (x,,y,) iS|z; — z,],

this is clear from Fig. 3, since |z; — z,| is the length of the vector
representing the number z; — z, = z; + (—2,),

|z, — z,| = \/(x1 —x2)% + (y1 — y2)?

y
(x2,¥2)
|z, _
Z2 %/ (x1,¥1)
1 4V
4 X
0 z

Figure 3

6
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Example: the equation |z—1+ 3i|] =2 represents the circle
whose center is z, = (1, —3) and whose radius is R = 2.

|z — zy| = R, where z, represents the center of circle with radius R.

Definition: (The Absolute Value)

The modulus or absolute value of a complex number z = x + iy
is defined by \/x? + y2 and also by |z|, such that

2l = /x2 + y?

we notice that the modulus |z| is a distance from (0,0) to (x, y), the
statement |z,| < |z,| means that z; is closer to (0,0) than z,. The
distance between z; and z, is given by

|z, — z,| = \/(x1 —x3)% + (y1 — y2)?
Example: |z—i| =3

Solution: wereferto|z—i| =3as|x+iy—i| =3

x+i(y—1D|=3->yx2+ @y —-1)2=3
X+ -1)?=9 (x—x)*+ -y’ =r?

The complex number corresponding to the points lying on the
circle with center (0,1) and radius 3

y
4
3_
2_
\ 1-4(0,1) ‘
Ll L1 /| X
-3 0_ 3
2
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Note: the real numbers |z|, Re(z) and Im(z) are related by the
equation:

2|7 = (Re(2))? + (Im(2))?
As follows
|zl = x2 +y2 > 21> = x* + y* = (Re(2))* + (Im(2))?
Since y? > 0, we have
|z|? > x? = (Re(z))2 = |Re(2)|?
And since |z| = 0, we get
|z| = |Re(z)| = Re(2)

Similarly |z| = |Im(z)| = Im(z).

[5] Complex Conjugates
The complex conjugate of z is defined by
Z=x—1y

The number is zrepresented by the point (x,—y), which is the
reflection in the real axis of the point (x,y) representing z (Fig. 4),
note that

z =2z and |z| = |z|, forall z
y
o (1))
Z :
x
0 i
7N
(x; _3’)
Figure 4
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Some Properties of Complex Conjugates:

1.

NI

=Z
2.Z1+Z2:Z_1+Z_2, Zl_Z2:Z_1_Z_2

3. Zl'ZZ - Z_l'Z_Z

4.(—)=l 2y # 0
2

Note:
l.z4+Z=x+iy+x—iy=2x =2Re(2)
Re(z) = 22
2
2.z—zZ=x+1iy—x+1iy = 2iy = 2Im(z)

zZ—Z

Im(z) =

Some Properties of Moduli

1. |zy2,| = |z1]12,]
z z
. _1 =u }ZZ ¢ 0
Z |Z2]

3.1zy + 25| < |z4| + |z,
4. |Zl +Z2 + "'an < |le + |ZZ| |Zn|
2. ||Z1| - |Zz|| < |z; + 2,

6. ||Z1| - |Zz|| < |z; — 7,

Example: If a point z lies on the unite circle |z| = 1 about the
origin, show that |z2 —z+ 1| < 3and |z3 — 2| > ||z|® — 2]

X
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Proof: [z2 —z+ 1| =|(z>+ 1) —z| < |z + 1| + |z]
<|z%|+ 1+ |z
=|zI?+ 1+ |z]
=12+1+1
=3

- |z2—-z+1| <3

Prove that V2 |z| = |Re(2)| + |Im(2)|
Solution:
(VZ Iz1)” = 2lz]? = 2(x? + y?)
=@ +y)+ & +y?)
> (x2 +y2) + 2xllyl - (by *)
= (x| + Iy ])?
#(VZ1zl) = (x| + Iy1)?
> VZlz| = |zl + Iyl = [Re(2)] + lIm(2)|

» V22| 2 |Re(2)] + |Im(2)]

Note: (|x| —[yD*=0

- |x|> + |yl> = 2Ixlly| = 0

- x2+y% = 20x|lyl ..
Prove that:

1.z isrealiff Z =z (H.w)

2. z is either real or pure imaginary iff (z)? = z?2

10
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Prove that: if |z,| # |z3| then

Zq
Zy +Z3
Proof:
Z3 — |le (1)
Z+23 |z2+23]

SInCe |Z2 +Z3| = ||Zz| - |Z3||

1 1
|zo+2z3| — ||Zz|—|Z3||

|z |z ]

< . (2

|z2+23| ||Zz|—|Z3|| (2)

