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1.2 Combining Functions; Shifting and Scaling Graphs 

1.2.1 Sums, Differences, Products, and Quotients 

    Like numbers, functions can be added, subtracted, multiplied, and 

divided (except where the denominator is zero) to produce new functions.       

     If ƒ and 𝑔 are functions, then for every x that belongs to the domains of 

both ƒ and 𝑔 (that is, for 𝑥 ∈ 𝐷(𝑓)  ∩  𝐷(𝑔)), we define functions 𝑓 +  𝑔, 

ƒ - g, and 𝑓 ∙ 𝑔 by the formulas 

(𝑓 +  𝑔)(𝑥)  =  𝑓(𝑥)  +  𝑔(𝑥) 

(𝑓 −  𝑔)(𝑥)  = 𝑓(𝑥)  −  𝑔(𝑥) 

(𝑓 ∙ 𝑔)(𝑥)  = 𝑓(𝑥) ∙ 𝑔(𝑥). 

    Notice that the + sign on the left-hand side of the first equation 

represents the operation of addition of functions, whereas the + on the 

right-hand side of the equation means addition of the real numbers ƒ(x) 

and 𝑔(𝑥). 

    At any point of 𝐷(𝑓)  ∩  𝐷(𝑔) at which 𝑔(𝑥)  ≠  0, we can also define 

the function 𝑓/𝑔 by the formula 

                                     (
𝑓

𝑔
)(𝑥) = 𝑓(𝑥)

𝑔(𝑥)
 ,        (Where 𝑔(𝑥)  ≠  0). 

     Functions can also be multiplied by constants: If c is a real number, 

then the function 𝑐𝑓 is defined for all x in the domain of ƒ by 

(𝑐𝑓)(𝑥)  =  𝑐𝑓(𝑥). 

Example: 

     Find the domains and ranges of 𝑓, 𝑔, 𝑓 +  𝑔, 𝑓 −  𝑔, 𝑔 −  𝑓, 𝑓 ∙  𝑔, 𝑓/𝑔, 

and 𝑔/𝑓 defined by the formulas 𝑓(𝑥) = √𝑥 and 𝑔(𝑥) = √1 − 𝑥. 

Solution: 

     The functions defined by the formulas 𝑓(𝑥) = √𝑥 and 𝑔(𝑥) = √1 − 𝑥  
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have domains 𝐷(𝑓)  = [0, ∞) and 𝐷(𝑔)  =  (−∞, 1]. The points common 

to these domains are the points [0, ∞) ∩ (−∞, 1] = [0,1]. 

     The following table summarizes the formulas and domains for the 

various algebraic combinations of the two functions.  

Function Formula Domain 

𝑓 +  𝑔  (𝑓 +  𝑔)(𝑥) = √𝑥 + √1 − 𝑥  [0,1] = 𝐷(𝑓) ∩ 𝐷(𝑔)  

𝑓 −  𝑔 (𝑓 −  𝑔)(𝑥) = √𝑥 − √1 − 𝑥 [0,1] 

𝑔 −  𝑓,  (𝑔 −  𝑓)(𝑥) = √1 − 𝑥 − √𝑥 [0,1] 

𝑓 ∙  𝑔,  (𝑓 ∙  𝑔)(𝑥) = 𝑓(𝑥) ∙ 𝑔(𝑥) = √𝑥(1 − 𝑥),  [0,1] 

 𝑓/𝑔,  (
 𝑓

𝑔
)(𝑥) = 𝑓(𝑥)

𝑔(𝑥)
= √

𝑥

1−𝑥
   [0,1) (𝑥 = 1 excluded) 

𝑔/𝑓 (
𝑔

𝑓
)(𝑥) = 𝑔(𝑥)

𝑓(𝑥)
= √1−𝑥

𝑥
   

(0,1] (𝑥 = 0 excluded) 

 

 

 

 

 

 

Exercises: 

1. Find the domains and ranges of 𝑓, 𝑔, 𝑓 +  𝑔 and 𝑓 ∙  𝑔 defined by the 

formulas  

a.𝑓(𝑥) = 𝑥 , 𝑔(𝑥) = √𝑥 − 1 b. 𝑓(𝑥) = √𝑥 + 1 , 𝑔(𝑥) = √𝑥 − 1 

2. Find the domains and ranges of 𝑓, 𝑔, 𝑓/𝑔, and 𝑔/𝑓 defined by the 

formulas  

a.𝑓(𝑥) = 2 , 𝑔(𝑥) = 𝑥2 + 1 b. 𝑓(𝑥) = 1 , 𝑔(𝑥) = 1 + √𝑥 

 

           

The graph of the function ƒ + g  

   

    The graph of the function 𝑓 ∙  𝑔  



3 
 

1.2.2 Composite Functions 

Definition: 

     If ƒ and g are functions, the composite function 𝑓 ∘  𝑔 (“ƒ composed 

with 𝑔”) is defined by 

                                   (𝑓 ∘  𝑔 )(𝑥)  =  𝑓(𝑔(𝑥)). 

