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CHAPTER TWO
DETERMINANTS

Determinant:

A function whose domain is the set of square matrices and their range (codomain)
the set F.
Where: (F is the set of real or complex numbers)
The value of the square matrix function is called "determinant™ for that matrix and is
written as follows:

f (A) = det (A) = | Al
f(a]) = lal =a

Examples:
@Wf(-8)=1-8l=-8

o ]

Determinant of the matrix of degree 2x2

It is the product of the elements\of the main diagonal minus the product of the
elements of the secondary diagonalk, “That is:

det([a; ], , )= det[{aﬂ 3 ij )

A1y

a1 9
=118y, — 8408

dy; Ay

Examples:
[ 42 4 2
(1) det 3 JM] = ‘_3 1‘ =4AQ)-2)(3)=4+6=10
7 =2 7 2
(2)~det B LXJ = ‘_1 3 ‘ =(MNQB)-(-2)(-1)=21-2=19

8 5 8 5
(3) det]| OLZH7 0‘—(—8)(0)—(5)(7)—0—35——35
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2 2
(4) detf| 7 -7 T2 HE- (=2 (6=2
2 6 2 6

2x2

Determinant of the matrix of degree 3x3

A1 9p A3
d31 83 833 |54

The calculation of the determinant is as follows:

= allalla_::‘- + l"-"]Illl":lll_-“-al_-“-l + a]la:‘-ltxl_:

—dyad, —dda, —ddd.,

3 2 -1
Example: Find the determinant(of'the matrix A={4 1 2
5 -2 3

Solution:

LY = 0O+ + (@2
S D06 -EE) -Q!E)
= (9+20+8) + (5+12 - 24) =54 24 =30

Second method: which is to write the first and second columns after the third column,
then we find the multiplication products as follows:

Ay dp 3 _
X
831 83 833 |34
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= allalla_:_: + allal_:a_:l + allailal_:

Al =
—aaa, —addd, —add,

or

Examples: Find the determinant of the following matrices

3 2 -1
1) A={4 1 2
5 -2 3
Solution:
(1
M, (2)\_ (3}_ 2y 3

-
. 3 . 2 -
- T
", -

=@)MDE) +(2)(2)(5) + (1) H(2) - CLUD)E) - B)(2)(-2) - (2)(4) ()
= (9+20+8) + (5 + 12 — 24) = 54— 24= 30

1 0 3
2 A=1 2 -1
0 -4 0

Solution:
IAI=(1) (2) (0)+(0) (-1) 0) + (3) (1) (- 4)

- (3).20(0) - (1) 1) =4 - (0) (1) (0) &I=
= 0H0+(-12)-0-4-0=-16

1 1 1

4 6 4
3) A= 0 0 =2

-2 8 0
Solution:
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1 1 1
|Al = (Z)(O) (0) + (_6)(_2)(_2) + (E)(O) (8)

Iy ooy Ly 1 1A=
GO -CX2® (OO

=o+(—3j+o—o+4—o=19
3 3

Finding the determinant of the matrix using cofactor method

Definition: C;; the cofactor of the element a;; of the elements of the square matrix
A = [ajj]nn "is a product of (1) '*1 by the determinant of the matfix A after remove the
i-th row and j-th column. This determinant is called the miner.determinant for a;; and
denoted by M;;"

Examples:

(1) The cofactor of the element ay, in the matrix A =

. ETRS:'
Co2 = (-1)*"*Mpp = (-1)*** S\

d3) dz3

(2) The cofactor of theelement a,; in the matrix A =

N alan a
C23 — (__1)2 3M23 — (_1)2 31 “11 12

dz; dzp

(3)_The cofactor of the element (— 4) in the position (1,1) in the matrix

Cuu= (" My = (1) ‘54‘ = (1)(E) - (-4) () =-5+4=-1
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Theorem: Matrix determinant: is the sum of the product of the elements of a row
(column) by their cofactors.

Let Cj; is the cofactor of the element a;; in the matrix A = [aj]nxn, SO the determinant

of the matrix is as follows:

n
(1) If chose the row i, then |A| = det A = > a;;Cij = auCis + @;,Ciz +...+ @inCin
i

n
(2) If chose the column j, then |A| = det A = Y a;,C;; = ayCyj + aCy +... KanCyy
i-1

Remark: When using this method, we choose the row or columncthat-Contains the
largest number of zeros.

