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Chapter One: Real Functions. 

1.1 Functions and Their Graphs: 

1.1.1 Domain and Range 

Definition: 

      A function ƒ from a set D to a set Y (𝑓: 𝐷 → 𝑌) is a rule that assigns a 

unique (single) element 𝑓(𝑥) ∈ 𝑌 to each element 𝑥 ∈ 𝐷. 

Remark: 

1. The set D of all possible input values is called the domain of the 

function.  

2. The set of all values of ƒ(x) as x varies throughout D is called the range 

of the function. 

3. The range may not include every element in the set Y.  

4. The domain and range of a function can be any sets of objects, but often 

in calculus they are sets of real numbers interpreted as points of a 

coordinate line.  

          

Example: 

      Find the domain and range of each function: 

1.𝑓(𝑥) = 𝑥2 4. 𝑓(𝑥) = √4 − 𝑥 

2. 𝑓(𝑥) = 1 𝑥⁄  5. 𝑓(𝑥) = √1 − 𝑥2 

3. 𝑓(𝑥) = √𝑥  

Solution: 

1. The function 𝑓(𝑥) = 𝑥2 gives a real y-value for any real number x, so 

the domain is (−∞, ∞). The range of 𝑓(𝑥) = 𝑥2 is [0, ∞) because the 
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square of any real number is nonnegative and every nonnegative 

number y is the square of its own square root, for 𝑦 = (√𝑦)
2

 for 𝑦 ≥ 0. 

2. The function 𝑓(𝑥) = 1 𝑥⁄  gives a real y-value for every x except 𝑥 = 0. 

For consistency in the rules of arithmetic, we cannot divide any number 

by zero. The range of 𝑓(𝑥) = 1 𝑥⁄  , the set of reciprocals of all nonzero 

real numbers, is the set of all nonzero real numbers, since 𝑦 =

1 (1 𝑦⁄ )⁄ . That is, for 𝑦 ≠ 0 the number 𝑥 = 1 𝑦⁄  is the input assigned 

to the output value y.  

3. The function 𝑓(𝑥) = √𝑥 gives a real y-value only if 𝑥 ≥ 0. The range 

of 𝑓(𝑥) = √𝑥 is [0, ∞) because every nonnegative number is some 

number’s square root (namely, it is the square root of its own square).  

4. In 𝑓(𝑥) = √4 − 𝑥 the quantity 4 − 𝑥 cannot be negative. That is, 4 −

𝑥 ≥ 0 or 𝑥 ≤ 4. The formula gives real y-values for all 𝑥 ≤ 4. The 

range of 𝑓(𝑥) = √4 − 𝑥 is [0, ∞) the set of all nonnegative numbers. 

5. The function 𝑓(𝑥) = √1 − 𝑥2 gives a real y-value for every x in the 

closed interval from -1 to 1. Outside this domain, 1 − 𝑥2 is negative 

and its square root is not a real number. The values of 1 − 𝑥2 vary from 

0 to 1 on the given domain, and the square roots of these values do the 

same. The range of 𝑓(𝑥) = √1 − 𝑥2 is [0, 1]. 

1.1.2 Graphs of Functions 

      If ƒ is a function with domain D, its graph consists of the points in the 

Cartesian plane whose coordinates are the input-output pairs for ƒ. In set 

notation, the graph is {(𝒙, 𝒇(𝒙): 𝒙 ∈ 𝑫}. 

     The graph of a function ƒ is a useful picture 

of its behavior. If (𝑥, 𝑦) is a point on the graph, 

then 𝑦 = 𝑓(𝑥) is the height of the graph above 

the point x. The height may be positive or 

negative, depending on the sign of 𝑓(𝑥).  
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Example: 

      Graph the function 𝑓(𝑥) = 𝑥 + 2. 

Solution: 

    The graph of the function 𝑓(𝑥) = 𝑥 + 2 is the 

set of points with coordinates (𝑥, 𝑦) for which 

𝑦 = 𝑥 + 2 . Its graph is the straight line sketched.  

Example: 

      Graph the function 𝑓(𝑥) = 𝑥2. over the interval [−2,2].  

Solution: 

     Fist we make a table of 𝑥𝑦-pairs that satisfy the equation 𝑦 = 𝑥2. Then 

we plot the points (x, y) whose coordinates appear in the table, and we 

draw a smooth curve (labeled with its equation) through the plotted points.  

 

 

 

 

 

 

 

 

Remark: 

      Not every curve in the coordinate plane can be the graph of a function. 

