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2.4 One-Sided Limits

Definition:

We say that f(x) has right-hand limit L at ¢, and write
lim f(x) =L,

x—ct

if for every number € > 0 there exists a corresponding number § > 0 such
that for all x

c<x<c+6=>|f(x)-Ll<e.
We say that f has left-hand limit L at ¢, and write
lim f(x) =L,

X—C

if for every number € > 0 there exists a corresponding number § > 0 such
that for all x

c—6<x<c=>|f(x)-L|<e.
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Intervals associated with Intervals associated with
the definition of right-hand limit. the definition of left-hand limit.
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Example
Prove that lim vx = 0.

x—0

Solution:

Let e > 0 be given. Herec=0and L =0,
so we want to find a & > 0 such that for all x

0<x<8=|Vx—0|<e

N

=]
Il
[
b

0<x<d=>Vx<e , .

Squaring both sides of this last inequality gives x < €? if 0 < x < §. If
we choose § = €2 we have

0<x<db=€%2 =2x<e or 0<x<62=>|\/§—0|<6.

According to the definition, this shows that lirré\/E = 0.
X

Example:

Show that y = sin (3) has no limit as x approaches zero from either
side.

Solution:

As x approaches zero, its reciprocal, " ', | ||\

grows without bound and the values of sin (3) L |I |
cycle repeatedly from -1 to 1. There is no single al |
number L that the function’s values stay / | ',' ||
increasingly close to as x approaches zero.

This is true even if we restrict x to positive values or to negative values.
The function has neither a right-hand limit nor a left-hand limitat x = 0.

Theorem (Limit of the Ratio (sin 8)/0 as 8 — 0):

;m}) sinb =1 (@ inradians)




Example:
Show that a) r}iin()% =0 and D) lim shhex =2,
Solution:

a) Using the half-angle formula cos h = 1 — 2 sin? (h/2), we calculate

lim cosh-1 lim — 2 sin? (h/2)
h-0 h h-0 h
sin 6

—gILHOT'SlnH Letd = h/2.

= —(1)(0).

b) Equation (1) does not apply to the original fraction. We need a 2x in
the denominator, not a 5x. We produce it by multiplying numerator
and denominator by 2/5:

, . 2 . 2 2
: sin2x — i (2/5)sin2x — Z 15 sin2x — Z S .
9}1210 e J}l_r)no e = Jlino L - (1) - Now, Eq. (1) applies

with 8 = 2x.
Example:

Find lim tant-sec2t

Solution:

From the definition of tan t and sec 2t, we have
lim tant-sec2t — llml .1, sint_, 1

t=0 3t t503 t cost coszt

1 ,. i
_hmsmt_ 1 1
3t>0 t cost cos?2t

= (D)D),

Theorem:
A function f(x) has a limit as x approaches c if and only if it has

left-hand and right-hand limits there and these one-sided limits are
equal:

limf(x) =L & lin}rf(x) =L and lim f(x) = L.
X—C X—C X—C
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Example:
For the function graphed in following Figure

Atx =0: lim f(x) =1,

x—0t
lim f(x) and lim f(x) do not exist.
x—-0~ x—0

The function is not defined to the
left of x = 0.

lim f(x) = 0eventhough f(1) =1,

x—-1"

lim f(x) =1,

x—1t

lirr% f (x) does not exist. The right- and left-hand limits are

not equal.
lim f(x) =1,
xX—-2~

lim f(x) =1,

et
}Ci_rg f(x) = 1eventhough f(2) = 2.
Jim f(x) = lim f(x) =lim f(x) = f(3) =2,
xlir?_f(x) = 1even though f(4) # 1,
,}L{{L f(x) and }cifi f (x) do not exist. The function is not
defined to the right of x = 4.

At every other point c in [0, 4], f(x) has limit f(c).

