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Chapter two 

Determinants  

 

Determinant:         

        A function whose domain is the set of square matrices and their range (codomain) 

the set F.  

Where: (F is the set of real or complex numbers) 

The value of the square matrix function is called "determinant" for that matrix and is 

written as follows: 

f (A) = det (A) = A 

f ([a]) = a = a 

 

Examples: 

(1) f ([– 8 ]) = – 8 = – 8 

(2) 
2 2 2

3 3 3
f
  

   
  

 

 

Determinant of the matrix of degree 22 

        It is the product of the elements of the main diagonal minus the product of the 

elements of the secondary diagonal. That is: 

  11 12 11 12
i j 11 22 12 21

2 2
21 22 21 222 2

det det
a a a a

a a a a a
a a a a



  
          

  

 

 

Examples: 

(1)  

2 2

4 2 4 2
det

3 1 3 1


  
       

(4)(1) – (2)(–3) = 4 + 6 = 10 

(2)  

2 2

7 2 7 2
det

1 3 1 3


   
      

 = (7)(3) – (–2)(–1) = 21 – 2 = 19 

(3)  

2 2

8 5 8 5
det

7 0 7 0


   
   

  

 = (–8) (0) – (5)(7) = 0 – 35 = – 35 
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(4)  

2 2

2 2
3 3

det 7 7

2 6 2 6


  
      

   
  

 = (
2

7
 ) (6) – (–3)(2) = 

12

7
  – (–6) = 

30

7
 

 

Determinant of the matrix of degree 33 
 

 
11 12 13

i j 21 22 233 3

31 32 33 3 3

det A det

a a a

a a a a

a a a




  
         
    

 

 

The calculation of the determinant is as follows: 

 
 

Example: Find the determinant of the matrix 

3 2 1

4 1 2

5 2 3

 
 

 
 
  

 

Solution:  

 
 

Second method: which is to write the first and second columns after the third column, 

then we find the multiplication products as follows: 

 

 
11 12 13

i j 21 22 233 3

31 32 33 3 3

det A det

a a a

a a a a

a a a




  
         
    

 = 

(3)(1)(3) (2)(2)(5) (4)( 2)( 1)

( 1)(1)(5) (2)( 2)(3) (2)(4)(3)

(9 20 8) (5 12 24) 54 24 30

    

    

        
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  or   

 

Examples: Find the determinant of the following matrices 

(1)  

3 2 1

4 1 2

5 2 3

 
 

 
 
  

 

Solution:  

 
= (3)(1)(3) + (2)(2)(5) + (–1) (4)(–2) – (–1)(1)(5) – (3)(2)(–2) – (2)(4)(3) 

= (9 + 20 + 8) + (5 + 12 – 24) = 54 – 24 = 30 

 

(2)  

1 0 3

1 2 1

0 4 0

 
 

  
 
  

 

Solution: 

∣A∣ = (1) (2) (0) + (0) (–1) (0) + (3) (1) (– 4)  

        – (3) (2) (0) – (1) (–1) (– 4) – (0) (1) (0)     

      =  0 + 0 + (–12) – 0 – 4 – 0 = – 16 

 

 

(3)  

1 1 1
4 6 4

0 0 2

2 8 0

 
 

   
 
  

 

Solution: 
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∣A∣ = (
1

4
)(0) (0) + (

1

6
 )(–2)(–2) + (

1

2
)(0) (8)  

     – (
1

2
) (0)(–2) – (

1

4
)(–2) (8) – (

1

6
 ) (0) (0)     

      =  0 + 
2

3

 
 
 

 + 0 – 0 + 4 – 0 = 
10

3
 

 

Finding the determinant of the matrix using cofactor method 
 

Definition: Cij the cofactor of the element aij of the elements of the square matrix             

A = [aij]nn "is a product of (–1) 
i + j

 by the determinant of the matrix A after remove the 

i-th row and j-th column. This determinant is called the miner determinant for aij and 

denoted by Mij" 

 

Examples: 

(1) The cofactor of the element a22 in the matrix 

11 12 13

21 22 23

31 32 33

a a a

a a a

a a a

 
 

 
 
  

  is  

C22 = (–1)
2 + 2

M22 = (–1)
2 + 2 11 13

31 33

a a

a a
 

 

(2) The cofactor of the element a23 in the matrix 

11 12 13

21 22 23

31 32 33

a a a

a a a

a a a

 
 

 
 
  

   is  

C23 = (–1)
2 + 3

M23 = (–1)
2 + 3 11 12

31 32

a a

a a
 

 

(3) The cofactor of the element (– 4) in the position (1,1) in the matrix 

4 3 1

2 1 4

3 1 5

 
 

   
 
  

  is 

C11 = (–1)
1 + 1

M11 = (–1)
1 + 1 1 4

1 5

 
 = (–1)(5) – (– 4) (1) = – 5 + 4 = – 1  
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Theorem: Matrix determinant: is the sum of the product of the elements of a row 

(column) by their cofactors. 

Let Cij is the cofactor of the element aij in the matrix A = [aij]nn, so the determinant 

of the matrix is as follows: 

(1) If chose the row i, then A = det A = 
n

i j i j
j 1

Ca


  = ai1Ci1 + ai2Ci2 +…+ ainCin 

(2) If chose the column j, then A = det A = 
n

i j i j
i 1

Ca


  = a1jC1j + a2jC2j +…+ anjCnj 

Remark: When using this method, we choose the row or column that contains the 

largest number of zeros. 

 

Examples: 

(1)  If  
11 12

21 22

a a

a a

 
   

 
. Find det A? 