A function ƒ can have only one value 𝑓(𝑥) for each x in its domain, so no 

vertical line can intersect the graph of a function more than once. If a is in 

the domain of the function ƒ, then the vertical line will intersect the graph 

of ƒ at the single point (𝑎, 𝑓(𝑎)).  
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      A circle 𝑥2 + 𝑦2 = 1 cannot be the graph of a function since some 

vertical lines intersect the circle twice. The circle 𝑥2 + 𝑦2 = 1, however, 

does contain the graphs of two functions of x: the upper semicircle defined 

by the function defined by the function 𝑓(𝑥) = √1 − 𝑥2 and the lower 

semicircle 𝑔(𝑥) = √1 − 𝑥2. 

Exercises: 

1.  Find the domain and range of each function 

a.𝑓(𝑥) = 1 + 𝑥2 d. 𝑔(𝑥) = √𝑥2 − 3𝑥 

b. 𝑓(𝑥) = 1 − √𝑥 e. 𝑓(𝑡) = 4 (3 − 𝑡)⁄  

c. 𝐹(𝑥) = √5𝑥 + 10 i. 𝐺(𝑡) = (𝑡2 − 16) 

2. Which of the graphs are graphs of functions of x, and which are not?  

Give reasons for your answers. 

 

 

 

 

 

 

𝑥2 + 𝑦2 = 1               𝑓(𝑥) = √1 − 𝑥2               𝑔(𝑥) = √1 − 𝑥2 

c. 
d. 
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Remark(Piecewise-Defined Functions): 

     Sometimes a function is described by using different formulas different 

parts of its domain. For example, the function absolute value function  

                              𝑓(𝑥) = |𝑥| = {
𝑥 𝑖𝑓 𝑥 ≥ 0

−𝑥 𝑖𝑓 𝑥 < 0
, 

has domain (−∞, ∞) and range [0, ∞) whose graph is 

 

 

 

 

 

Example: 

    The graph of the function 𝑓(𝑥) = {

−𝑥 𝑖𝑓 𝑥 < 0

𝑥2        𝑖𝑓 0 ≤ 𝑥 ≤ 1
1 𝑖𝑓 𝑥 > 1

 is 

                                      

Example: 

      Graph the function greatest integer function 𝑓(𝑥) = ⌊𝑥⌋. 

Solution: 

      The function 𝑓(𝑥) =⌊x⌋ is the function whose value at any number x 

is the greatest integer less than or equal to x. 
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⌊2.4⌋ = 2
⌊2⌋ = 2

⌊1.9⌋ = 1
⌊0.2⌋ = 0

⌊0⌋ = 0
⌊−0.3⌋ = −1

⌊−1.2⌋ = −2
⌊−2⌋ = −2

 

       The graph of the greatest integer function 𝑓(𝑥) =⌊x⌋ lies on or below 

the line 𝑦 = 𝑥, so it provides an integer floor for x. 

                                             

Example: 

      Graph the function least integer function 𝑓(𝑥) = ⌈𝑥⌉. 

Solution: 

      The function 𝑓(𝑥) = ⌈𝑥⌉is the function whose value at any number x 

is the smallest integer greater than or equal to x. The graph of the least 

integer function 𝑓(𝑥) = ⌈𝑥⌉ lies on or above the line 𝑦 = 𝑥, so it provides 

an integer ceiling for x. 
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Exercises: 

1. Find the natural domain and graph of the following functions 

a.𝑓(𝑥) = 5 − 2𝑥 d. 𝑔(𝑥) = √−𝑥 

b. 𝑓(𝑥) = 1 − 2𝑥 − 𝑥2 e. 𝑓(𝑡) = 𝑡 |𝑡|⁄  

c. 𝑔(𝑥) = √|𝑥| i. 𝐺(𝑡) = 1 |𝑡|⁄  

2. Find the domain of 𝑓(𝑥) = 𝑥+3

4−√𝑥2−9
. 

3. Find the range of 𝑓(𝑥) = 2 + 𝑥2

𝑥2+4
. 