Examples:

a a
(1) If A:{ 1 12}. Find det A?
dy; 8y

Solution: chose the row 1

A1 9

|Al=det A= =anCq1 +a12Cy2

Ay Ay

= all(_l)l i azz| + a12(—1)l *2| a21| =ag axp —agp dy

%1 Gp 3

d31 Az 933
Solution: chose the'row 1

d; 9p A3
Al =detA= A= Q7 Ay Ayl =anCi +apCi +a13Cis

d3p Qzp g3

ay, a ay @ ay @
= ap (1) 02 %8| 4 g )ty OB) g )yt G2

dzp dg3 d3p g3 Az g
= a11(822 @33 — Az A3p) — A12(Ap1 Az3— Ap3 A31) + As3(A2; 832 — 822 831)
= Ay App 8zz— Ayq Apz Az — Ayp Apg Azz t+ Agp Apz 31 T Agzdy Azp— Agzdy, Az

= ajj8p azz t ayp dpz Agy *+ Ajgzdyy Azp — Ay Apz Agzy— dgp Apg Azz— g8y A3
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3 2 -
(3) Find |A|: 4 1 2

5 -2 3
Solution: chose the row i = 2
| Al = a1Ca1 + @22Cy + 823C13

- 2+1| 2 — 2+213 —1 ,4+33 2
=4(-1) > 3J"+ 1(-1) c 3‘+2(—1) c _2‘
= _4(6-2) + 1(9 + 5) — 2(— 6 — 10) = — 4(4) + 1(14) — 2(-16) =~ 16+ 14 + 32 =30
3 2 1 4
@ Findg=|0 5 0O
4 -2 0 1
-1 3 0 2

Solution: We can chose the row i =2 or the column =3
Now we chose the row i =2
|B| =byCp + byyCop + D23Co3 + 024Cos

2 1 4 3Nt 4 3 2 4
Bl =0(-1)>"*-2 0 1| +1(-1)>3F}4 0 1/ +0(-1)**34 -2 1|+
3 0 2 -1 0 2 -1 3 2
3 2 1
0(-1)***4 -2.40
-1 8,0
3 1 4
B|=|4 01
-1 ON72

Tofind the value of this determinant we can find it directly or by using the cofactor by
ehose the second column

3 1 4
4 1 3 4 3 4

1Bl =14 0 1|=1(-1)"? +0(=1)>"? +0(=1)%"2
. O 5 D7 5 (-1) 41
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_‘41

= =_(8+1)=-9
M 2‘ (8+1)

Exercise: Resolve the previous example using the third column

cos@d siné@
Example: Prove that |A|=| . =0s26 .
sind cosé
Proof:
cosd sind » o
|A|: _ =c0s“ @ —sin“ @ = cos 260
sind cosé@
cosd 1 1
Example: Prove that [B|=| 1  cosé 1=(cosd—sing)(cosd —1).
sin@ 1 1
Proof:
cosd 1 1
|B|: 1 cosd 1=cos?@+1+sind<sindcosd —cosd —1
sin@ 1 1

= c0s® §—sindcosd — cosh + sind
= C0s@(cosd —sind) —1(cosf —sinf)
= (cesf—sind)(cosb —1)

Some Properties of Determinants:

Propertydl):
If-all"elements of row or column of any matrix are zero, then their determinant
equakhto zero.
Proof: Let the row i all elements of it are zero.
aip=ap=...=ap=0= (0,0,...,0) the row i
We open the determinant around the row i
|Al =a;Cy +a, Cip + ... + & Ci

=0C;+0Cpp+... + 0G5,
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=0+0+...+0=0
The same method remains if all elements of one of the columns are zeros. (Home work)

Examples:
0 0 O

2 1 -1=0
3 2 1

since all elements of the first row are zero

(1)

0 since all elements of the second column arg‘zero

2)

= W

o O O

N N O
Il

Property (2):
The determinant of the square matrix A equal to’'the determinant of its transpose,
ie. [Al=|A

81 & 8 &, 8y ay

a1 8 ay dp Ay n2
Proof: Let A=| = ° T llso Al =] 7 h

a1 Qo din _aln dn nn i

A= a11C11 +app Cpp + . %ay, Cop (by opening the determinant about 1*' row)

| Al = a11Cq1 + app Crohiy. +ay, Cop (by opening the determinant about 1% column)

Thus |Al=|A".
Examples:
32 g3
(1) |A]= =12+2=14 and |A'|- —12+2=14
1 4 -2 4
~IAl =AY
1 -2 2 1
4 3 -1 3
(2) Show the correctness of |A|= =80 and ‘At‘ =807
0O 2 0 0
-1 2 3 4
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Solution: To find the value of the determinant to the matrix A, we choose the third

row (why ?)
Al =a31Caq t a3 Cap+ +a33 Cyz+ Az Cas
2 21 1 21 1 -2 1
=0(-1°*"Y3 -1 3 +2(-1)°%?%4 -1 3 +0(-1)°%"34 3 3+
2 3 4 -1 3 4 -1 2 4
1 -2 2
0-1)>°*"*4 3 -1
-1 2 3
1 21
Al =214 -1 3 =-2[(-4)+(6)+(12) - (1) - (9) - (32)]
-1 3 4