The domain of 𝑓 ∘  𝑔 consists of the numbers x in the domain of 𝑔 for 

which 𝑔(𝑥) lies in the domain of ƒ. 

  

 

 

 

 

 

 

 

Remark: 

1. To evaluate the composite function 𝑔 ∘  𝑓 (when defined), we find ƒ(x) 

first and then 𝑔(𝑓(𝑥)). The domain of 𝑔 ∘  𝑓 is the set of numbers x in 

the domain of ƒ such that ƒ(x) lies in the domain of 𝑔. 

2. The functions 𝑓 ∘  𝑔 and 𝑔 ∘ 𝑓 are usually quite different.  

Example: 

      If 𝑓(𝑥) = 2𝑥 and 𝑔(𝑥)  =  𝑥 +  1, find   

(a) (𝑓 ∘ 𝑔)(𝑥), (b) (𝑔 ∘ 𝑓)(𝑥), (c) (𝑓 ∘ 𝑓)(𝑥), (d) (𝑔 ∘ 𝑔)(𝑥). 

Solution: 

            

  A composite function 𝑓 ∘  𝑔 uses the output 

𝑔(𝑥) of the first function g as the input for the 

second function f. 

            

   Arrow diagram for 𝑓 ∘  𝑔. If x lies in the domain of 

𝑔 and 𝑔(𝑥) lies in the domain of ƒ, then the functions 

ƒ and 𝑔 can be composed to form (𝑓 ∘  𝑔)(x). 
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Composite Domain 

(a) (𝑓 ∘ 𝑔)(𝑥) = 𝑓(𝑔(𝑥)) = √𝑔(𝑥) = √𝑥 + 1 [−1, ∞) 

(b) (𝑔 ∘ 𝑓)(𝑥) = 𝑔(𝑓(𝑥)) = 𝑓(𝑥) + 1 = √𝑥 + 1 [0, ∞) 

(c) (𝑓 ∘ 𝑓)(𝑥) =  𝑓(𝑓(𝑥)) = √𝑓(𝑥) = √√𝑥 = 𝑥1 4⁄  [0, ∞) 

(d) (𝑔 ∘ 𝑔)(𝑥) =  𝑔(𝑔(𝑥)) = 𝑔(𝑥) + 1 = (𝑥 + 1) + 1 = 𝑥 + 2 (−∞, ∞) 

Remark: 

1. In previous example the domain of 𝑓 ∘ 𝑔 is [−1, ∞), since 𝑔(𝑥)  =  𝑥 +

 1 is defined for all real x but belongs to the domain of ƒ only if 𝑥 +

 1 ≥  0, that is to say, when 𝑥 ≥ −1. 

2. If 𝑓(𝑥) = 𝑥2 and 𝑔(𝑥)  = √𝑥, then (𝑓 ∘ 𝑔)(𝑥) = (√𝑥)
2

= 𝑥. However, 

the domain of 𝑓 ∘ 𝑔 is [0, ∞), not (−∞, ∞), since √𝑥 requires 𝑥 ≥ 0. 

Exercises: 

1. If 𝑓(𝑥) = 𝑥 + 5 and 𝑔(𝑥) = 𝑥2 − 3, Find the following. 

a) 𝑓(𝑔(0)) b) 𝑔(𝑓(0)) c) 𝑓(𝑔(𝑥)) d) 𝑔(𝑓(𝑥)) 

e) 𝑓(𝑓(−5)) f) 𝑔(𝑔(2)) g) 𝑓(𝑓(𝑥)) h) 𝑔(𝑔(𝑥)) 

2. If 𝑓(𝑥) = 𝑥 − 1 and 𝑔(𝑥) = 1 (𝑥 + 1)⁄ , Find the following. 

a) 𝑓(𝑔(1 2⁄ )) b) 𝑔(𝑓(1 2⁄ )) c) 𝑓(𝑔(𝑥)) d) 𝑔(𝑓(𝑥)) 

e) 𝑓(𝑓(2)) f) 𝑔(𝑔(2)) g) 𝑓(𝑓(𝑥)) h) 𝑔(𝑔(𝑥)) 