From (1) and (2) we have
Z1
Zz+Z3

|z1|

= lzz]=lzsl|

|z4]

= |lzzl=lzsl|

Example: If a point z lies on the unite circle |z| = 2 then show

that

— <
|z4—42z3+3] — 3

1

Proof: |z*—4z3 + 3| =|(z% —1)(z% - 3)|

= |z% — 1||z% - 3]

> ||z|> = 1] ||z|* - 3|

=14 —-1| |4 - 3|

=3

ozt =423 + 3| =3

1
—_—<<
|z4—4z343| —

W

11
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Exercises:
1. Show that the hyperbola x? — y? = 1, can be written as
z2+27%2=2

2. Show that |z — 4i| + |z + 4i| = 10 is an ellipse whose foci are

(0, +4).
zZ+Z zZ-Z
Proof: 1.x2—y%2=1, x=— y=—
2 21
N 2 N 2
zZ+Z Z—Z
() - (&) -
2 2i
z24227+42%  z?-2zZ+7%
4 4i?
z242z2+427% | z°-2274+7% 1

4 4
- 272 +27% =4
- 2(z2+7%) =4

—»>z24+72=2

[6] Polar Form of Complex Numbers: (Exponential Form)

Let rand 6 be polar coordinates of the point (x,y) that
corresponds to a nonzero complex number z = x + iy,

x=rcosfd , y=rsinf
The number z can be written in polar form as
z=7(cosf +isinh) = re'

tan9=% , x#0, 72=x%+1y2, i@ =cosf +isinb

This implies that for any complex number z = x + iy, we have
|z| =Jx2+y2=+r2=r

l' 12
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In fact r is the length of the vector represent z. In particular,
since z = x + iy we may express z in polar form by

z=rcos@+irsinf =r(cosb +isinf)

The real number 6 represents the angle, measured in radians,
that z makes with the positive real axis (Fig. 5).

y
z=x+1y

it x
NI

Figure 5

Each value of 8 is called an argument of zand the set of all such
values is denoted by arg z = 6.

Note: arg z is not unique.

Definition: The principal value of argz (Arg z)

If —r < 6 < mand satisfy
argz = Argz+2nm, n=0,+1,+2, ...

Then this value of 8 (which is unique) is called the principal value
of arg z and denoted by Arg z.

Example: Write z =1 — i in polar form
Solution: r =\/x2+y2=V1+1=+2

Sk

x=rcosf »1=+2cosfh - cosf = /
y=rsin0—>—1=\/§sin9—>sin9=% \ (1,-1)

13
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-1
tanf =2 =—= -1
x 1

0 =tan"1(-1) = _Tn

zZ= 1—i=\/§(cos_7n+isin_7n)
=2 (cos (_Tn + 2nﬂ) + isin (_Tn + Znn))
Example: Write z =1 + i in polar form

Solution: r =+/2, tan® =§= 1

-6 =tan"1(1) = %

(1L, 1)

.-.9:argz:§+2nn K/

~1+i= \/f(cos (E + Znn) + isin (% + Znn))

Example: Find the principal argument Arg z when

l.z=1+1i (1, 1)
/A
Solution: argz =Argz + 2nr )
= =+ 2nm
4
T[
.-ArgZ—Z
2. z=1
Solution: r=1, 6 =§+ 2nm = arg i
argz =Argz + 2nm T
2
=Z+42nm
2 >
s
..Argz—;

. Vs . . IT
al= z=1.(cosz+151n5)

Exercises: Find the principal argument Arg z when z = —i, 1, —

[‘ 14
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Example: Let z = —1 — i, write z in polar form and find Arg z.
Solution: r =vV1+1=+2

x=rc059—>—1=\/§cost9—>cost9=ﬁ

. _ . -1
Y—T51n9—>—1—\/§sm9—>sm9—ﬁ

6 =tan"1(1) ==

4

0 = % +m= %” + 2nm (Since 6 is located in the third quarter)

= argz

~ Argz = argz — 2m K\
= e [—m, ]

_¥—2n= > L
Z=_1—i=\/§(cos_2ﬁ+isin_73n) K

(—1,—1) Argz

Example: Let z;, =1++/31i, z, = —1 —+/3 i, write z,, z, in polar
form and find Arg z;, Arg z,.

Solution: z, =7 = a2 +y2= |12+ (V3) =vI+3=2

x=rcost9—>1=2cost9—>cost9=% (1,V3)

y=rsint9—>\/§=25int9—>sin9=\/2—§ 7>

e

~O=tan'2=242nm
x 3

s . .. I
zZy = 2(cos§+ lsmg)

sz =1 = (1?4 (-V3) = 2

-1
x=rcos€—>—1=2cos€—>cos€=?