Exercises:

1. Which of the following statements about the
function y = f(x) graphed here are true, and which

are false?




a) lim f(x)=1 b) lim f(x) =0 c) lim f(x) =1
d) xlirgl_ flx) = )}lrgl+ f(x) e }ciiré f(x) exists. f) }Ci_r)r(l) fx)=0
0) limf(x)=1 h) lim f(x) =1 1) lim f(x) =0
) xlzrg_l)_ flx)=2 k) xl_l;r_ri_ f(x) does not exist. ) x]lgl+ f(x)=0

3—x x<2
2. Let f(x ={x
f(x) 7+1 x > 2.

a) Find ,}E;L f(x) and le%‘— f(x).

b) Does I}Ci_rg f(x) exist? If so, what is it? If not, why not?
c) Find xligl+ f(x)and xliT— f(x).

d) Does |}Ci_l’>l"1L f (x) exist? If so, what is it? If not, why not?

0 x<0
- Letf(x) ={sin1 x> 0.

a) Does lir51+ f (x) exist? If so, what is it? If not,
X—

why not?
b) Does lir(r)1 f (x) exist? If so, what is it? If not,
x—0"
why not?
c) Does lin’(l) f(x) exist? If so, what is it? If not,
X—

-1

why not?
4. Graph the following functions. Then answer these questions
a) What are the domain and range of f?
b) At what points c, if any, does lim f (x) exist?
c) At what points does only the left-hand limit exist?
d) At what points does only the right-hand limit exist?
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Vi—x2 0<x<1 x —1<x<0or0<x<1
1-f(x)={ 1 1<x<2 2 f)=)1 x=0
2 x =2 0 x<—-lorx>1
5. Find the limits in following

_ b) lim YRZrahrs—v
a) lim, i ) h
) lim Ve-/aZriihes d) lim ()90

R xo1— XHD\Ux 7




e) lim (x + 3)x*2 f) lim (x + 3)2

xX—2" x+2 x—o2+ x+2
0) xll,r{l— le_fc(xlll) h) xlg§1+ «/zl_a)cc(xllﬂ
) e D) Jfim
K) tllgl (t—ltl) ) llm (t—1t])

m) 1t1_r)r(} sinkt  (k constant) n) 11 im cinen

tan2x X CSC2Xx
0) lim f= P) hrrg, cos o

CI) llm 6x2(cotx)(csc 2x) r) 111’% s?cl-rklfccc(())ssfc

- i 1-cos @
S hm x+sin x t hm
) x—0 2x ) 650 sin 26

X—XCOS X sin 3y cot 5y
u) lim =ZEeces V) ;lgrg) = eotay

tan 8 ; 6 cot 48
W) h 50 6% cot30 X) gir(l) sin2 @ cot? 20

2.5 Limits Involving Infinity, Infinite Limits.

In this section we investigate the behavior of a function when the
magnitude of the independent variable x becomes increasingly large, or
x — too. We further extend the concept of limit to infinite limits. Infinite
limits provide useful symbols and language for describing the behavior of
functions whose values become arbitrarily large in magnitude. We use
these ideas to analyze the graphs of functions having horizontal or vertical
asymptotes.

2.5.1 Finite Limits as x - +oo:
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Definition:

1. We say that f(x) has the limit L as x approaches infinity and write
lim f(x) =L

X—00

if, for every number € > 0, there exists a corresponding number M
such that for all X in the domain of f
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|f (x) — L| < € whenever x > M.
2. We say that f(x) has the limit L as x approaches negative infinity and
write
lim f(x)=1L

X—>—00
if, for every number € > 0, there exists a corresponding number N such
that for all X in the domain of f
|f(x) — L| < e whenever x < N.
Example(*):

Show that
a) lim 2=o0 b) lim 1=o0

X—00 X—>—00

Solution:

. . . No matter what
a) Let € > 0 be given. We must find a number M 4, positive number g is,
the graph enters
this band atx = 3

1 1 ]
|; - 0| = |;| < € whenever x > M. TF | \andstays.

The implication will hold if M = 1/€ or any
larger positive number. This proves lim 1=o.

X—00 —=
y=—¢

b) Let € > 0 be given. We must find a number N

No matter what

SUCh that positive number & is,
the graph enters

1 1
|; — 0| = |;| < € whenever x < N. this band at x =— g

and stays.