=-2(2-42)=-2(-40)=80

To find the value of the determinant to the transpose of the matrix A, we choose the
third column.

t] _
A = ay3 Cy3 + a3 Cy3 + Q33 Ca3 + 43 C45

1 4 0 -1
s 2 o o 2 3 2 1 4 -
A = =0(Z1)'™% 2 -1 3[+2(-1)*"%2 -1 3|+
2 -1 0 3
1 3 4 1 3 4
1 3 0 4
1 4 -1 1 4 -1
0(-1)°**%-2 3 2|+0(1)*"3-2 3 2
1 3 4 2 -1 3
1 4 -
IAY =222 -1 3
1 3 4

=-2[(-4) +(-6) + (12) - (1) - (9) - (32)]
=—2(2-42)=—2 (- 40) =80
~ Al =AY
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(3) Let A=

A P W
o1 N O
o © O

|Al =168 +0+0-0-135-0

=168 - 135 Al =

e
=33

And

31 4
A'=|0 7 5

09 8

+ + + - -

|A'[ =168 +0+0-0-135-0 aT=| o

=168 - 135

=33
Property (3):

If a matrix B results from-interchanging row by row or column by column in

matrix A, then det B = — det A

In other words: If replace a.rew with a row (column by column) in the matrix, then

the signal determinant is ehanged.
Proof: when n=2
11 G2

&, a a
A=|: 11 12:| S0 |A|=

a1 A a1 A
If we replacethe second row with the firstrow R; <> R,

B=|:a21 azz} S0 |B|:
&y 9

=119 —appdy;

a a
S 184y — 319y

a1 9
= — (a8, —aya;)
=—|Al

when n=3
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%1 Y4 &3
A=lay 8y ay
d31 a3 dg3
|Al= 5111322 Azz T Apdzz as t+ a21a32aJ13 - 313322331— ajpdp1dzz— 323332311J
' 4
Multiply towards the main diagonal  Multiply towards the secondary diagonal

If we replace the second row with the firstrow R; <> R;
dp1 8y dy3
B=la; ap a3
d3) 83 g3
|Bl= A1y Agz T 813 A31 t Q1183283 — Ap3dy2831 — 811822833 =-813A32821
= — (— Q@12 @33 — A2813 A3 — Q11832823 + A23A12831 811820833 + A13832871)

= (%11322333 + appagas t azlaazaljs — 813820831 — 812891833 — A32823811)
N\ J
h a's

Multiply towards the main diagonal Multiply towards,the secondary diagonal

=—|A]

As well as if we replace the first row with-the third row R; <> R3, we get | Bl=—|A|
In the same way if the replace was,on'the columns.
And so in the same way we prove when n = k.

.. The property is true for al.values of n.

Examples:
2 -3 1 3 . :
(1) A= L 3 NB= ), _3 (replace the first row with the second row R; <> R5)
2 -3
Al= =6—-(-3)=9
A= e
1 3
8| = - 3-6=-9
2 -3
. IBl=—]Al
1 2 3 1 2 3
(2) A=|1 -1 1| ,B=|2 3 4| (replace the third row with the second row R; <> Rs)
2 3 4 1 -1 1
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Al=|1 -1 1| =@)DE) +@D)2) + B)DE) - B)(-1)(2) - (1)B3)(D) - (2)(1)(4)

3 4
=(-4+4+9)+(6-3-8) =9-5=4
3
Bl=[2 3 4[=0E)1)+@@®Q) + )R -B)E)1) - (DAL - @)D
1 -1 1
=(3+8-6)-(9+4-4) =5-9=-4
-~ IBl=-]A]
1 3 2
LetC=|1 1 -1| (replace the third column with the-second column C, <> C,).
2 4 3
Show that |C|=—|A|l  (Home work)
3 2 1
Let D=|1 -1 1| (replace the thirdscolumn with the first column C; <> Cy).
4 3 2

Show that |[DI=—|Al  (Home'work)

Property (4):

If the elements,of two rows (two columns) are equal in a square matrix then its
determinant is-equal to zero.
Proof: Suppese in the matrix A the elements of the row (i) equal to the elements of the

row (2).