4. Graph the following equations and explain why they are not graphs of   

    functions of x. 

a.|𝑦| = 𝑥 b. 𝑦2 = 𝑥2 

5. Graph the following equations and explain why they are not graphs of  

    functions of x. 

a.|𝑥| + |𝑦| = 1 b. |𝑥 + 𝑦| = 1 

6. Graph the following functions 

a.𝑓(𝑥) = {
𝑥, 𝑖𝑓 0 ≤ 𝑥 ≤ 1

2 − 𝑥, 𝑖𝑓 1 < 𝑥 ≤ 2
 c. 𝐹(𝑥) = {

4 − 𝑥2, 𝑖𝑓 𝑥 ≤ 1

𝑥2 − 2𝑥, 𝑖𝑓 𝑥 > 1
 

b. 𝑔(𝑥) = {
1 − 𝑥, 𝑖𝑓 0 ≤ 𝑥 ≤ 1
2 − 𝑥, 𝑖𝑓 1 < 𝑥 ≤ 2

 d. 𝐺(𝑥) = {
1 𝑥,⁄ 𝑖𝑓 𝑥 < 0

𝑥, 𝑖𝑓 0 ≤ 𝑥
 

7. For what values of x is 

a.⌊𝑥⌋ = 0? b. ⌈𝑥⌉ = 0? 

8. What real numbers x satisfies the equation ⌊𝑥⌋ = ⌈𝑥⌉? 

9. Does ⌈−𝑥⌉ = −⌊𝑥⌋ ; for all real x? Give reasons for your answer. 

10. Graph the function 𝑓(𝑥) = {
⌊𝑥⌋, 𝑖𝑓 𝑥 ≥ 0
⌈𝑥⌉, 𝑖𝑓 𝑥 < 0

. 

Definition: 

      Let ƒ be a function defined on an interval I and let 𝑥1 and 𝑥2be any two 

points in I.  
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1. If 𝑓(𝑥2) > 𝑓(𝑥1)whenever 𝑥1 < 𝑥2 then ƒ is said to be increasing on I. 

2. If 𝑓(𝑥2) < 𝑓(𝑥1) whenever 𝑥1 < 𝑥2 then ƒis said to be decreasing on I. 

Example: 

      The function 𝑓(𝑥) = {

−𝑥 𝑖𝑓 𝑥 < 0

𝑥2        𝑖𝑓 0 ≤ 𝑥 ≤ 1
1 𝑖𝑓 𝑥 > 1

 is decreasing on 

(−∞, 0] and increasing on [0, 1]. The function is neither increasing nor 

decreasing on the interval [1, ∞) because of the strict inequalities used to 

compare the function values in the definitions. 

Definition: 

      A function 𝑦 = 𝑓(𝑥) is an 

even function of x if 𝑓(−𝑥) = 𝑓(𝑥), 

   odd function of x   if 𝑓(−𝑥) = −𝑓(𝑥), 

for every x in the function’s domain.  

Remark: 

1. The graph of an even function is symmetric about the y-axis. Since 

𝑓(−𝑥) = 𝑓(𝑥) a point (𝑥, 𝑦) lies on the graph if and only if the point 

(−𝑥, 𝑦) lies on the graph. A reflection across the y-axis leaves the graph 

unchanged. 

2. The graph of an odd function is symmetric about the origin. Since 
𝑓(−𝑥) = −𝑓(𝑥) a point (𝑥, 𝑦) lies on the graph if and only if the point 

(−𝑥, −𝑦)  lies on the graph. Equivalently, a graph is symmetric about 

the origin if a rotation of 180°about the origin leaves the graph 

unchanged.  

3. Notice that the definitions imply that both x and −𝑥 must be in the 

domain of ƒ. 
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Example: 

     Specify whether the function is even, odd, or neither. Give reasons for 

your answer 

a.𝑓(𝑥) = 𝑥2 d. 𝑔(𝑥) = 𝑥 

b. 𝑓(𝑥) = 𝑥2 + 1 e. 𝑓(𝑥) = 𝑥 + 1 

Solution: 

a.𝑓(𝑥) = 𝑥2 

   Since 𝑓(−𝑥) = (−𝑥)2 = 𝑓(𝑥) then 𝑓 is an even 

function for all x; symmetry about y-axis. 

b. 𝑓(𝑥) = 𝑥2 + 1 

   Since 𝑓(−𝑥) = (−𝑥)2 + 1 = 𝑥2 + 1 = 𝑓(𝑥) 

then 𝑓 is an even function for all x; symmetry 

about y-axis. 

d. 𝑓(𝑥) = 𝑥 

    Since 𝑓(−𝑥) = −𝑥 = −𝑓(𝑥) then 𝑓 is an odd 

function for all x; symmetry about origin. 

e. 𝑓(𝑡) = 𝑥 + 1 

    Since 𝑓(−𝑥) = −𝑥 + 1 but −𝑓(𝑥) = −𝑥 − 1. 