Solution: chose the row 1 

A= det A = 
11 12

21 22

a a

a a
 = a11C11 + a12C12 

      = a11(–1)
1 + 1

a22 + a12(–1)
1 + 2

a21 = a11 a22 – a12 a21 

 

(2)  If  

11 12 13

21 22 23

31 32 33

a a a

a a a

a a a

 
 

 
 
  

. Find det A? 

Solution: chose the row 1 

A = det A = 

11 12 13

21 22 23

31 32 33

a a a

a a a

a a a

   = a11C11 + a12C12 + a13C13 

       = a11(–1)
1 + 1 22 23

32 33

a a

a a
 + a12(–1)

1 + 2 21 23

31 33

a a

a a
 + a13(–1)

1 + 3 21 22

31 32

a a

a a
 

       = a11(a22 a33 – a23 a32)  – a12(a21 a33 – a23 a31) + a13(a21 a32 – a22 a31)   

       = a11 a22 a33 – a11 a23 a32 – a12 a21 a33 + a12 a23 a31 + a13a21 a32 – a13a22 a31 

       = a11a22 a33 + a12 a23 a31 + a13a21 a32 – a11 a23 a32– a12 a21 a33– a13a22 a31 
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(3)  Find 

3 2 1

4 1 2

5 2 3



 



 

Solution: chose the row i = 2 

A = a21C21 + a22C22 + a23C23  

      = 4(–1)
2 + 1 2 1

2 3




+ 1(–1)

2 + 2 3 1

5 3


 + 2(–1)

2 + 3 3 2

5 2
 

        = – 4(6 – 2) + 1(9 + 5) – 2(– 6 – 10) = – 4(4) + 1(14) – 2(–16) = – 16 + 14 + 32 = 30 

(3)  Find 

3 2 1 4

0 1 0 0

4 2 0 1

1 3 0 2

 




 

 

Solution: We can chose the row i = 2  or  the column j = 3 

Now we chose the row i = 2   

B = b21C21 + b22C22 + b23C23 + b24C24 

B = 0(–1)
2 + 1

2 1 4

2 0 1

3 0 2

  + 1(–1)
2 + 2

3 1 4

4 0 1

1 0 2

 + 0(–1)
2 + 3

3 2 4

4 2 1

1 3 2





 + 

 0(–1)
2 + 4

3 2 1

4 2 0

1 3 0





 

3 1 4

4 0 1

1 0 2

 



 

 

To find the value of this determinant we can find it directly or by using the cofactor by 

chose the second column 
 

B = 

3 1 4

4 0 1

1 0 2

 = 1(–1)
1 + 2 4 1

1 2
 + 0(–1)

2 + 2 3 4

1 2
 + 0(–1)

3 + 2 3 4

4 1
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= – 
4 1

1 2
 = – (8 + 1) = – 9 

 

Exercise: Resolve the previous example using the third column 

 

Example: Prove that 
cos sin

cos2
sin cos

 


 
   . 

Proof:  

2 2cos sin
cos sin cos2

sin cos

 
  

 
      

 

Example: Prove that 

cos 1 1

1 cos 1 (cos sin )(cos 1)

sin 1 1



   



     . 

Proof:  

2

cos 1 1

1 cos 1 cos 1 sin sin cos cos 1

sin 1 1



     



         

                                                

2cos sin cos cos sin

cos (cos sin ) 1(cos sin )

(cos sin )(cos 1)

    

    

  

   

   

  

 

 

Some Properties of Determinants:    
 

Property (1):  

        If all elements of row or column of any matrix are zero, then their determinant 

equal to zero. 

Proof: Let the row i  all elements of it are zero. 

ai1 = ai2 = … = ain = 0   (0,0,…,0)         the row i 

We open the determinant around the row i 

A = ai1Ci1 + ai2 Ci2 + … + ain Cin 

        = 0 Ci1 + 0 Ci2 + … + 0 Cin 
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        = 0 + 0 + … + 0 = 0 

 

The same method remains if all elements of one of the columns are zeros. (Home work) 

 

Examples: 

(1) 

0 0 0

2 1 1 0

3 2 1

        since all elements of the first row are zero 

 

(2) 

4 0 0

3 0 2 0

1 0 2



       since all elements of the second column are zero 

 

Property (2):  

        The determinant of the square matrix A equal to the determinant of its transpose, 

i.e.   A=A
t
 

Proof: Let 

11 12 1n

21 22 2 n

n1 n2 n n

a a a

a a a

a a a

 
 
 

   
 
  

, so 

11 21 n1

12 22 n2t

1n 2 n n n

a a a

a a a

a a a

 
 
  
 
 
  

 

A= a11C11 + a12 C12 + … + a1n C1n               (by opening the determinant about 1
st
 row) 

A
t
= a11C11 + a12 C12 + … + a1n C1n              (by opening the determinant about 1

st
 column) 

Thus A=A
t
. 

 

Examples: 

(1) 
3 2

12 2 14
1 4


        and   t 3 1

12 2 14
2 4

    


 

A = A
t
 

 

(2) Show the correctness of t

1 2 2 1

4 3 1 3
80 and 80

0 2 0 0

1 2 3 4




    



? 
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Solution: To find the value of the determinant to the matrix A, we choose the third 

row (why ?) 