Suppose the matrix B results from replace the row (i) by the row (0).
Bl="— Al (by Property (3))

But B=A, so |B|=|A] (the row (i) = the row (£))

|Al=—[A| (replaced)

2 |Al=0 = 220

~ Al =0
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Examples:

4 -2 3
i3 1 2 32 (the second and third rows are equal)
3 1 2w
¥ ¥
3 1 2 2
-2 0 00 :
(2) =0 (the third and fourth columns are equal)
1 300
2 1 1
Property (5):

Determinant of the product of two square matrices of the same degree = product
of the determinants of those two matrices. i.e. | AB|=_[A[\IB]
Proof: We prove this property when n=2

a, a b b
LetA:{ 11 12} and B:{ 11 12}
dy ap by by
AB - |:a11b11 +aby; 8305 +83502 }
8p10yg +8by; 8055 +855D5;
|AB|= (ag1b11 + @12b21) (821012 # A327022) — (A11012 + @12022) (A21b11+822021)
After opening and arranging it,\produce:
|AB| = | a11011820022 — A14@95012021— b11020812851 + @12821012021

|A| =818, —3pan)

|B| = b11b22 N b12b21

|A| ' |B| = (11890 —aypay1) (01405, —byybyy)
= |anbii8:002 — 11825015091 1102810891 + 81282101204

-~ |AB|=|Al-IB]
As the same way when n = 3.
Thus this property can be proved when n = k.

Examples:
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-1 5
Solution: |AB|=|Al-|B|

2 -3|[1 4] |2 3L 4
1 5|2 3|| -1 5|2 3

4 —
‘9 1j - (10-3)-(3-8)

2 -3 1 4
(1)LetA:{ ]B:L 3]3h0wthat|AB|=|A|-|B|?

— 44 +9=(7) (-5)
~35=-35
0 2 2 1 3 0
(2)Let A=[3 -1 0|,B=|0 2 1|, showthat |AB|="Al-|B|?
1 4 1 2 -1 3

Solution: |AB|= |Al-|B]

0 2 21 3 O 0 2 21

3 -1 00 2 1||=83 -1 0-0~n2 1
1 4 1)l2 -1 3 1 4 U2 -1 3

4 2 8
3 7 -1 = (20y(13)
3 10 7
2600="260
1.2 1 0] .
(3)LetA:{ },B:{ },flnd|A|,|B|,|AB|,|A3B|,|BZA|?(Homework)
30 7 2
(@) If | AL, find [ A3 2
Solutions
| A= A-A?
=|Al.|A?| (by property (5))
= [Al|AA]
=|Al-|A]-|A] (by property (5))
A% = |AlP
=43
| A% =64
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This example leads to the following corollary:

Corollary: If A is a square matrix, then |A*|=|Al* where k is a positive integer
number. (The prove home work)

Generalization: If Ay, A,, ..., A, are square matrices of the same degree, then
ALA A = AL AL AL (The prove home work)

Remark: |A +B|= |A| + | B/, for example:

SRR

2 2 2 - 0 3
A+B|= ‘:4, |A|:‘ ]1:7, |B|:‘ ‘:3
2 4 3 2 -1 2
|A+Bl=|Al + B
4 = 7 + 3
4 = 10
Property (6):

If A, B and D are three matrices-0f-degree (nxn) equal in all rows except in the
row (i) in the matrix D such that djj=a; + bjj, j = 1,2,..., n, then det D = det A + det B.
The same way if it is a column.

Proof: Let
(dyy dyy e e e Oy, | fdyy dpy e e e dy, |
dyy Oy oo oor d,, dyy dpy oo wor oo dy,
Ao : : : , 5 : : : |
Qg Qg N i, i-th row bil bi2 ......... bin i-th row
Ay Gy o e don | (dyg dpp o e e don |
di dy, din
dyy dy, d,,
D=
aj +bjy @ +bp e o gy +byg || i-th row
| dy d,, d., |

Prof.Dr.Niran Sabah Jasim, Assist.Prof.Dr.Suaad Gedaan Gasim, Assist.Prof.Dr.May Mohammed Helal 49



Where dij = aijj +bij ,j =1,2,...n

We open the determinant of the matrix D about the row i

D|= Zn:((aik +b; ) Cik)
ko1

n n
= > & Cy + 2 by Ciy
k=1 k=1

Bl=[A]

+ |8

In the same way if it is

The column j from D = The column j from A + The column j fromB, i.e.

By theorem:
Matrix determinant is the sum of the product of the
elements of a row (column) by their cofactors.

j-th column
dyy dpp aj +hy | - dyy
D d.21 d.22 ay; 'f'ij ARRI ¢ P
dnl dn2 anj‘i'bnj dnn
dj;  dyp A dip [ |0y dpp b;
_ dy  dy a; dyp N dy;  dy by;
dnl dn2 a'nj dnn dnl dn2 bnj
j<th column j-th column
D] = |Af+/8]
Examples:
1 1 0 2 1 0 2
(1)|C|=|4—|=|1 2 1)+([3 4 7]
—2 -2 1 0 -2 1 0

24

=9+15
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311 o |[2]1 o© 1]1 0
) |6 2 —1|+||4]2 -1
9l1 4| ||2]1 4| ||[7]1 4