The implication will hold if N = —1/e or any number less than
— 1/€. This proves lim 1=o.

X— 00

Remark:
Limits at infinity have properties similar to those of finite limits.
Theorem:
All the Limit Laws are true when we replace lim by lim or lim .

X—C X—00 X—>—00

That is, the variable x may approach a finite number c or +oo.




Example:

Used the properties of Limit Laws to calculate limits in the same
way as when x approaches a finite number c.

a) lim (5 +-) = lim 5 + lim ~ Sum Rule

X—>00 X—00 xX—>00 X

=5+4+0=5. Known limits
lim m/?-i-l Product Rule

X—>— 00

lim 7v3- lim 1. lim 2 Known limits

X——00 X—>—0 X x—>—o0X
mV3-0-0 = 0.
2.5.2 Limits at Infinity of Rational Functions:
Remark:

To determine the limit of a rational function as x — +oo, we first divide
the numerator and denominator by the highest power of x in the
denominator. The result then depends on the degrees of the polynomials
involved.

The following examples illustrate what happens when the degree of the
numerator is less than or equal to the degree of the denominator.

Examples:
a) lim 5x248x-3 — |im 5+(8/x)—(3/x2)
X —00 3x2+2 X—00 3+(2/x2)
Divide numerator and
denominator by x2.

_ 540-0 _ 5

340 3
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¥

p) lim 552  lim (3/52)a/e)
X——00 2%3-1 x—oo  2—(1/x3)

Divide numerator and
denominator by x3.
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2.5.3 Horizontal Asymptotes:

Remark:

If the distance between the graph of a function
and some fixed line approaches zero as a point on
the graph moves increasingly far from the origin, we say that the graph
approaches the line asymptotically and that the line is an asymptote of the
graph.

Looking at f(x) = 1/x, we observe that the x-axis is an asymptote of
the curve on the right because lim =0 and on the left because lim X=o0. We

x—00 ¥ X——00

say that the x-axis is a horizontal asymptote of the graph of f(x) = 1/x.

Definition:

A line y = b is a horizontal asymptote of the graph of a function
y = f(x) ifeither lim f(x) = bor lim f(x) = b.
X—00 X—>—00
Remark:

The graph of a function can has zero, one, or two horizontal asymptotes,
depending on whether the function has limits as x — o and as x - —oo.

5x2+8x—3 ] 5
2" has the line y == as a

3x4+2 3
5

horizontal asymptote on both the right and the left because lim f(x) ==
X— 00

3
and lim f(x) = 2

X—00 3

Example:

For example, the function f(x) =

Find the horizontal asymptotes of the graph of

X

32
x|3+1°

FOO =

Solution:

We calculate the limits as x - +oo.
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) x3-2 . x3-2 . 1—(2/x3
Forx > 0: lim = lim = lim 1-(2/x°) =
x—o0 [x|3+1 x—o0 X3+1 x—o0 1+(1/x3)

3_ 3_ _ 3
Forx < 0° lim o2 = lim -2 = i =@ _ _

x——oo |x|3+1 x——o0 (—x)3+1 _ x——00 —1+(1/x3) o

1.

1.

The horizontal asymptotes are y = —1 and y = 1. Notice that the
graph crosses the horizontal asymptote y = —1 for a positive value of x.

Example:
Find the horizontal asymptotes of the graph of

f(x) =e”.
Solution:

The x-axis (the line y = 0) is a horizontal
asymptote of the graph of f(x) = e* because
lim e* = 0. To see this, we use the definition ___

X——00 N=Ine

of a limit as x approaches —oo. So let € > 0 be given, but arbitrary. We
must find a constant N such that |e* — 0| < € whenever x < N.

Now |e* — 0| = e”*, so the condition that needs to be satisfied
whenever x < N is e* < €.

Let x = N be the number where e* = € . Since e* is an increasing
function, if x < N, then e* < e . We find N by taking the natural
logarithm of both sides of the equation eV =€, so N = Ine. With this
value of N the condition is satisfied, and we conclude that lim e* = 0.