3. For the following write a formula for 𝑓 ∘ 𝑔 ∘ ℎ. 
a) 𝑓(𝑥) = 𝑥 + 1, 𝑔(𝑥) = 3𝑥 , ℎ(𝑥) = 4 −

𝑥 

b) 𝑓(𝑥) = 3𝑥 + 4, 𝑔(𝑥) = 2𝑥 − 1 , ℎ(𝑥) = 𝑥2 

c) 𝑓(𝑥) = √𝑥 + 1, 𝑔(𝑥) = 1

𝑥+4
 , ℎ(𝑥) = 1

𝑥
 d) 𝑓(𝑥) =

𝑥+2

3−𝑥
, 𝑔(𝑥) = 𝑥2

𝑥2+1
 , ℎ(𝑥) = √2 − 𝑥 

4. Let 𝑓(𝑥) = 𝑥 − 3, 𝑔(𝑥) = √𝑥, ℎ(𝑥) = 𝑥3, and 𝑗(𝑥) = 2𝑥. Express 

each of the functions in following as a composite involving one or more 

of ƒ, g, h, and j. 

1. 
a) 𝑦 = √𝑥 − 3 b)𝑦 = 2√𝑥 c)𝑦 = 𝑥1 4⁄  

d)𝑦 = 4𝑥 e)𝑦 = √(𝑥 − 3)3 f)𝑦 = (2𝑥 − 6)3 

2. 
a) 𝑦 = 2𝑥 − 3 b) 𝑦 = 𝑥3 2⁄  c) 𝑦 = 𝑥9 

d) 𝑦 = 𝑥 − 6 e) 𝑦 = 2√𝑥 − 3 f) 𝑦 = √𝑥3 − 3 
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5. Copy and complete the following table. 

 𝒈(𝒙) 𝒇(𝒙) (𝒇 ∘ 𝒈)(𝒙) 

a. 𝑥 − 7 √𝑥 ? 

b. 𝑥 + 2 3𝑥 ? 

c. ? √𝑥 − 5 √𝑥2 − 5 
d. 𝑥

𝑥 − 1
 

𝑥

𝑥 − 1
 ? 

e. ? 1 +
1

𝑥
 𝑥 

f. 1

𝑥
 ? 𝑥 

6. Copy and complete the following table. 

 𝒈(𝒙) 𝒇(𝒙) (𝒇 ∘ 𝒈)(𝒙) 

a. 1

𝑥 − 1
 |𝑥| ? 

b. ? 
𝑥 − 1

𝑥
 

𝑥

𝑥 + 1
 

c. ? √𝑥 |𝑥| 

d. √𝑥 ? |𝑥| 

7. Evaluate each expression using the given table of values: 

𝒙 -2 -1 0 1 2 

𝒇(𝒙) 1 0 -2 1 2 

𝒈(𝒙) 2 1 0 -1 0 

 

a) 𝑓(𝑔(−1)) b) 𝑔(𝑓(0)) c) 𝑓(𝑓(−1)) 

d) 𝑔(𝑔(2)) e) 𝑔(𝑓(−2)) f) 𝑓(𝑔(1)) 

8. Evaluate each expression using the functions 

     𝑓(𝑥) = 2 − 𝑥,          𝑔(𝑥) = {
−𝑥 −2 ≤ 𝑥 < 0,

𝑥 − 1 0 ≤ 𝑥 ≤ 2.
 

a) 𝑓(𝑔(0)) b) 𝑔(𝑓(3)) c) 𝑔(𝑔(−1)) 

d) 𝑓(𝑓(2)) e) 𝑔(𝑓(0)) f) 𝑓(𝑔(1 2⁄ )) 

9. write formulas for 𝑓 ∘ 𝑔 and 𝑔 ∘ 𝑓 and find the domain and range of each. 

a.𝑓(𝑥) = √𝑥 + 1 , 𝑔(𝑥) = 1 𝑥⁄  b. 𝑓(𝑥) = 𝑥2 , 𝑔(𝑥) = 1 − √𝑥. 
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10. Let 𝑓(𝑥) =
𝑥

𝑥−2
. Find a function 𝑦 = 𝑔(𝑥) so that (𝑓 ∘ 𝑔)(𝑥) = 𝑥. 

11. Let 𝑓(𝑥) = 2𝑥3 − 4. Find a function 𝑦 = 𝑔(𝑥) so that (𝑓 ∘ 𝑔)(𝑥) = 𝑥 + 2. 

1.2.3 Shifting a Graph of a Function: 

      A common way to obtain a new function from an existing one is by 

adding a constant to each output of the existing function, or to its input 

variable. The graph of the new function is the graph of the original function 

shifted vertically or horizontally, as follows. 