I
|
Il

24 + (-9 + (0) — (0) — (~3) — (24) = 8 + (~ 14)
- B6=-6

Property (7):
If all the elements of a row (column) in a square matrix A multiplying by a fixed
(k #0), then the determinant of it multiply by the fixed k. i.e.

all a12 'Rl aln all a12 naa aln
dy; Ay ... Ayp Ay ...
|B|= : : N : : =k|A|
kay; ka, .. Ka, 3 Ay ...
anl an2 ann anl an2 ann

Proof: Let B is the matrix obtained bysmultiply the row (i) in the matrix A by the fixed
(k = 0), when we open the determinant of the matrix B about the row i, we get
|Bl =k ai;Ciy + k axCip + ... 7k @,Ciy
=k (@i1Ciy + @i2Ciz + .+ #°2inCin)
Bl =k [A]

The same waywhen the column of the matrix is multiply.

Examples: \ fawal Y

12" 3 1 21

(W)T4 5 3|=3/1 5 1|=3(0)=0

2 8 6 2 8 2

2 6‘:‘(2)@) (2)3) :2‘1 3‘:2‘1 e
1

@11 1 12 112 |1
(3)(4)

11
= (2)(3)‘ 1 1 ‘= (6)(3) =18
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1 -1 2 1 -1 2
(B)Let A=|2 3 2| ,s0 |[A|=|2 3 2|=(-15)
3 2 1 3 2 1

Let B is the matrix obtained by multiply the first column of the matrix A by the fixed
k =10, then

10 -1 2

|B|: 20 3 2| =(-150)=10(-15)
30 2 1

Bl =10 |A]

Corollary:

If B = [bjj]nxn is @ matrix obtained from multiply<each entry of A = [aj]n«n by c,
ie.by=cay Vi j,1<i,j<n Then [Bl =c" |Al.

8y 8 . A Capy Cap ... Cayy
a Ay ... Ay, Cady Cay, .. Cay,
Proof: Let A=| S B
& &, .. & ca; Ca, .. Ca,
_anl Arp e ann_ _Canl Canp - Cann_
Then
1 A A
ca, ca ca _
B|=c 2 X 2n Extract the number ¢ from the first row (R,)
Cay s Cag, ca,
&1 A &
dp1 Ay . Gy
=C-C| . ) ) : Extract the number ¢ from the second row (R,)
ca, ca, .. Ca,

By repeating the process n-times, we get |B| =c" | Al.
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1 -1 0
Example: Let A={2 1 2| ,let c=3.Show that 3* |Al = |B|, where B = 3A.
3 4 1

Property (8):
If the corresponding elements of two rows (two columns) in a square matrix. are
proportional then the determinant of that matrix = zero.
Proof: Let the row (i) proportional with the row (£) in the matrix A,.n, then:
row () =row (i) x (fixed k) , where k =0 (by property (7))

&1 G 4 &1 G4 Eh
1 dp 2n 1 Ay N
Al=|an &y - & | row (i) Al=|ay  ay o @0 | row (i)
a1 o - &n | row (1) ka;; ka0 ka,| row (£)
an1 G2 nn an A2 nn replacing the
row (€)
a, &, a,
aZl a‘22 a2n
Al=kla, a, o N (by property (7))
a'il a'i2 a'in “/
a'nl an2 a'nn
Al =k(0)=0 (by property (4))
Examples:
36 . : . : 3
(1) |A| = i 9 =0 the first row proportional with the second row where the ratio between them 1
1 2 3
(2) |B| =2 0 6|=0 the first row proportional with the third row where the ratio between them %
2 4 6

. . . . . 1
or the first column proportional with the third column where the ratio between them 3
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4 0 6
(3) |B| =12 =1 3|=0 the first column proportional with the third column where the ratio between them %
10 3 15
Property (9):
If add to the elements of a row (column) in a square matrix the multiplying of the

corresponding elements in another row (column) by the constant k (k = 0), then-the
value of its determinant does not change.

Proof: Let

all a12 cee aln

& &2 .- Qb | row (i)
Al : : :

8q 8y ... 8 |row(s)

_anl a-n2 a-nn
A1 G, A
all ai2 a-|n
B= :
kaj; +ay Kaj, +ag, ... Ka,+ag, | Adding the row (i) multiplying by k to the row (s)
L anl an2 ann _
A1, o Yn| |41 Q2 An
% &y ... @ &g 82 8in »
Bl=|: N E : : \ (by property 6)
8 & - An| k&g Kap ... K&t two rows are proportional
anl an 2 a'nn anl an 2 ann
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But the determinant of the second matrix = 0 by property (8), so

Al = |B].