X——00
Remark:

Sometimes it is helpful to transform a limit in which x approaches
oo toa new limit by setting t = 1/x and seeing what happens as t
approaches 0.




Example:
1

Find @) lim sini b) lim xsini

X—00 X—+oo x

Solution:

a) We introduce the new variable t = 1/x. From Example (*), we know
thatt - 0% as x — oo. Therefore, lim sini = lim sin: = 0.

X—00 t-ot

b) We calculate the limits as x — oo and x — —oo;

limxsint= lim3 =1and lim xsini= lim33* =1,
X—00 X t—)0+ t X——00 X t—0— t

The graph of x sin %, show that the line y = 1 is a horizontal —

asymptote.
Remark:

Similarly, we can investigate the behavior of y = f (3) as x — oo by
investigatingy = f (t)ast — too,wheret = 1/x.

Example:

Find lim el/*,
x—=0"

Solution:
We lett = 1/x so that lim e'/* = lime? = 0.

x—-0" t—o0

Example:
Find lim x|2].
x—-0t X

Solution:

B R R T 7 R T "
f b e ol sl sl s s b o o s s s sl b i sl sl s sk

Welett = 1/xsothat lim x|X| = }i_)rg%[t].

x—-0

From the graph of x|2|, we see thatt — 1 < [¢] < ¢,

which gives
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It follows from the Sandwich Theorem that lim2|t] = 1, so 1 is the

t—>oot

value of the limit we seek.
Remark:

The Sandwich Theorem also holds for limits as x —» +oo. You must be
sure, though, that the function whose limit you are trying to find stays
between the bounding functions at very large values of x in magnitude
consistent with whether x - o or x - —oo,

Example:

Using the Sandwich Theorem, find the
horizontal asymptote of the curve

y — 2 + sinx
~
Solution:

—377 —ET -

We are interested in the behavior as x — +oo. Since

0 <= <

X

and lirP 5| =0, we have lir}rn smX — (0 py the Sandwich Theorem.
X—>100 X—>*T 00

Hence, lim (2 + Si;”“) = 2 + 0 = 2, and the line y = 2 is a horizontal

X—+oo

asymptote of the curve on both left and right. This example illustrates
that a curve may cross one of its horizontal asymptotes many times.

Example:
Find lim (x — Vx2 + 16).

X—00

Solution:

Both of the terms x and vx?2 + 16 approach infinity as x — oo, so what
happens to the difference in the limit is unclear (we cannot subtract from
because the symbol does not represent a real number). In this situation we




R R R R R R R R R R R R R R R R R R T R T T T C T TTT,

B R R T 7 R T "
f b e ol sl sl s s b o o s s s sl b i sl sl s sk

can multiply the numerator and the denominator by the conjugate radical

expression to obtain an equivalent algebraic expression:
lim (x — Vx2 + 16) = lim (x — Vx2 + 16) L xVA2H16 Myltiply and divide
X—00 X—00 x+Vx2+16
by the conjugate.
= lim™~/E = = lim—=2

x—00 x+Vx2+16 x—0ox+vVx2+16

As x — oo, the denominator in this last expression becomes arbitrarily large, while
the numerator remains constant, so we see that the limit is 0. We can also obtain this

result by a direct calculation using the Limit Laws:
—-16
lim—2 = lim—x
x—0ox+yx2416 X2 16
1 —_—

+
x2 " x2

2.5.4 Obligue Asymptotes:

Remark:

If the degree of the numerator of a rational function is 1 greater than
the degree of the denominator, the graph has an oblique or slant line
asymptote. We find an equation for the asymptote by dividing numerator
by denominator to express f as a linear function plus a remainder that goes
to zero as x — too.