A = a31C31 + a32 C32 + + a33 C33 + a34 C34 

       = 0(–1)
3 + 1

2 2 1

3 1 3

2 3 4



  + 2(–1)
3 + 2

1 2 1

4 1 3

1 3 4





 + 0(–1)
3 + 3

1 2 1

4 3 3

1 2 4





 + 

0(–1)
3 + 4

1 2 2

4 3 1

1 2 3







 

A = –2 

1 2 1

4 1 3

1 3 4





   = –2[(–4) +(–6) + (12) – (1) – (9) – (32)] 

 

                                    = – 2 (2 – 42) = – 2 (– 40) = 80 

 

To find the value of the determinant to the transpose of the matrix A, we choose the 

third column. 

A
t
 = a13 C13 + a23 C23 + a33 C33 + a43 C43  

A
t
 =

1 4 0 1

2 3 2 2

2 1 0 3

1 3 0 4






 = 0(–1)

1 + 3

2 3 2

2 1 3

1 3 4



  + 2(–1)
2 + 3

1 4 1

2 1 3

1 3 4



  + 

                                       0(–1)
3 + 3

1 4 1

2 3 2

1 3 4



  + 0(–1)
4 + 3

1 4 1

2 3 2

2 1 3







 

A
t
 = –2 

1 4 1

2 1 3

1 3 4



   

        = –2[(–4) +(–6) + (12) – (1) – (9) – (32)]  

        = – 2 (2 – 42) = – 2 (– 40) = 80 

A = A
t
 
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(3) Let 

3 0 0

1 7 9

4 5 8

 
 

 
 
  

 

 

A = 168 + 0 + 0 – 0 – 135 – 0   

       = 168 – 135  

       = 33 

 

And  

 

t

3 1 4

0 7 5

0 9 8

 
 

 
 
  

 

 

A
t
 = 168 + 0 + 0 – 0 – 135 – 0  

        = 168 – 135  

        = 33 

 

Property (3):  

        If a matrix B results from interchanging row by row or column by column in 

matrix A, then det B = – det A 

In other words: If replace a row with a row (column by column) in the matrix, then 

the signal determinant is changed. 

Proof: when  n = 2 

11 12

21 22

a a

a a

 
   

 
, so 

11 12
11 22 12 21

21 22

a a
a a a a

a a
     

If we replace the second row with the first row    R1  R2 

21 22

11 12

a a

a a

 
   

 
, so 

21 22
21 12 11 22

11 12

a a
a a a a

a a
     

                                                      = – ( 11 22 21 12a a a a ) 

                                                      = – A 

when  n = 3 
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11 12 13

21 22 23

31 32 33

a a a

a a a

a a a

 
 

 
 
  

 

A= a11a22 a33 + a12a23 a31 + a21a32a13 – a13a22a31 – a12a21a33 – a23a32a11 

 

        Multiply towards the main diagonal    Multiply towards the secondary diagonal 
 

If we replace the second row with the first row    R1  R2 

21 22 23

11 12 13

31 32 33

a a a

a a a

a a a

 
 

 
 
  

 

B= a21a12 a33 + a22a13 a31 + a11a32a23 – a23a12a31 – a11a22a33 – a13a32a21 

      = – (– a21a12 a33 – a22a13 a31 – a11a32a23 + a23a12a31 + a11a22a33 + a13a32a21) 

      = – (a11a22a33 + a12a23a31 + a21a32a13 – a13a22a31 – a12a21a33 – a32a23a11) 
 

                 Multiply towards the main diagonal    Multiply towards the secondary diagonal 

      = – A 

 

As well as if we replace the first row with the third row  R1  R3, we get B= – A 

In the same way if the replace was on the columns.  

And so in the same way we prove when n = k. 

 The property is true for all values of  n. 

Examples: 

(1) 
2 3 1 3

,
1 3 2 3

   
      

   
   (replace the first row with the second row R1  R2) 

2 3
6 ( 3) 9

1 3


       

1 3
3 6 9

2 3
      


 

 B= –A 

 

(2) 

1 2 3

1 1 1

2 3 4

 
 

  
 
  

, 

1 2 3

B 2 3 4

1 1 1

 
 


 
  

(replace the third row with the second row R2  R3) 
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1 2 3

1 1 1

2 3 4

    = (1)(–1)(4) + (2)(1)(2) + (3)(1)(3) – (3)(–1)(2) – (1)(3)(1) – (2)(1)(4) 

                           = (– 4 + 4 + 9) + (6 – 3 – 8)  = 9 – 5 = 4 

1 2 3

2 3 4

1 1 1

 



 = (1)(3)(1) + (2)(4)(1) + (3)(2)(–1) – (3)(3)(1) – (1)(4)(–1) – (2)(2)(1) 

                                 = (3 + 8 – 6) – (9 + 4 – 4)  = 5 – 9 = – 4 

 B= –A 

 

Let 

1 3 2

C 1 1 1

2 4 3

 
 

 
 
  

  (replace the third column with the second column C2  C3).  

Show that C= –A     (Home work) 

 

Let 

3 2 1

D 1 1 1

4 3 2

 
 

 
 
  

  (replace the third column with the first column C1  C3).  

Show that D= –A     (Home work) 

 

 

Property (4):  

        If the elements of two rows (two columns) are equal in a square matrix then its 

determinant is equal to zero. 

Proof: Suppose in the matrix A the elements of the row (i) equal to the elements of the 

row (ℓ). 

Suppose the matrix B results from replace the row (i) by the row (ℓ). 