-1 2
Example: If A=
3 5

(1) B= {_1 2 +10(_1)} Adding to the second column ten times of the\first column

3 5+10(3)
|B|:‘_ _|=-35+24=-11
3 35
-1 2
| |=‘ ‘:—5— =11
3 5
|Al =B

(2) Adding to the first row double the second row (multiplying the second row by 2
and adding it to the first row)

. {—1+ 2(3) 2+ 2(5)} B {5 12}
3 5 3)'5

Is |Al =B

12 5 12

‘3 5H3 5‘

(-11) = (-11)

Property(10):

The.determinant of a triangular matrix A equal to the product of the elements of
thé'main diagonal, i.e. If A = [aj], = |Al =det A= apay, ... an.
Proof: Let A be an (nxn) upper triangular matrix, to prove | Al=det A = a;az ...am.
We use the method of mathematical induction.

a a
(1) When n=2, A:{ 1 12} = |Al =anay
0 ay

.. The property true when n = 2.
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(2) Suppose the property is true when k =n

&1 S Az ..o H
0 ay, ay ... ay

|A| - O O a.33 ces a3k == a11a22a33 .o .akk
0 0 0 .. a,

(3) Isthe property stay true when n=k+1

Sy &y A3 ... A A (k+1)

0 @y ay ... ay A2(k+1)

Aj=|0 0 ag .. agy A3(k +1)

0 0 0 ... &gk 8k

We open the determinant around the last row, (k«+1).

&y Sy H3z ... Hy
0 ay ay ... ay

A|=[0 0 ag ... ag|ayapel) = 182083 - By k+1)k+1)
0 0 0 a

Apply the same proof if-the’'matrix is lower triangular matrix.  (Home work)

Examples:
3 0070

(1) |A|= 2,71 0=3)®(B)=15
a -1 5
1 2 -3

(2) |B|= 0 4 1 |=0)(4)B8)=32
0O 0O 8
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4 -7 8

3) |Al=|0 5 4|=(4)E)(-1)=-20
0 0 -1
70 0

(4) |B|=|12 8 0 |=(-7)(8)(-2) =112
15 6 -2

Remark: The determinant of the unity matrix = 1, since it is upper and lower
triangular matrix and the elements of its main diagonal 1 x...x1x1.
Property (11):
The sum of the products of multiplying the elements-of.a row (column) in the
square matrix A by the cofactors for the corresponding elements in another row
(column) of the matrix A equal to zero.

all a12 oo aln
a21 a22 Y a2n
It A=lay; a, ... & |row ()

8 a2 .-+ 5 | row (8)

Ay A2 ... Ay

And Cj, Cp, ..., Cj, the cofactors for the row (i), then

asl Cil + asZ Ci2+ +asn Cin = 0

The same ‘way if the cofactors for any column multiply by the corresponding elements
in another_column respectively.

&1 dp G3
For example, if A=|a,; a,, a,3| and Cy, Cyip, Ci3 the cofactors for the first row
d3; 83 dasg
respectively, if we multiply the cofactors for the first row by the elements of the
second row or the third row, then
ap CpptapCp+tayCi=0
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Az Cyp + a3 Cip+aCiz=0

2 -1 2
Example: If |A|]=|3 4 2
3 21

4 2
Cyy = (DM ) 1‘ =8 (the cofactors for the element a;; = 2)

3
C — _1 1+2
12 ( ) 3

2
1‘ =3 (the cofactors for the element a;,=—1)

3
C — _1 1+3
13 ( ) 3

4
2‘ =-18 ( the cofactors for the element. a;3= 2)

ap CpptapChpt+tayCiz=

3(8) +4(3) +2(-18)=24+12-36=0
Also,

az Cip +a3 Cptag Ciz=

3(8) +(-2)(3) +1(-18)=24-6-18=0

Property (12):
If the elements of the matxix'is complex number, then
The determinant of the comjlugate matrix = conjugate determinant of the matrix,

ie. |K|:|_A|

i -2 — - 2
Example: LettA'= . . |,then A= i i
2+i 3 2—-1 3

|AL{£ii_2J:m2—zuz—n

=3i2_4i+2i*=5i"—4i= [ 5—_4i

I

_ 32 (2 +i
ori 3 =3i“ —(-21)(2+1)

[Al=

=3i2+4i+2i°=5i’+4i= —5+4i
|A|="5+4i=|-5-4i
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Examples:
(1) Find the value of the determinant of each matrix by using the properties of the
determinant (without opening it mathematically)

1 3 2
@ A=/-1 0 3
0 11
Solution:
1 1 2
|A| =|-1 =3 3| Multiply the third column by k= —1 and added it to the'séeond column (Property 9)
0O 0 1
1 1 2
|A| =10 -2 5 Multiply the first row by k= 1-and added it to the second row (Property 9)
0O 0 1
=-2 The determinant of.a triangular matrix equal to the product of the elements
of the main diagonal(Property 10)
4 3 2
(b)B=| 3 -2 5
2 4 6
Solution:
4 3 2
|B | =23 -2.\5 Take out a common factor the number 2 from the third row (Property 7)
1-.2 73
4 3 2
|B | =24 0 8 Multiply the third row by k= 1 and added it to the second row (Property 9)
1 2 3