Example:
Find the oblique asymptote of the graph of f(x) =

x2—3
2x—4 "

Solution: x1-3

Y=gz 3t}

2 2 ,
f(x) x2_3 — 2-(x2_3) — 2x“—6 — 2x“—8+2 . The vertical distance
2x—4 2.(2x—4) 2(2x—4) 2(2x—4) mtw:?:aitl:r::r:ni x —*W
(2x%-8)+2 _ (2x%-8) 2 : 1 N

2(2x—4) 2(2x-4) = 2(2x-4) _ = Obligue

asymptoi:

_ (2x%—4x+4x-8)  (2x%—4x+4x—8)+2
- 2(2x—4) 2(2x—4)

f(x) — x%-3 — x2-4+1 — x—4 1
2x=4  (2x-4)  (2x—-4) (2x-4)




_ (x—2)(x+2)+ 1 (x+2)+ ( +1) +

2(x-2) (2x—4) (2x 4) (2x 4)

linear g(x)

As x — too, the part whose magnitude gives the vertical

1
(2x-4)’
distance between the graphs of f and g, goes to zero, making the slanted
line g(x) =+ 1 an asymptote of the graph of f. The line y = g(x) is
an asymptote both to the right and to the left.

Notice in Example
2.5.5 Infinite Limits:

Remark:

,
. . ? You can get as high ¥
Let us look again at the function f(x) = 1/x. syonwntby B

taking x close enoughM

As x - 0%, the values of f grow without bound, 100, No matter how |
eventually reaching and surpassing every positive oo pigher, = B
real number. That is, given any positive real number

B, however large, the values of f become larger

: — -
St| I I . h\\i' Mo matter how W
low —B is, the
Thus, f has no limit as x - 0%. It is || eraphgceslower. g

You can get as low as| 4

nevertheless convenient to describe the behavior of you want by taking |

x close Lm]unh Lo lf'.I'

f by saying that f(x) approaches oo as x —» 0*. We
write lim f(x) = lim = = oo,
x—07 x—01*
In writing this equation, we are not saying that the limit exists. Nor

are we saying that there is a real number oo, for there is no such number.

Rather, this expression is just a concise way of saying that hrg does not
X—

exist because - becomes arbitrarily large and positive as x — 07.

Example:

Find llm — and lim —
x—1t x—1"%X-1
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Geometric Solution:

The graph of y = — |s the graph of y =
shifted 1 unit to the rlght Therefore, y =

xX— 1
behaves near 1 exactly the way y ; behaves

near O:

Analytic Solution:

Think about the number x — 1 and its reciprocal. As x — 1%, we have
(x—1)—>0%*and = - . Asx —» 17, we have (x — 1) » 0~ and = - —oo.

Example:
Discuss the behavior of f(x) = S asx — 0.

; . | No matter how
Solution: y—— high B is. the graph

|| goes higher.

As x approaches zero from either side, the
1 .- . .
values of — are positive and become arbitrarily

/

-y —— ——

large. ThIS means that hmf (x) = hm_ = oo,

%2

The functiony = 1 shows no consistent behavior as x — 0. We have 2 — oo

if x > 0%, but 2 — —oo if x = 07. All we can say about lum0 is that it does
X—

not exist. The function y = = is different. Its values approach infinity as x
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approaches zero from either S|de S0 we can say that lll’I(l) — = 00,
X—

Example:
The following examples illustrate that rational functions can behave

in various ways near zeros of the denominator
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a) lim (x;2)2 = lim—%=2% _ — im&®=2 = 0. Can sut_)stitute_z for_x after
x-2 X4 x52(0=2)(x42)  p(x42) algebraic manipulation
eliminates division by 0.
im %2 = im—®=2__ — |jm—t_=1 Again substitute 2 for x
b) }}Lf; x4 Ll{’r%(x_z)(x”) }Clzg(x”) o af%er algebraic manipulation
eliminates division by 0.
) lim &2 = |im —¥=3)__ = oo, The values are negative for
x—ot X°—4 x_)2+(x—2)(x+2) x> 2 near 2.
d) lim &2 = |im —¥=3)__ = oo, The values are positive for x <
x—2~ X4 x—2~ (Xx—2)(x+2) 2 near 2.

e) lim &2 = Jim—*=3)__ does not exist. Limits from left and from right
x—2 ¥4 x—p(x=2)(x+2) differ.

f) lim (2-x)3 — 1im-(x-23? = lim—%, = —oo, Denominator is positive,
x-2 (=2 o202 x2(m2) so values are negative near
x = 2.
In parts (a) and (b), the effect of the zero in the denominator at x = 2
Is canceled because the numerator is zero there also. Thus, a finite limit
exists. This is not true in part (f), where cancellation still leaves a zero
factor in the denominator.