B= – A                         (by Property (3)) 

But  B = A, so B= A     (the row (i) = the row (ℓ)) 

A= – A                         (replaced) 

2 A = 0    2  0 

A = 0 
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Examples: 

(1) 

4 2 3

3 1 2 0

3 1 2



            (the second and third rows are equal) 

 

(2) 

3 1 2 2

2 0 0 0
0

1 3 0 0

2 2 1 1


      (the third and fourth columns are equal) 

 

Property (5):  

        Determinant of the product of two square matrices of the same degree = product 

of the determinants of those two matrices. i.e. AB= AB 

Proof: We prove this property when  n = 2 

Let 
11 12

21 22

a a

a a

 
   

 
  and  

11 12

21 22

b b

b b

 
   

 
 

11 11 12 21 11 12 12 22

21 11 22 21 21 12 22 22

a b a b a b a b

a b a b a b a b

  
   

  
 

AB= (a11b11 + a12b21) (a21b12 + a22 b22) – (a11b12 + a12b22) (a21b11+a22b21) 

After opening and arranging it, produce: 

AB =   a11b11a22b22 – a11a22b12b21– b11b22a12a21 + a12a21b12b21 

 

11 22 12 21a a a a    

11 22 12 21b b b b    

11 22 12 21 11 22 12 21( )( )a a a a b b b b       

           =    a11b11a22b22 – a11a22b12b21– b11b22a12a21 + a12a21b12b21 
 

  AB= AB 

As the same way when  n = 3. 

Thus this property can be proved when  n = k. 

 

Examples: 
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(1) Let 
2 3 1 4

,
1 5 2 3

   
      

   
, show that AB= AB? 

Solution: AB= AB 

2 3 1 4 2 3 1 4

1 5 2 3 1 5 2 3

    
   

    
 

               
4 1

(10 3) (3 8)
9 11

 
     

                  – 44 + 9 = (7) (–5)  

                        – 35 = – 35 

 

(2) Let 

0 2 2 1 3 0

3 1 0 , 0 2 1

1 4 1 2 1 3

   
   

    
   
      

, show that AB= AB? 

Solution: AB= AB 

0 2 2 1 3 0 0 2 2 1 3 0

3 1 0 0 2 1 3 1 0 0 2 1

1 4 1 2 1 3 1 4 1 2 1 3

   
   

   
   
       

 

                   

4 2 8

3 7 1

3 10 7

         =   (20) (13) 

                                260  = 260 
 

(3) Let 
1 2 1 0

,
3 0 7 2

   
      

   
, find A, B, AB, A

3
 B, B

2
 A? (Home work) 

(4) If A = 4, find A
3
 ? 

Solution:  

A
3
 = AA

2
 

         =AA
2
                (by property (5)) 

         = AAA 

         = AAA         (by property (5)) 

A
3
 = A

3
 

           = 4
3
 

A
3
 = 64 
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        This example leads to the following corollary: 
 

Corollary: If A is a square matrix, then A
k
=A

k
, where k is a positive integer 

number.                                                                                      (The prove home work) 
 

Generalization:  If A1, A2, …, An are square matrices of the same degree, then 

A1 A2 … An  = A1A2…An.                                     (The prove home work) 

 

Remark: A + B A + B, for example: 

2 1 0 3
,

3 2 1 2

   
      

   
 

2 2
4

2 4
     ,  

2 1
7

3 2


   ,  

0 3
3

1 2
  


 

A + B A + B 

       4        7   +   3 

       4        10    
 

Property (6):  

        If A, B and D are three matrices of degree (nn) equal in all rows except in the 

row (i) in the matrix D such that dij = aij + bij , j = 1,2,…, n, then det D = det A + det B. 

The same way if it is a column. 

Proof: Let 

11 12 1n 11 12 1n

21 22 2n 21 22 2n

i1 i2 in i1 i2 in

n1 n2 nn n1 n2 nnn n n n

d d d d d d

d d d d d d

A , B

d d d d d d

a a a b b b

 

   
   
   
   

    
   
   
   
   

 

 

11 12 1n

21 22 2n

i1 i1 i2 i2 in in

n1 n2 nn n n

d d d

d d d

D

d d d

a b a b a b



 
 
 
 

  
   

 
 
 

 

     i-th row 

 

   i-th row 

   i-th row 
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Where  dij = aij +bij , j = 1,2,…,n 

We open the determinant of the matrix D about the row i 

n

ik ik ik
k 1

D (( + )C )a b


   

n n

ik ik ik ik
k 1 k 1

C C

D A B

a b
 

 

 

 
 

 

In the same way if it is  

The column j from D = The column j from A + The column j from B, i.e. 

 

 

11 12 1j 1j 1n

21 22 2j 2j 2n

n1 n2 nj nj nn

11 12 1j 1n 11 12 1j 1n

21 22 2j 2n 21 22 2j 2n

n1 n2 nj nn n1 n2 nj nn

d d d

d d d
D

d d d

d d d d d d

d d d d d d

d d d d d d

a b

a b

a b

a b

a b

a b








 

 

 

 

D A B   

 

Examples: 

(1) 

1 0 2 1 0 2 1 0 2

C 4 6 8 1 2 1 3 4 7

2 1 0 2 1 0 2 1 0

  

  

 

 

                    24         = 9 + 15 

By theorem: 

Matrix determinant is the sum of the product of the 

elements of a row (column) by their cofactors. 

 

  

j-th column 

j-th column j-th column 
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(2) 

3 1 0 2 1 0 1 1 0

6 2 1 2 2 1 4 2 1

9 1 4 2 1 4 7 1 4

      

 

24 + (–9) + (0) – (0) – (–3) – (24) = 8 + (– 14) 

                                                   – 6 = – 6 

 

Property (7):  

        If all the elements of a row (column) in a square matrix A multiplying by a fixed 

(k 0), then the determinant of it multiply by the fixed k. i.e. 
 