Take out a common factor the number 4 from the second row (Property 7)

4
B|=(2)(4)| 1
1

N O W
w NN
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3 2
|B | =-8/0 1 2 Replacement the first column with the second column with change the signal (Property 3)
2 3
3 2
|B | =-8/0 1 2 Multiply the second row by k= — 1 and added it to the third row (Property9)
2 1
4 2
1 3 3
|B | =(-8)(3)|0 1 2 Take out a common factor the number 3 from the firstrow (Property 7)
2 0 1
4 2
1 3 3
|B | =-24/0 1 2 Multiply the first row by k= — 2\and ‘added it to the third row (Property 9)
-8 -1
0 3 3
4 2
1 3 3
|B | =-24/0 1 2 Multiply the secend.row by k= % and added it to the third row (Property 9)
0 0 5
IB| = — 24 [(1)(1)(5)] = — 120,  The determinant of a triangular matrix equal to the product

of the elements of the main diagonal (Property 10)

2 2
(®C2{3 1}

Solution:
1.4 |
IC|=2 2. ) Take out a common factor the number 2 from the first row (Property 7)
1 -1 ) _ )
€|=2 o 4 Multiply the first row by k= — 3 and added it to the second row (Property 9)

| C | = (2)(4)=8 The determinant of a triangular matrix equal to the product of the elements
of the main diagonal (Property 10)
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1 -4 k
(2) Prove the correctness of the following |2 3 2k|=0 without opening it
3 6 3k

mathematically.

Proof:

1 -4 Kk 1 4 1

2 3 2kl=kl|l2 3 2 Take out a common factor k from the third column (Propetty;7)

3 6 3K 3 6 3

=k(0)=0 The first column equal to the third column (Property 4)

Other proof:
Since the elements of the first column proportional withthé-elements of the third
column and the ratio is k : 1, then

1 4 Kk
2 3 2kil=0 If two columns are proportional then the valug-ofithe determinant equal to zero (Property 8)
3 6 3k
a 1 b+c
(3) Provethat |b 1 c +a |=0 without-opening it mathematically.
c 1 a+b
Proof:

a l b+c| |a 1 a+b+c
b 1 c+al=/b 1 a+b¥c Multiplying the first column by k= 1 and added it to the third column (Property 9)
c 1 a+b| |c 1l.a*b+c

a 1xt

=(a+b+c)b. 1 1 Take out a common factor (a + b + ¢) from the third column (Property 7)
c 11

=(a+b+c)(0)=0 If the elements of two rows (two columns) are equal in a square matrix

then its determinant is equal to zero (Property 4)

a +b; a,+b, a;+bg & a, ag

(4) Prove that |b;+c; b,+cC, by+cg|=2|b; b, bg| without opening it
Ci+& Cy,+a, Cg+ag C, C, Csg

mathematically.
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Proof: We take the left side

Multiplying the first
a, +b;, a,+b, a,+b a, +b a +b a. +b plyIng
1 1 2 2 3 3 1 1 2 2 3 3 and second rows by

the third row
C,+& C,+a, Cy+ag|l [2( +b;+c) 2(a, +b,+cC,) 2(ag+by+cy)

(Property 9)
a + bl a + b2 a3 + b3 Take out a common factor the
=2 by +c; b, +C, by +C5q number 2 from the third oW

& +b +¢; a,+b,+C, a;+by+c, (Property 7)

a +b; a,+b, ag;+b,
=2 bl +Cq b2 +C» b3 +Cj Multiplying the second row by k= —1 and added it to the,third row (Property 9)

=2, +¢; by, +C, b3 +Cs| Multiplying the third row by K= ~1and added it to the first row (Property 9)

& ay a3
b1 b2 b3
=2 C;, C, Cj Multiplying the first row by ks —1 and added it to the second row (Property 9)
4 da a3
q & a3
=-2 C; Cy, Cj Replacement'the first row with the third row with change the signal (Property 3)
b, by by
& da a3

=2|b; b, Db4i{Replacement the second row with the third row with change the signal (Property 3)
C; Ca%Cs

(5) Without opening the determinant. Prove that

at a 1
2
aZ a; 1

Proof: We take the left side

Prof.Dr.Niran Sabah Jasim, Assist.Prof.Dr.Suaad Gedaan Gasim, Assist.Prof.Dr.May Mohammed Helal 62



a’ a 1| |at-a; a-a, O
2 2 Multiplying the second row by k= -1 and added it to
Q @ 1= C7, ay 1 the first row (Property 9)

a: a; 1 aZ a; 1

y+a, 1 O

= (al - a2) a, a, 1| Take out acommon factor (a; — ay) from the first row (Property.7)