Shift Formulas  

Vertical Shifts  

𝑦 = 𝑓(𝑥) + 𝑘 Shifts the graph of ƒ up k units if 𝑘 >  0 

Shifts it down  |𝑘|  units if 𝑘 <  0 

Horizontal Shifts  

𝑦 = 𝑓(𝑥 + ℎ) Shifts the graph of ƒ left h units if ℎ >  0 

Shifts it right |ℎ| units if ℎ <  0 

Example: 

(a) Shifts the graph of 𝑓(𝑥) = 𝑥2 up 1 unit. 

(b) Shifts the graph of 𝑓(𝑥) = 𝑥2 down 2 unit. 

(c) Shifts the graph of 𝑓(𝑥) = 𝑥2 left 3 unit. 

(d) Shifts the graph of 𝑓(𝑥) = 𝑥2 right 2 unit. 

(e) Shifts the graph of 𝑓(𝑥) = |𝑥| right 2 unit and down 2 unit. 

Solution: 

(a) Adding 1 to the right-hand side of the formula 

𝑓(𝑥) = 𝑥2 to get 𝑓(𝑥) = 𝑥2 + 1 shifts the 

graph up 1 unit. 

(b) Adding -2 to the right-hand side of the formula 

𝑓(𝑥) = 𝑥2 to get 𝑓(𝑥) = 𝑥2 − 2 shifts the 

graph down 2 units. 
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(c) Adding 3 to x in 𝑓(𝑥) = 𝑥2 to get 

𝑓(𝑥) = (𝑥 + 3)2shifts the graph 3 units 

to the left. 

(d) Adding -2 to x in 𝑓(𝑥) = 𝑥2 to get 

𝑓(𝑥) = (𝑥 − 2)2shifts the graph 2 units 

to the right. 

(e)   Adding -2 to x in 𝑓(𝑥) = |𝑥| , and then adding 

-1 to the result, gives 𝑓(𝑥) = |𝑥 − 2| − 1 and 

shifts the graph 2 units to the right and 1 unit 

down. 

1.2.4 Scaling and Reflecting a Graph of a Function: 

      To scale the graph of a function y = ƒ(x) is to stretch or compress it, 

vertically or horizontally. This is accomplished by multiplying the 

function ƒ, or the independent variable x, by an appropriate constant c. 

Reflections across the coordinate axes are special cases where 𝑐 = 1. 

Vertical and Horizontal Scaling and Reflecting Formulas 

For 𝒄 > 𝟏, the graph is scaled: 
𝑦 =  𝑐𝑓(𝑥) Stretches the graph of ƒ vertically by a factor of c. 

𝑦 =  
1

𝑐
𝑓(𝑥) Compresses the graph of ƒ vertically by a factor of c. 

𝑦 =  𝑓(𝑐𝑥) Compresses the graph of ƒ horizontally by a factor of c. 

𝑦 =  𝑐𝑓(𝑥 𝑐⁄ ) Stretches the graph of ƒ horizontally by a factor of c. 

For 𝒄 = −𝟏, the graph is reflected: 
𝑦 =  −𝑓(𝑥) Reflects the graph of ƒ across the x-axis. 

𝑦 = 𝑓(−𝑥) Reflects the graph of ƒ across the y-axis. 

Example: 

       Here we scale and reflect the graph of 𝑦 = √𝑥. 

(a) Vertical: Multiplying the right-hand side of 𝑦 =

√𝑥 by 3 to get y = 32x stretches the graph 

vertically by a factor of 3, whereas multiplying 

by 1/3 compresses the graph by a factor of 3. 
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(b) Horizontal: The graph of 𝑦 = √3𝑥 is a 

horizontal compression of the graph of 𝑦 =

√𝑥 by a factor of 3, and 𝑦 = √𝑥 3⁄  is a 

horizontal stretching by a factor of 3. Note 

that 𝑦 = √3𝑥 = √3√𝑥 so a horizontal 

compression may correspond to a vertical 

stretching by a different scaling factor. 

Likewise, a horizontal stretching may 

correspond to a vertical compression by a 

different scaling factor. 

(c) Reflection: The graph of 𝑦 = −√𝑥 is a 

reflection of 𝑦 = √𝑥 across the x-axis, and 

𝑦 = √−𝑥. is a reflection across the y-axis. 

Example: 

    Given the function 𝑓(𝑥) = 𝑥4 − 4𝑥3  +  10, find 

formulas to 

(a) Compress the graph horizontally by a factor 

of 2 followed by a reflection across the y-axis. 