15
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)’=rsin6?—>—\/§=Zsin6?—>sin9=i§

Example: z; =—-1++31i, 2z, =1—-+31i

Solution:

Arg z3 =2?n

Zz = 2 (cosz?n+ isinz?n)
-2z, =1—+/3i

=2 (cos (_Tn) t+isin (_31))

Note:
1$i}
—17Fi
1F+3i
—1F+/3i
V3 Fi
—/3Fi

Angle 45°
} Angle 60°

} Angle 30°

16

(-1,v3)

)
y,
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e Properties of argz:

1. arg(z,.z,) = argz, + argz,
2. arg G) = —argz
3. arg (2—1) = argz,; —argz,
2
4.argz = —argz
Proof:
1. Let z; = ry(cosBy +i sinb,)
Z, = 15(cos B, + isinf,)

7.2y = 111y (cosf,cosb, — sinf;sinbd, + i cosf, sinf, + i sinf;cosH,)

= r1y(cos(0; + 6,) + isin(6; + 6,)) y 232,
o arg21Z2 = 01 + 02
0, + 6,
= argz, + argz, 22/}
0 6, o x

Example: Find arg (i(l +\/§i))
Solution:
arg (i(l ++/3 l)) = argi +arg(1 +v31)
= (g + 2nﬂ) + (g + Znﬂ)
=27T+2k7'[, k=n+m

2.Letz=r(cosf +isinfh)

1 r(cos 8—isin 0)

" r(cosB+isinB) "r(cosO—isin )

1
z

__ r(cosf-isinf)
" r2(cos26+ sin26)

17
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__r(cosf—isinB)

r2

1_ % (cos(—0) + isin(—0))

VA
. arg G) = —argz
Note: Arg(z,z,) = Arg(z,) + Arg(z,)

For example: Letz, =i, z, = —1++/31i

argz, = (g + Znn), argz, = (% + 2nn)
Argzl=§ JArg z, = g
lezzi(—1+\/§i)=—\/§—i

arg z,z, =n+%=%n+2nn

Arg z,z, = (n+%) —2r =_?5 s

~ Arg(zy) + Arg(z,) = % w & [—m, 7]

[7] Powers and Roots

Let z = re'® be a nonzero complex number, let n be an integer
number then

n — ynpind

Example: Find (1 +i)?®
i - _ _ T
Solution: 7= \x2+y?=+v2, 6 =7
425 — (Tei9)25
.y 25
= (\/E eLZ)
_ (ﬁ)%eizs.g

18
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=122 (cos% +isin %)

12035+ )

=12(1+1)

Example: Find (-1 + i)*

Solution: r =+/2, 9=Tt—%=%n (—1,9)
J R (ﬁ)‘*em%’f

— 4ei37'[
= 4(cos 3 + i sin 3m)

= 4(-140) = —4

[8] De Moivre’s Theorem
(cos B + isin 6)™ = cos(nh) +isin(nh)
Proof: by mathematical induction
1.If n=1- (cosf +isinB)! = cosh +isinf
2. Let it be true if n = k, we get
(cosB + isin )% = coskB +isink# ... (*)
3. We must proofitistrueif n=k +1
Multiplying (*) by (cos 8 + i sin 6)
(cos @ + isin@)(cos @ + isin)* = (cos O + isinO)(cos kB + isin kB)
= (cos B cos kO + icos 8 sinkf + isin b cos kO — sin 0 sin kO)
(cos @ + isin8)**1 = cos(k + 1) + i sin(k + 1)

~ltistrueif n=k+1

19
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1 . (0+2kT
; botzkn 1
Note: If z" =z, then z=zjand z = ret® ="/r, el( n ) =z/n

is called nth — root of z.

Example: Calculate root of z3 =i

Solution: z3 =i -z = (i)"/3
1
ol — (Lei(gmn)) /s

s.t 6, =§+2kn, k=0,F1,F2,..

o m?
—)T'ele — el6+3kﬂ'

“r=1,0 =§+2kn, k=0,F1,7F2,..

To find the roots:

If k=0- 6, =% (in the first quarter)
- z; = 1.e's

LT 2T
If k=1- z,=1.e's" 3 (inthe second quarter)

5 . . 5
cos-m+1isin-1m
6 6

If k=2-> z;=1.¢'¢"73

Note:

1. If the complex number was raised to a fraction whether it
was % ,% % then the number of roots is 3,4, ...,n. In the

above example the number of roots is 3.

20
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2. z" = z, has n different roots only and they are located on the
vertices of a regular polygon centered at the origin.