2 5 Multiplying the third row by k= -1 and added it to the
= (al - az) d; —83 8 —& 0 second row (Property 9)

Take out a common factor (a, — a3) from the

= (al - az)(az - a3) a+ag 1 0 second row, (Preperty 7)

Multiplying the first row by k= —1 and added it to the

= (al - az)(aZ - a3) -3 0 0 second row (Property 9)

a+a, 1 0
=(a —a)@ —a3)@ )| 1 0 0

al a; 1

Take out a common factor (a; — a;) from
the second row (Property 7)

1 0 0
Replacement the first row with the second
== — )@ —ag)@ —a) | a+a, 1 O0F ., ith change the signal (Property 3)

al a; 1

Sifa _ _ The determinant of a triangular matrix equal to the product
==& —a)(@; —a3)(as —a) of the elements of the main diagonal = 1 (Property 10)

(6) Find the value of x without opening the determinant mathematically.

2 2-X
1+Xx 0
Proof:

=0
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2 2—-X
1+Xx

‘ =0 Take out a common factor (1 + x) from the second row (Property 7)

—(1+x)

1
5 9 =0 Replacement the first row with the second row with change the signal (Property 3)
—X

-@1+x)(2-x)=0 The determinant of a triangular matrix equal to the product of the elements ‘of
the main diagonal (Property 10)

1+x)(2-x)=0 Multiply each side by — 1

l+Xx=0=x=-1o0or 2—-x=0=>x=2

1 2 0 5
(7) Let A= and B= As|A+B| = |A] + B2
3 4 4 3

1
7
Al =4-6=-2, |B| =0-20=-20.

Soweget, |A+B| = |Al + |B] since =427 = —2 +-20 (i.e.—42 = —22)
Exercises:

(1) Find the value of the determinant of each matrix by using the properties of the
determinant or by reduction to triangular matrix (without opening it mathematically)

7
Solution:A+B:{ 7} — |A+B|=7-49=242

1 0 -3 1.0 0 2 3 4 3 4 2 4 -3 5
@ |2 2 -1| ()02 0/ (© [0 0 3[ d |25 0/ (|5 2 0
4 1 4 00 4 0 2 1 300 2 0 4
1 4 3 1 4 0 0 0
2 QY s 1 =2 01 0 =2 12 0 0
_1%0” 3 2a 2b 2| (h EOES
(f (9) |2a C()0010(J) s 30
X~y 2z 2 1 2
031 4 5 3 5
a—-1

(2) Find the value of a if

2‘ =0 without opening it mathematically?
a —

(3) If |[Al =—5and |B| =2, find the value of |Al?, |A*] | | A?B?| .
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1 1 1
(4) Provethat | x y z |=0 without opening it mathematically.
y+z z+X X+y

28 +b; 2by+c; 26+ 8 b ¢
(5) Prove that |2a, +b, 2b,+c, 2c,+a,|=9a, b, c,| without openingsit
285 +b; 2b;+c3 205 +ay ag by cCj
mathematically
2 2

yz X X yZ Xy XZ
(6)  Prove that |y? xz y?|=xy xz vyz| xyz #0 .Without opening it
2% 7?2 xy| [X2 yz xy

mathematically.

(7) Without opening the determinant, show that-thesequation obtaining from the value
of the following determinant is of degree twoand has the roots a and b

1 x x?
1 a a%l|=0,azb
1 b b?

(8) If the points (X1,y1), (X2,¥2);:(X3,Y3) on a straightened one, then prove that
X; yp 1
X, Y, 1|=0 witheut opening it mathematically.

Xz Y3 1

(9) Find thewvalue of x for all the following without opening it mathematically
x-1 0 1
(b) 0 x-1 0 |=0
1 0 x-1

(@)

X —2 7
=0
3 x+2‘

3 -1 2
(10) If A= and B= , show that
2 1 1 1

(a) AB = BA.
(b) |AB| = |Al-|B].
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() |AB| = |BAI.
(11) Prove that |AB| = |BA| for any matrices A and B?

(12) Let k be any real number and A is a matrix of degree n x n, prove that
kAl =K"|A|

(13) Without opening the determinant prove that

1 a be|l |1 a @
1 b acl|=[1 b b?|,a#0,b=0,c#0.

1 ¢ ab 1CC2

Note: Multiply and divided by abc.

a, b, ¢ 8 -3 @) &
a3 by c3 C, —383 Cp Cg

Prof.Dr.Niran Sabah Jasim, Assist.Prof.Dr.Suaad Gedaan Gasim, Assist.Prof.Dr.May Mohammed Helal

66



	1.pdf (p.1)
	3.pdf (p.2-33)