11 12 1n 11 12 1n

21 22 2n 21 22 2n

i1 i2 in i1 i2 in

n1 n2 nn n1 n2 nn

... ...

... ...

... ...

... ...

a a a a a a

a a a a a a

k k
ka ka ka a a a

a a a a a a

      

 

Proof: Let B is the matrix obtained by multiply the row (i) in the matrix A by the fixed 

(k  0), when we open the determinant of the matrix B about the row i, we get 

B = k ai1Ci1 + k ai2Ci2 + … + k ainCin 

        = k (ai1Ci1 + ai2Ci2 + … + ainCin) 

B = k A 

 

        The same way when the column of the matrix is multiply. 

 

Examples: 

(1) 

1 2 3 1 2 1

1 5 3 3 1 5 1 3(0) 0

2 8 6 2 8 2

    

(2) 
2 6 (2)(1) (2)(3) 1 3 1 (3)(1) 1 1

2 2 (2)(3) (6)(3) 18
1 12 1 12 1 12 1 (3)(4) 1 4

       

 

equal 
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(3) Let 

1 1 2

2 3 2

3 2 1

 
 

 
 
  

,  so  

1 1 2

2 3 2 ( 15)

3 2 1



     

Let B is the matrix obtained by multiply the first column of the matrix A by the fixed        

k = 10, then 

10 1 2

20 3 2 ( 150) 10( 15)

30 2 1



       

B = 10 A 

 

Corollary:  

        If B = [bij]nn is a matrix obtained from multiply each entry of A = [aij]nn by c,    

i.e. bij = c aij,  i, j, 1  i, j  n. Then B = c
n
 A. 

Proof: Let 

11 12 1n

21 22 2n

i1 i2 i n

n1 n2 nn

...

...

...

...

a a a

a a a

a a a

a a a

 
 
 
 

   
 
 
 
  

, 

11 12 1n

21 22 2n

i1 i2 i n

n1 n2 nn

...

...

B
...

...

c a c a c a

c a c a c a

c a c a c a

c a c a c a

 
 
 
 

  
 
 
 
  

. 

Then 

11 12 1n

21 22 2n

n1 n2 nn

...

...
B

...

a a a

c a c a c a
c

c a c a c a

              Extract the number c from the first row (R1) 

 

 

11 12 1n

21 22 2n

n1 n2 nn

...

...

...

a a a

a a a
c c

c a c a c a

               Extract the number c from the second row (R2) 

By repeating the process n-times, we get  B = c
n
 A. 
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Example:  Let 

1 1 0

2 1 2

3 4 1

 
 

 
 
  

, let  c = 3. Show that   3
3
 A = B, where B = 3A. 

 

Property (8):  

        If the corresponding elements of two rows (two columns) in a square matrix are 

proportional then the determinant of that matrix = zero. 

Proof: Let the row (i) proportional with the row (ℓ) in the matrix Ann, then: 

row (ℓ) = row (i)  (fixed k) , where k  0        (by property (7)) 
 

11 12 1n

21 22 2n

i1 i1 in

1 2 n

n1 n2 nn

a a a

a a a

a a a

a a a

a a a

                  

11 12 1n

21 22 2n

i1 i1 in

i1 i2 in

n1 n2 nn

a a a

a a a

a a a

ka ka ka

a a a

         

 

11 12 1n

21 22 2n

i1 i 2 in

i1 i 2 in

n1 n 2 nn

a a a

a a a

k a a a

a a a

a a a

                               (by property (7)) 

 

A = k (0) = 0                      (by property (4)) 

 

Examples: 

(1) 
3 6

0
1 2

     the first row proportional with the second row where the ratio between them 
3

1
 

(2) 

1 2 3

2 0 6 0

2 4 6

     the first row proportional with the third row where the ratio between them 
1

2
 

or the first column proportional with the third column where the ratio between them 
1

3
 

row (ℓ) 

   row (i) 

equal 

   row (i) 

row (ℓ) 

replacing the 

row (ℓ) 
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(3) 

4 0 6

2 1 3 0

10 3 15

     the first column proportional with the third column where the ratio between them 
2

3
 

Property (9):  

        If add to the elements of a row (column) in a square matrix the multiplying of the 

corresponding elements in another row (column) by the constant k (k  0), then the 

value of its determinant does not change. 

Proof:  Let  

 

11 12 1n

i1 i2 in

s1 s2 sn

n1 n2 nn

a a a

a a a

a a a

a a a

 
 
 
 
 

   
 
 
 
 
 

 

 

11 12 1n

i1 i2 in

i1 s1 i2 s2 in sn

n1 n2 nn

B

a a a

a a a

ka + a ka + a ka + a

a a a

 
 
 
 
 

  
 
 
 
 
 

 

 

11 12 1n 11 12 1n

i1 i2 in i1 i2 in

s1 s2 sn i1 i2 in

n1 n2 nn n1 n2 nn

B

a a a a a a

a a a a a a

a a a ka ka ka

a a a a a a

              (by property 6) 

 

two rows are proportional 

   row (i) 

   row (s) 

Adding the row (i) multiplying by k to the row (s) 
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But the determinant of the second matrix = 0 by property (8), so  

A = B. 