The two are not equal. then 𝑓 is not odd function 

for all x. Not even since 𝑓(−𝑥) = −𝑥 + 1 ≠

𝑓(𝑥) = 𝑥 + 1 for all 𝑥 ≠ 0. 

Remark: 

    The names even and odd come from powers of x. If 𝑓(𝑥) is an even 

power of x, as in 𝑓(𝑥) = 𝑥2 or 𝑓(𝑥) = 𝑥4, it is an even function of x 

because (−𝑥)2 = 𝑥2 and (−𝑥)4 = 𝑥4.  
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    If 𝑓(𝑥) is an odd power of x, as in 𝑓(𝑥) = 𝑥 or 

𝑓(𝑥) = 𝑥3, it is an odd function of x because 

(−𝑥)1 =  −𝑥 and (−𝑥)3 =  −𝑥3 

Exercises: 

1. Graph the following functions. What symmetries, if any, do the graphs 

have? Specify the intervals over which the function is increasing and the 

intervals where it is decreasing. 

a.𝑓(𝑥) = −𝑥3 f. 𝑓(𝑥) = √−𝑥 

b. 𝑓(𝑥) = − 1 𝑥2⁄  g. 𝑓(𝑥) = 𝑥3 8⁄  

c. 𝑓(𝑥) = − 1 𝑥⁄  h. 𝑓(𝑥) = −4√𝑥 

d. 𝑓(𝑥) = 1 |𝑥|⁄  i. 𝑓(𝑥) = −𝑥3 2⁄  

e. 𝑓(𝑥) = √|𝑥| j. 𝑓(𝑥) = (−𝑥)3 2⁄  

2. Whether the following functions is even, odd, or neither. Give reasons 

for your answer 

a.𝑓(𝑥) = 3 g. 𝑔(𝑥) = 1 (𝑥2 − 1)⁄  

b. 𝑓(𝑥) = 𝑥−5 h. 𝑔(𝑥) = 𝑥 (𝑥2 − 1)⁄  

c. 𝑓(𝑥) = 𝑥2 + 1 i. ℎ(𝑡) = 1 (𝑡 − 1)⁄  

d. 𝑓(𝑥) = 𝑥2 + 𝑥 k. ℎ(𝑡) = |𝑡3| 
e. 𝑔(𝑥) = 𝑥3 + 𝑥 g. ℎ(𝑡) = 2𝑡 + 1 

f. 𝑔(𝑥) = 𝑥4 + 3𝑥2 − 1 h. ℎ(𝑡) = 2|𝑡| + 1 

1.1.3 Common Functions 

       A variety of important types of functions are frequently encountered 

in calculus. We identify and briefly describe them here. 

1. Linear Functions: A function of the form 𝑓(𝑥)  =  𝑚𝑥 +  𝑏, for 

constants m and b, is called a linear function.  

When 𝑏 =  0 ,the array of lines 𝑓(𝑥)  =  𝑚𝑥 

is lines pass through the origin.  
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The function 𝑓(𝑥)  =  𝑥 where 𝑚 =  1 and 𝑏 =  0 is called the identity 

function. The function 𝑓(𝑥)  = 𝑏 where and 𝑚 =  0 is called the 

Constant functions. 

 

 

 

 A linear function with positive slope whose graph passes through the 

origin is called a proportionality relationship. 

2. Power Functions: A function ƒ(𝑥)  =  𝑥𝑎, where a is a constant, is 

called a power function. There are several important cases to consider. 

(a) a = n, a positive integer. 

 

 

 

The graphs of 𝑦 = 𝑓(𝑥)  =  𝑥𝑛, for n = 1, 2, 3, 4, 5 are defined for all 

real values of x (i.e., −∞ < 𝑥 < ∞). Notice that as the power n gets 

larger, the curves tend to flatten toward the x-axis on the interval (-1, 

1), and to rise more steeply for |𝑥| > 1. Each curve passes through the 

point (1, 1) and through the origin. The graphs of functions with even 

powers are symmetric about the y-axis; those with odd powers are 

symmetric about the origin. The even-powered functions are decreasing 

on the interval (−∞, 0] and increasing on [0, ∞); the odd-powered 

functions are increasing over the entire real line (−∞, ∞). 

