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Chapter One

NUMERICAL ANALYSIS

Numerical Analysis is the branch of mathematics that provides tools and methods for
solving mathematical problems in numerical form.

In numerical analysis we are mainly interested in implementation and analysis of
numerical algorithms for finding an approximate solution to a mathematical problem.
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| NUMERICAL ALGORITHM | :
A complete set of procedures which gives an approximate solution to a

mathematical problem.
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[ STABLE ALGORITHM |
Algorithm for which the cumulative effect of errors is limited, so that a useful result is
generated is called stable algorithm. Otherwise Unstable.

| NUMERICAL STABILITY |
Numerical stability is about how a numerical scheme propagate error.

NUMERICAL ITERATION METHOD | A mathematical procedure that generates a
sequence of improving approximate
solution for a class of problems i.e. the process of finding successive approximations.

CONVERGENCE CRITERIA FOR A NUMERICAL COMPUTATION

If the method leads to the value close to the exact solution, then we say that the
method is convergent otherwise the method is divergent. i.e. lim,,_,.. x, =7
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Why we use numerical iterative methods Jor solving equations?

As analytic solutions are often either too tiresome or simply do not exist, we need to find an

approximate method of solution.
Lad dlagf ol A% — 3o+ 2 = 0 DUslaall (g 53n dlay) Jia Al pgs 1! s gadaal) ( shadl o) ey By Al ) Jilewa i

2 G S I ) SN laal) Jia Jiloall (e ayaell A ppnall J ghal) sbag] Jgaad] (e gt il A C,ssJ.fOl x2dx  Jelsil
Jy @ dx Qi Aad o 3 = sinx s Absil 4 cNuladd) ns 5 danal

| RATE OF CONVERGENCE OF AN ITERATIVE METHOD |

Suppose that the sequence (x;,) converges to r then the sequence (x,) is said to converge to r
with order of convergence a if there exist a positive constant P such that
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Thus if a=1, the convergence is linear. If a=2 , the convergence is quadratic and so on.
Where the number « is called convergence factor.

| ORDER OF CONVERGENCE OF THE SEQUENCE |

Let (X9, X1 5 X25ereruene ) be a sequence that converges to a number r and set €,=r-x,.If

€, +1 )
6 a'=c . Then a is
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called order of convergence of the sequence and ¢ the asymptotic error constant.

there exist a numbera and a positive constant ¢ such that lim;_,

LACCURACYW Accuracy means how close are our approximations from exact value.

CONDITION OF A NUMERICAL PROBLEM

A problem is well conditioned if small change in the input information causes small
change in the output. Otherwise it is il conditioned.

STEP SIZE, STEP COUNT, INTERVAL GAP .
The common difference between the pointsi.e. h = b—;3= Xi+1 — X; Is called step

size .
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ERROR ANALYSIS

ERROR: Error is a term used to denote the amount by which an approximation fails

to equal the exact solution. ‘
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SOURCE OF ERRORS: Numerically computed solutions are subject to certain
errors. Mainly there are several types of errors

1. INHERENT (EXPERIMENTAL) ERRORS

Errors arise due to assumptions made in the mathematical modeling of problems.

Also arise when the data is obtained from certain physical measurements of the

parameters of the problem i.e. errors arising from measurements.
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2. Residual error or truncation error:

Errors arise when approximations are used to estimate some quantity. These errors

corresponding to the facts that a finite (infinite) sequence of computational steps

necessary to produce an exact result is “truncated” prematurely after a certain

number of steps.
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How Truncation error can be removed? Use exact solution.
Error can be reduced by applying the same approximation to a larger number of

smaller intervals or by switching to a better approximation.

3. ROUND OFF ERRORS (Rounding and Chopping)

Errors arising from the process of rounding off during computations. These are also
called chopping i.e. discarding all decimals from some decimals on
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4. Initial error/Error of the problem:

These are involved in the statement of problem itself. In fact, the statement of a
problem generally gives an idealized model and not the exact picture of the actual
phenomena. So the value of the parameter (s) involved can only be determined
approximately.

5. Accumulated Error

An error whose degree or significance gradually increases in the course of a series
of measurements or connected calculations. Specifically : an error that is repeated
in the same sense or with the same sign
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Errors in Calculations

Absolute error: Let x be a real number and let x* be an approximation. The absolute
error in the approximation x* = x is defined as E = |x — x*|.

Relative error is defined as the ratio of the absolute error to the size of x or the

approximate value x*, i.e., Re = X or Re = o which assumes x and x* # 0
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Example 1: Let 0.0005 be a real number and let 0.0003 be an approximation. Then
find the value of the absolute error and the relative error.
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E 0.0002
Re = — = = 0.4
Ix|  [0.0005]

Example 2: Let x=100000, x* = 99950 then find the value of the absolute error
and the relative error.

= 0.0005

e ] _E _ 50
| E=|x—x"=50 andRe—lxl--100000

Example 3: Let x=0.000015, x* = 0.000007 then find the value of the absolute

error and the relative error.
E =|x —x* =1]0.000015 - 0.000007 | = 0.000008

E 0.000008 _

Re = — = = 053
=1~ 0.000015