 

 

 

Example:  If 
1 2

3 5

 
   

 
 

(1) 
1 2 10( 1)

3 5 10(3)

   
   

 

     Adding to the second column ten times of the first column 

1 8
35 24 11

3 35

 
        

1 2
5 6 11

3 5


        

 A = B 

 

(2) Adding to the first row double the second row (multiplying the second row by 2 

and adding it to the first row) 

1 2(3) 2 2(5) 5 12

3 5 3 5

     
     

   
 

Is  A = B 

1 2 5 12

3 5 3 5


       

(–11) = (–11) 

 

Property (10):  
        The determinant of a triangular matrix A equal to the product of the elements of 

the main diagonal, i.e. If A = [aij]nn    A = det A =  a11a22 … ann. 

Proof:  Let A be an (nn) upper triangular matrix, to prove A= det A =  a11a22 …ann. 

We use the method of mathematical induction. 

(1)  When  n = 2,  
11 12

220

a a

a

 
   

 
    A = a11a22 

 The property true when n = 2. 
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(2)  Suppose the property is true when k = n 
 

11 12 13 1k

22 23 2k

11 22 33 kk33 3k

kk

0

0 0

0 0 0

a a a a

a a a

a a a aa a

a

    

(3)  Is the property stay true when   n = k + 1 

11 12 13 1k 1(k 1)

22 23 2k 2(k 1)

33 3k 3(k 1)

(k 1)k (k 1)(k 1)

0

0 0

0 0 0

a a a a a

a a a a

a a a

a a







  

   

 

We open the determinant around the last row (k + 1). 

11 12 13 1k

22 23 2k

(k +1)(k +1) 11 22 33 kk (k +1)(k +1)33 3k

kk

0

=0 0

0 0 0

a a a a

a a a

a a a a a aa a

a

   

 

Apply the same proof if the matrix is lower triangular matrix.     (Home work) 

 

Examples: 

(1)  

3 0 0

2 1 0 = (3)(1)(5) 15

1 5a

  



 

 

(2)  

1 2 3

0 4 1 = (1)(4)(8) 32

0 0 8



    
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(3)  

4 7 8

A 0 5 4 = (4)(5)( 1) 20

0 0 1



   



 

 

(4)  

7 0 0

B 12 8 0 = ( 7)(8)( 2) 112

15 6 2



   



 

 

Remark: The determinant of the unity matrix = 1, since it is upper and lower 

triangular matrix and the elements of its main diagonal 1 …11. 

Property (11):  
        The sum of the products of multiplying the elements of a row (column) in the 

square matrix A by the cofactors for the corresponding elements in another row 

(column) of the matrix A equal to zero. 

If   

11 12 1n

21 22 2n

i1 i2 in

s1 s2 sn

n1 n2 nn

a a a

a a a

a a a

a a a

a a a

 
 
 
 
 

   
 
 
 
 
 

 

 

And  Ci1, Ci2, …, Cin the cofactors for the row (i), then 

as1 Ci1 + as2 Ci2 + … + asn Cin = 0 

The same way if the cofactors for any column multiply by the corresponding elements 

in another column respectively. 

 

For example, if 

11 12 13

21 22 23

31 32 33

a a a

a a a

a a a

 
 

 
 
  

 and C11, C12, C13 the cofactors for the first row 

respectively, if we multiply the cofactors for the first row by the elements of the 

second row or the third row, then 

a21 C11 + a22 C12 + a23 C13 = 0 

   row (i) 

   row (s) 
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a31 C11 + a32 C12 + a33 C13 = 0 

 

Example:  If 

2 1 2

3 4 2

3 2 1



 



  

 

1 1
11

4 2
C ( 1) 8

2 1

  


   ( the cofactors for the element  a11  = 2) 

 

1 2
12

3 2
C ( 1) 3

3 1

      ( the cofactors for the element a12 = – 1) 

1 3
13

3 4
C ( 1) 18

3 2

   


   ( the cofactors for the element  a13  = 2) 

a21 C11 + a22 C12 + a23 C13 = 

3(8) + 4(3) + 2(–18) = 24 +12 – 36 = 0 

Also, 

a31 C11 + a32 C12 + a33 C13 = 

3(8) + (–2)(3) + 1(–18) = 24 –6 – 18 = 0 

 

Property (12):  
        If the elements of the matrix is complex number, then 

The determinant of the conjugate matrix = conjugate determinant of the matrix,                

i.e. A   

 

Example:  Let 
i 2i

2 i 3i

 
   

 
, then 

i 2i

2 i 3i

 
   

  
 

2i 2i
3i 2i(2 i)

2 i 3i


    

 
 

                        = 3i
2
 – 4i + 2i

2
 = 5i

2
 – 4i =   – 5 – 4i  

2i 2i
3i ( 2i)(2 i)

2 i 3i


     


 

                         = 3i
2
 + 4i + 2i

2
 = 5i

2
 + 4i =   – 5 + 4i 

5 4i 5 4i        
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  A   

 

Examples: 

(1) Find the value of the determinant of each matrix by using the properties of the 

determinant (without opening it mathematically) 

(a) 

1 3 2

A 1 0 3

0 1 1

 
 

 
 
  

 

Solution:  

1 1 2

1 3 3

0 0 1

     Multiply the third column by k= –1 and added it to the second column (Property 9) 

1 1 2

A 0 2 5

0 0 1

                    Multiply the first row by k= 1 and added it to the second row (Property 9) 

 

     = – 2                               The determinant of a triangular matrix equal to the product of the elements 

of the main diagonal (Property 10) 

 

(b) 

4 3 2

B 3 2 5

2 4 6

 
 

 
 
  

  