(b) 𝑎 =  −1 or 𝑎 =  −2. 
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The functions𝑓(𝑥)  =  𝑥−1 = 1

𝑥
 and 𝑔(𝑥)  =  𝑥−2 = 1

𝑥2  are defined for 

all 𝑥 ≠  0 (you can never divide by zero). The graph of 𝑓(𝑥)  = 1

𝑥
 is the 

hyperbola 𝑥𝑦 =  1, which approaches the coordinate axes far from the 

origin. The graph of 𝑔(𝑥)  = 1

𝑥2 also approaches the coordinate axes. 

The graph of the function ƒ is symmetric about the origin; ƒ is 

decreasing on the intervals (−∞, 0)  and (0, ∞). The graph of the 

function g is symmetric about the y-axis; g is increasing on(−∞, 0) and 

decreasing on (0, ∞). 

(c) 𝑎 = 1

2
, 1

3
, 3

2
 and 2

3
 

     

 

 

The functions 𝑓(𝑥)  =   𝑥
1

2  = √𝑥 and 𝑔(𝑥)  =   𝑥
1

3 =  √𝑥
3

 are the 

square root and cube root functions, respectively. The domain of the 

square root function is [0, ∞), but the cube root function is defined for 

all real x. Their graphs are displayed above, along with the graphs of 

𝑓(𝑥) =  𝑥
3

2 and 𝑓(𝑥)  =   𝑥
2

3. (Recall that 𝑥
3

2 = ( 𝑥
1

2)
3

and  𝑥
2

3 = ( 𝑥
1

3)
2

. 

3. Polynomials: A function p is a polynomial if 

                      𝑝(𝑥)  =  𝑎𝑛 𝑥𝑛  +  𝑎𝑛−1 𝑥𝑛−1  +  ⋯ +  𝑎1 𝑥 +  𝑎0 

where n is a nonnegative integer and the numbers 𝑎0, 𝑎1, ⋯ , 𝑎𝑛, are 

real constants (called the coefficients of the polynomial). All 

polynomials have domain (−∞, ∞). If the leading coefficient 𝑎𝑛 ≠ 0 

and 𝑛 > 0, then n is called the degree of the polynomial. Linear 

functions with 𝑚 ≠ 0 are polynomials of degree 1. Polynomials of 

degree 2, usually written as 𝑝(𝑥) = 𝑎𝑥2 + 𝑏𝑥 + 𝑐, are called 

quadratic functions. Likewise, cubic functions are polynomials 

𝑝(𝑥)  =  𝑎𝑥3  +  𝑏𝑥2  +  𝑐𝑥 +  𝑑 of degree 3.  
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4. Rational Functions: A rational function is a quotient or ratio 𝑓(𝑥) =
𝑝(𝑥)

𝑞(𝑥)
 , where p and q are polynomials. The domain of a rational function 

is the set of all real x for which 𝑞(𝑥)  ≠  0.  

 

 

 

 

 

5. Algebraic Functions: Any function constructed from polynomials 

using algebraic operations (addition, subtraction, multiplication, 

division, and taking roots) lies within the class of algebraic functions. 

All rational functions are algebraic, but also included are more 

complicated functions (such as those satisfying an equation like 𝑦3  −

 9𝑥𝑦 + 𝑥3  =  0.  
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6. Trigonometric Functions: The six basic trigonometric functions are 

sine: sin, cosine, tan, cosecant, secant, cotan. 

 

 

 

7. Exponential Functions: Functions of the form 𝑓(𝑥)  =  𝑎𝑥, where the 

base 𝑎 >  0 is a positive constant and 𝑎 ≠  1, are called exponential 

functions. All exponential functions have domain (−∞, ∞) and range 

(0, ∞), so an exponential function never assumes the value 0.  

 

 

 

 

 

 

8. Logarithmic Functions: These are the functions 𝑓(𝑥) = log𝑎 𝑥, 

where the base 𝑎 ≠  1 is a positive constant. They are the inverse 

functions of the exponential functions. The following Figure shows 

the graphs of four logarithmic functions with various bases. In each 

case the domain is (0, ∞) and the range is (−∞, ∞). 
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9. Transcendental Functions: These are functions that are not algebraic. 

They include the trigonometric, inverse trigonometric, exponential, and 

logarithmic functions, and many other functions as well. A particular 

example of a transcendental function is a catenary (The Latin word 

catena means “chain”). Its graph has the shape of a cable, like a 

telephone line or electric cable, strung from one support to another and 

hanging freely under its own weight.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