Example:
Find lim 2x-6xi+1
Xx—o—o00 3X%2+x-7

Solution:

We are asked to find the limit of a rational function as x - —oo, S0 we
divide the numerator and denominator by x?2, the highest power of x in the
denominator:

2x5—6x*+1 _ lim 2x3—6x%+x72 __ lim 2x2 (x-3)+x"2

— -2
= —00 - — — —00
—1_7x—2 x—>—oc0 3+X X 0, (.X 3)

lim 2 S
Xo—o0o 3X%+x-7 x—o—o00 3+X -7x

because the numerator tends to —co while the denominator approaches 3
as x > —oo,

2.5.6 Precise Definitions of Infinite Limits:

Definition:

1. We say that f(x) approaches infinity as x approaches c, and write
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lim f (x) = oo,
If for every positive real number B there exists a corresponding & > 0
such that
f(x)>B whenever 0< |x—c|<6é.
. We say that f(x) approaches negative infinity as x approaches c, and
write
lim f(x) = —oo,

X—C

if for every negative real number —B there exists a corresponding § > 0
such that

f(x) <—B whenever 0< |x—c|<5é.

¥

e

0, F I'b.

Forc—6 < x < ¢+ 6 ,thegraph Forc—6< x < c+ 6, the graph
of f(x) lies above the liney = B. of f(x) lies below the liney = — B.

Example:

Prove that lim = = o .
x—0Xx
Solution:

Given B > 0, we want to find § > 0 such that

xiz>B whenever 0 < |x — 0| < 6.

1 i if 2 1 i 1
Now, ~>B ifandonly if x° < — or, equivalently, |x| < \/E.Thus,

choosing 6 = \/LE (or any smaller positive number), we see that if

0 < |x| < 6 then iz > iz > B. Therefore, by definition, lim — = oo .
x 6 x—0%*
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2.5.7 Vertical Asymptotes:

Definition:
A line x = a is a vertical asymptote of the graph of a function y =
f(x) if either

lim f(x) =40 and lim f(x) =t
x—-at x—a~
Example:
Find the horizontal and vertical asymptotes of the curve y = 22,

x+2
Solution:
Vertical

We are interested in the behavior as x - +oo, and the asymplok,
behavior as x - —2, where the denominator is zero.

Horzzonial

x+3 __ x+2+1 _ x+2 1 asympiode,

y==—= = + =1-|-L L

x+2 x+2  x+2 x+2 ' o

5 4 :1!‘\_

We see that the curve in question is the graph of
f(x) == shifted 1 unit up and 2 units left. The
asymptotes, instead of being the coordinate axes, are

now the linesy =1and x = —2. As x » too., the curve approaches the
horizontal asymptote y = 1; as x » —2, the curve approaches the vertical
asymptote x = —2.

Example:
Find the horizontal and vertical asymptotes of the curve f(x) =

¥

x2—4"

Solution: .

Yy=—">=
x—4d

We are interested in the behavior as x - +oo and
as x —» *2., where the denominator is zero. Notice Vertied
that f is an even function of X, so its graph Is aympios.
symmetric with respect to the y-axis. o

Vertical
| | asymptote, x=2

Honzontal

asymptote, y =0

-—I-J/::-I'--'.na'\'-\-laﬂ
]

=

a) The behavior as x —» +oo. Since lim f(x) =0,
X— 00
the line y = 0 is a horizontal asymptote of the
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graph to the right. By symmetry it is an asymptote to the left as well.
Notice that the curve approaches the x-axis from only the negative side
(or from below). Also, f(0) = 2.

b) The behavior as x - +2. Since lim f(x) = — and xliﬁr?_f(x) = oo,the

x-2t

line x = 2 is a vertical asymptote both from the right and from the left. By
symmetry, the line x = —2 is also a vertical asymptote.