Solution:   
4 3 2

B 2 3 2 5

1 2 3

            Take out a common factor the number 2 from the third row (Property 7) 

 

4 3 2

B 2 4 0 8

1 2 3

            Multiply the third row by k= 1 and added it to the second row (Property 9) 

 

4 3 2

B (2)(4) 1 0 2

1 2 3

           Take out a common factor the number 4 from the second row (Property 7) 
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3 4 2

B 8 0 1 2

2 1 3

       Replacement the first column with the second column with change the signal (Property 3) 

 

3 4 2

B 8 0 1 2

2 0 1

               Multiply the second row by k= – 1 and added it to the third row (Property 9) 

 

4 2

3 3
1

B ( 8)(3) 0 1 2

2 0 1

          Take out a common factor the number 3 from the first row (Property 7) 

4 2

3 3

8 1

3 3

1

B 24 0 1 2

0  

           Multiply the first row by k= – 2 and added it to the third row (Property 9) 

 

4 2

3 3
1

B 24 0 1 2

0 0 5

           Multiply the second row by k= 
8

3
 and added it to the third row (Property 9) 

 

B =  – 24 [(1)(1)(5)] = – 120     
 

(c) 
2 2

C
3 1

 
  
 

  

Solution:   

1 1
C 2

3 1


           Take out a common factor the number 2 from the first row (Property 7) 

 

1 1
C 2

0 4


           Multiply the first row by k= – 3 and added it to the second row (Property 9) 

 

C = (2)(4) = 8     

 

The determinant of a triangular matrix equal to the product 

of the elements of the main diagonal (Property 10) 

The determinant of a triangular matrix equal to the product of the elements 

of the main diagonal (Property 10) 
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(2) Prove the correctness of the following 

1 4 k

2 3 2k 0

3 6 3k



  without opening it 

mathematically. 

Proof: 

1 4 k 1 4 1

2 3 2k k 2 3 2

3 6 3k 3 6 3

 

     Take out a common factor k from the third column (Property 7) 

 

                    = k(0) = 0              The first column equal to the third column (Property 4) 
 

Other proof:  

        Since the elements of the first column proportional with the elements of the third 

column and the ratio is k : 1, then 

1 4 k

2 3 2k 0

3 6 3k



        If two columns are proportional then the value of the determinant equal to zero (Property 8) 

(3) Prove that 

1

1 0

1

a b c

b c a

c a b



 



 without opening it mathematically. 

Proof:  
1 1

1 1

1 1

a b c a a + b c

b c a b a + b c

c a b c a + b c

 

  

 

 Multiplying the first column by k= 1 and added it to the third column (Property 9) 

1 1

( ) 1 1

1 1

a

a + b c b

c

        Take out a common factor (a + b + c) from the third column (Property 7) 

( ) (0) = 0a+b c            If the elements of two rows (two columns) are equal in a square matrix 

then its determinant is equal to zero (Property 4) 

 

(4) Prove that 

1 1 2 2 3 3 1 2 3

1 1 2 2 3 3 1 2 3

1 1 2 2 3 3 1 2 3

2

a b a b a b a a a

b c b c b c b b b

c a c a c a c c c

  

   

  

 without opening it 

mathematically. 
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Proof:  We take the left side 

1 1 2 2 3 3 1 1 2 2 3 3

1 1 2 2 3 3 1 1 2 2 3 3

1 1 2 2 3 3 1 1 1 2 2 2 3 3 32( ) 2( ) 2( )

a b a b a b a b a b a b

b c b c b c b c b c b c

c a c a c a a b + c a b + c a b + c

     

      

     

 

 

1 1 2 2 3 3

1 1 2 2 3 3

1 1 1 2 2 2 3 3 3

2

a b a b a b

b c b c b c

a b + c a b + c a b + c

  

   

  

   

 

1 1 2 2 3 3

1 1 2 2 3 3

1 2 3

2

a b a b a b

b c b c b c

a a a

  

        Multiplying the second row by k= –1 and added it to the third row (Property 9) 

 

1 2 3

1 1 2 2 3 3

1 2 3

2

b b b

b c b c b c

a a a

        Multiplying the third row by k= –1 and added it to the first row (Property 9) 

 

1 2 3

1 2 3

1 2 3

2

b b b

c c c

a a a

        Multiplying the first row by k= –1 and added it to the second row (Property 9) 

 

1 2 3

1 2 3

1 2 3

2

a a a

c c c

b b b

       Replacement the first row with the third row with change the signal (Property 3) 

 

1 2 3

1 2 3

1 2 3

2

a a a

b b b

c c c

    Replacement the second row with the third row with change the signal (Property 3) 

 

(5) Without opening the determinant. Prove that 

2
1 1

2
2 2 1 2 2 3 3 1

2
3 3

1

1 ( )( )( )

1

a a

a a a a a a a a

a a

      

Proof:  We take the left side 
 

Multiplying the first 

and second rows by 

k= 1 and added it to 

the third row 

(Property 9) 

Take out a common factor the 

number 2 from the third row 

(Property 7) 
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2 2 2
1 1 1 2 1 2

2 2
2 2 2 2

2 2
3 3 3 3

1 0

1 1

1 1

a a a a a a

a a a a

a a a a

 

      

 

1 2

2
1 2 2 2

2
3 3

1 0

( ) 1

1

a a

a a a a

a a



     Take out a common factor (a1 – a2) from the first row (Property 7) 

 

2 2
1 2 2 3 2 3

2
3 3

1 0

( ) 0

1

1 2a a

a a a a a a

a a



        

 

1 2

1 2 2 3 2 3

2
3 3

1 0

( )( ) 1 0

1

a a

a a a a a a

a a



      

 

1 2

1 2 2 3 3 1

2
3 3

1 0

( )( ) 0 0

1

a a

a a a a a a

a a



       

 

1 2

1 2 2 3 3 1

2
3 3

1 0

( )( )( ) 1 0 0

1

a a

a a a a a a

a a



     

 

1 2 2 3 3 1 1 2

2
3 3

1 0 0

( )( )( ) 1 0

1

a a a a a a a a

a a

         

 

1 2 2 3 3 1( )( )( )a a a a a a         

 

(6) Find the value of x without opening the determinant mathematically. 