Example: z? = 1 + i has two different roots

Solution:
Z2=1+i-z=(1+i)"

1o =2, 90=%+2nn

Sincez=(1+ i)l/z

1

- relf = (\/7)% (ei%+2nn)5

. TT
— Welg'l'nﬂ'

r=12, 9=%+k7‘[

If k=0- zl=4Zei§

W ( /1+czos% ny /1—czosg

fk=1- z,=32e's""

= W(cos(g+n)+isin(g+n))

4 T , . T
= \/E(— COSE— lSlI’lg)

= —W(cos% + isin%)

Note
— |14+ cos@
cos— =+
2 2
— |1—cos @
sin— = +

21
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Note: Let m,n # 0 be any integer numbers, let z be any complex
number then

(" = () = (3 o))"

., m(Bg+2km)

=(Yry) e, k=0,F1F2,..

Example: Solve the following equation
22/3 =i
Solution: z7/2 =i — z = ()3 = (i1/3)2
ORCIORE
That is each one has three roots.
Let w=(i)73 » z = w?
Now, we find the roots of w

1o =1,0y ==+ 2km,k =0,F1,F2,..
2

1
= el = 1 (eigmm) /3

iE 2kt
= e 6 3

—_ Vs A
awy; =e's =cos(=+isin=), k=0
1 6 6
5T
_+_ —_—
szels 3=elejk=1

. TT 41T . 3T
6

3 =e'7 k=2

22
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T . . T
=coS—+1Sin—
3 3

2 2

LA
Zzz(wz)zz(e 6) = e 3

51 . . 5m
= coS— + 1SIn—
3 3

ELA -
z3=(wy)? = (e'z ) = el

=cos3m +isin3m

H.w: Find the roots of (—8i)1/3.

[9] Regions in the Complex Plane
Some definitions and concepts:

Definition: Let z be any point in the z-plane, let € > 0 then

1.N(zp) ={z€C:|z—2zy| <€}

This set is called a neighborhood of z,.

2.5.(zy) ={z€C:|z—2zy| =€}

This set is called sphere with center z,.

3.D.(zy) ={z€C:|z—2z)| <€}

This set is called the Disk with center z, and radius e.

Definition: Let U < C, we say that U is open set if

vweU, AN, (w) s.t N.(w) € U.

For example: @, Care open sets.

Definition: Let F < C, we say that F is closed set if C — F is open
set.

23
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Definition: An open set S € C is connected if each pair of points
74,7, In it can be joined by a polygon line, consisting of a finite
number of line segments joined end to end that lies entirely in S.

Definition: Let S € C, we say that S is Region if it is open and
connected.

Example:
1. |z| > 1,|z| < 1is Region.
2. Let |z] = 0 is not Region, since it is connected but not open set.

3. R c C is connected but not open, since Vr € R,3 N.(r) contain
some of complex points.

Definition: Let z, € S, we say that z, is interior point if there exist
a neighborhood N.(z,) s.t N.(z,) € S.

Example: |z| < 1

}( point
/

Definition: Let z, € S, we say that z, is exterior point if there exist
a neighborhood N_.(z,) s.t N.(z,) N S = @.

Dol

Interior

point

Example: |z| > 1

A

o
|/

Definition: Let z, € S, we say that z, is Boundary point if vV N.(z,)
contain points from inside S and outside it.

Boundary

j®\point
/

s

24
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Note: S is close set iff it contains all the boundary points.
Example: S = { +i, +2i}, is S open set ?

Note N (i) € S, therefore S is not open. 2

Ne (1)
db

—2i

Example: S={zeC:1<|z|] <2}

Note 3.
2

0 is exterior point of § 1

1, 2 are boundary points of S

\
"4
(2i i) is interior point of §

Example:D ={z€ C:2 < |z| <3}

D is not open set since it contain all the boundary points.

Example: S={zeC:|z|<1}uf{zeC:|z—-2| <1}

Note S is connected set.

But if

S={zeC:|z|<1}uf{zeC:|z—-2]| <1},

then S is not a connected set.

Definition: Let S € C, we say that S is bounded set if 3 Disk D,

D ={z:|z| <R}suchthat$ < D.

25
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Example:S:{ze(C:rZL osesf}

N
] ] ] i/
S is not bounded set since 4 Disk contain S. <7

Example: |z| = 1 is bounded set

N

N

Example: S = { +i, +2i}

1. S is not open set since every point of S is boundary point.
2. S is close set since every point of S is boundary point.

3. S is not connected set.

4. S is not bounded set.

Definition: Let z, € S, we say that z, is limit point if

Ne(zo) N (S —2zp) # @

Example: S = {Z eEC:z= %, n=1,2, }, 0 is the only limit point.
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