(b) Compress the graph vertically by a factor of 2 

followed by a reflection across the x-axis. 

Solution: 

(a) We multiply x by 2 to get the horizontal 

compression, and by -1 to give reflection 

across the y-axis. The formula is obtained by 

substituting -2x for x in the right-hand 

side of the equation for ƒ: 

    𝑦 = 𝑓(−2𝑥) = (−2𝑥)4 − 4(−2𝑥)3  +  10 

        = 16𝑥4 + 32𝑥3  +  10. 



9 
 

(b) The formula is 

            𝑦 = 1

2
𝑓(𝑥) =

1

2
𝑥4 + 2𝑥3 − 5. 

Exercises: 

1. The accompanying figure shows the graph of 𝑦 = 𝑥2 shifted to two new 

positions. Write equations for the new graphs. 

 

 

 

                    

2. The accompanying figure shows the graph of 𝑦 = 𝑥2 shifted to two new 

positions. Write equations for the new graphs. 

                                  

 

 

 

 

                 

3. Match the equations listed in parts (a)–(d) to the 

graphs in the accompanying figure. 

 

a. 𝑦 = (𝑥 − 1)2 − 4 

b. 𝑦 = (𝑥 − 2)2 + 2 

c. 𝑦 = (𝑥 + 2)2 + 2 

d. 𝑦 = (𝑥 + 3)2 − 2 
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4. The accompanying figure shows the graph of 𝑦 = −𝑥2 shifted to four 

new positions. Write an equation for each new graph. 

 

 

 

 

 

 

 

5. How many units and in what directions the graphs of the given 

equations are to be shifted. Give an equation for the shifted graph. Then 

sketch the original and shifted graphs together, labeling each graph with 

its equation. 

a. 𝑥2 + 𝑦2 = 49 Down 3, left 2 b. 𝑥2 + 𝑦2 = 25  Up 3, left 4 

c. 𝑦 = 𝑥3 Left 1, down 1 d. 𝑦 =  𝑥2/3 Right 1, down 1 

e. 𝑦 = √𝑥 Left 0.81 f. 𝑦 = −√𝑥 Right 3 

g. 𝑦 =  2𝑥 −  7 Up 7 h. 𝑦 =  1

2
(𝑥 + 1) + 5 Down 5, right 1 

i. 𝑦 =  1/𝑥 Up 1, right 1 j. 𝑦 =  1/𝑥2 Left 2, down 1 

6. The accompanying figure shows the graph of a function ƒ(x) with 

domain [0, 2] and range [0, 1]. Find the domains and ranges of the 

following functions, and sketch their graphs. 

a. 𝑓(𝑥) + 2 b. 𝑓(𝑥) − 1 

c. 2𝑓(𝑥) d. −𝑓(𝑥) 

e. 𝑓(𝑥 + 2) f. 𝑓(𝑥 − 1) 

g. 𝑓(−𝑥) h. −𝑓(𝑥 + 1) + 1 

7. By what factor and direction, the graphs of the given functions are to 

be stretched or compressed. Give an equation for the stretched or 

compressed graph. 
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a. 𝑦 = 𝑥2 − 1, stretched vertically by a factor of 3 

b. 𝑦 = 𝑥2 − 1, compressed horizontally by a factor of 2 

c. 𝑦 =  1 +  1/𝑥3 , compressed vertically by a factor of 2 

d. 𝑦 =  1 +  1/𝑥3 , stretched horizontally by a factor of 3 

e. 𝑦 =  √𝑥 + 1 , compressed horizontally by a factor of 4 

f. 𝑦 =  √𝑥 + 1 , stretched vertically by a factor of 3 

g.  𝑦 =  √4 − 𝑥2 , stretched horizontally by a factor of 2 

h. 𝑦 =  √4 − 𝑥2 , compressed vertically by a factor of 3 

i. 𝑦 =  1 − 𝑥3 , compressed horizontally by a factor of 3 

j. 𝑦 =  1 − 𝑥3  , stretched horizontally by a factor of 2 

8. Assume that ƒ is an even function, g is an odd function, and both ƒ 

and g are defined on the entire real line (−∞, ∞). Which of the 

following (where defined) are even? odd? 

a. 𝑓 ∙ 𝑔 b. 𝑓/𝑔 c. 𝑔/𝑓 

d. 𝑓2 = 𝑓 ∙ 𝑓 e. 𝑔2 = 𝑔 ∙ 𝑔 f. 𝑓 ∘ 𝑔 

g. 𝑔 ∘ 𝑓 h. 𝑓 ∘ 𝑓 i. 𝑔 ∘ 𝑔 

 

 