2 2
0

1+ 0

x

x


  

Proof:   

Multiplying the second row by k= –1 and added it to 

the first row (Property 9) 

Multiplying the third row by k= –1 and added it to the 

second row (Property 9) 

Take out a common factor (a2 – a3) from the 

second row (Property 7) 

Multiplying the first row by k= –1 and added it to the 

second row (Property 9) 

Take out a common factor (a3 – a1) from 

the second row (Property 7) 

Replacement the first row with the second 

row with change the signal (Property 3) 

The determinant of a triangular matrix equal to the product 

of the elements of the main diagonal = 1 (Property 10) 
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2 2
(1+ 0

1 0

x
x)


     Take out a common factor (1 + x) from the second row (Property 7) 

 

1 0
(1+ ) 0

2 2
x

x
 


 Replacement the first row with the second row with change the signal (Property 3) 

 

(1+ )(2 ) 0x x          The determinant of a triangular matrix equal to the product of the elements of 

the main diagonal (Property 10) 
 

(1 + x)(2 – x) = 0          Multiply each side by – 1 
 

1 0 1x x =      or  2 0 2x x =    

 

(7) Let 
1 2

3 4

 
   

 
 and 

0 5
B

4 3

 
  
 

. IsA + B = A + B? 

Solution: 
1 7

A B
7 7

 
   

 
       A + B = 7 – 49 = – 42 

A = 4 – 6 = – 2  ,  B = 0 – 20 = – 20. 

So we get,  A + B  A + B since – 42      – 2  + – 20  (i.e. – 42    – 22) 

Exercises:  

(1) Find the value of the determinant of each matrix by using the properties of the 

determinant or by reduction to triangular matrix (without opening it mathematically)  

(a)  

1 0 3

2 2 1

4 1 4



   (b)  

1 0 0

0 2 0

0 0 4

  (c)  

2 3 4

0 0 3

0 2 1

  (d)  

3 4 2

2 5 0

3 0 0

  (e)  

4 3 5

5 2 0

2 0 4



 

(f)  

2 1 2

1 0 3

x y z

   (g)  

3 1 2

2 2 2

2 1 2

a b c



  (h)  

1 4 3 1

0 1 0 2

0 0 1 0

0 3 1 4


  (j)  

4 0 0 0

1 2 0 0

1 2 3 0

1 5 3 5




   

 

(2)  Find the value of  a  if  
1 2

0
3 2

a

a





 without opening it mathematically? 

 

(3)  If A = – 5 and B = 2, find the value of A
2
 , A

4
 , A

2
B

2
 . 
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(4)  Prove that  

1 1 1

0

+ + +

x y z

y z z x x y

  without opening it mathematically. 

 

(5)  Prove that  

1 1 1 1 1 1 1 1 1

2 2 2 2 2 2 2 2 2

3 3 3 3 3 3 3 3 3

2 2 2

2 2 2 9

2 2 2

a b b c c a a b c

a b b c c a a b c

a b b c c a a b c

  

   

  

 without opening it 

mathematically 
 

(6)  Prove that  

2 2

2 2

2 2

, 0

yz x x yz xy xz

y xz y xy xz yz xyz

xz yz xyz z xy

   without opening it 

mathematically.  
 

(7)  Without opening the determinant, show that the equation obtaining from the value 

of the following determinant is of degree two and has the roots a  and  b 

2

2

2

1

1 0,

1

x x

a a a b

b b

   

(8)  If the points (x1,y1), (x2,y2), (x3,y3) on a straightened one, then prove that  

1 1

2 2

3 3

1

1 0

1

x y

x y

x y

  without opening it mathematically. 

 

(9)  Find the value of  x  for all the following without opening it mathematically 

(a)   
2 7

0
3 + 2

x

x


              (b)   

1 0 1

0 1 0 0

1 0 1

x

x

x



 



 

 

(10)  If  
3 1

2 1

 
   

 
  and  

2 4

1 1

 
   

 
, show that  

 

(a) AB  BA. 

(b) AB = A·B. 



 

 

Prof.Dr.Niran Sabah Jasim, Assist.Prof.Dr.Suaad Gedaan Gasim, Assist.Prof.Dr.May Mohammed Helal                66 

 

(c) AB = BA. 

 

(11)  Prove that AB = BA for any matrices A and B? 

 

(12)  Let k be any real number and A is a matrix of degree  n  n , prove that 

        kA = k
n
A 

 

(13)  Without opening the determinant prove that  

2

2

2

11

1 1 , 0 , 0 , 0

1 1

a aa b c

b ac b b a b c

c ab c c

    . 

 

Note: Multiply and divided by abc. 

 

(14)  If  

1 1 1

2 2 2

3 3 3

2

a b c

a b c

a b c

  , find  

1
1 3 2 32

1
1 3 2 32

1
1 3 2 32

a a a a

b b b b

c c c c







? 
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