There are no other asymptotes because f has a finite limit at all other points.

Example:
The graph of the natural logarithm function has the

y-axis (the line x = 0) as a vertical asymptote. We see
this from the graph (which is the reflection of the graph
of the natural exponential function across the line
y = x) and the fact that the x-axis is a horizontal

asymptote of y = e*. Thus,

lim Inx = —oo.
x—0t

The same result is true for y = log, x whenevera > 1.

Example:

1 - :
The curves y = secx = ——and y = tanx = == both have vertical
COS X oS Xx

C

asymptotes at odd-integer multiples of 7 /2, which are the points where

cosx = 0.




Exercises:

1. For the function f whose graph is given,
determine the following limits. Write
co Or —oo Where appropriate

a)lim f(x)  b) lim f(x) ¢) lim f(x)
d)lim f(x) e) lim f(x) f) lim f(x)
g) lim fCx) h) lim f(x) i) lim f(x)
i) JimfG) k) lim fG) ) Jim £ ()
. In following, find the limit of each function

a)asx—> o and

b) as x » —oo.

L f(x)=2-3 ii. f(x) =m —xiz iii. g(x) = 2+é/x)

iv. g(x) = —8_(51/x2) v. h(x) = ;fa%;‘; vi. h(x) = —4?\%’;)2)
. Find the limits in following

a) lim sin 2x b) lim cos 6

x—00 X 0—>—c0 36

C) hm 2—t+sint d) hm r+sin1_ﬂ

t—>—00 t+cost r—00 2r+7-5sinr

. In following, find the limit of each rational function
a)asx—»> o  and
b) as x » —oo.

Write oo Or —oo Where appropriate.

i) fO) =25 i) f(x) _m

i) h(x) = m iv) g(x) = 1"";—’6‘”1

— 3x7+5x2%2-1 x8-2x3+9
v) f(x) = o=y vi) h(x) = 2222 _ _
. The process by which we determine limits of rational functions applies
equally well to ratios containing non-integer or negative powers of x.

Divide numerator and denominator by the highest power of x in the
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denominator and proceed from there. Find the limits in following.

Write oo or —co Where appropriate.

. 2_
a) lim |8 =3

c) lim (1_x3)

X——00 \X2+7x
. -1
e) lim 2>

X—00 3x-7

g) lim Vx2+1

x+1

5

X— 00

1/3

b) lim (@)

x——0oo \ 8x2-3

d) lim 282

x—00 2—VX

f) lim _Yx=sx+s
X—>—00 2x+x2/3-4

. —353
h) lim 2=3x
xX——00yx6+9

6. Find the I|m|ts in following. Write co Or —oo Where appropriate.

a) 11 0+3

b) lim im =
d) }CI_I)I; e e) 11

9) x_)léglz)_ tan x h) lim

J) 191{)1’(1) (2—cot6)

550 X2(x+1) (x+1)

secx |) llm (1+csc6)
x->(-m/2)* 6-0~

C) lim
f) 11

55— 2x+10

0x2/3

/. Find the limits in following. Write —o0 or -co Where appropriate.

1) lim - as
x“—-4

a)x - 27

c) x » =27

3) lim (%—%) as

a)x - 0F b)x -0~

c) x » 2 dx - —1

5) lim * 3'32"*22 as

a)x -» 0% b) x - 2%

C) x » 2~ d)x -2

e) What, if anything, can be said
about the limitas x — 0?

7) lim (z—x%) as
a)x—0F b)x -0~
9) lim (+ x—12)2 ) as
b)x -0~
d)x->1"

b)x - 2~
d)x » -2~

a) x -» 0%
c)x—> 17"

a) x - 1+

C) x — 1+

4) lim Z— L as

a)x » —2% b) x » -2~

c)x—>17F d)x - 0"

6) lim * '3’:'2 as

a)x —» 2% b) x » —2*

c)x -0~ d)x - 1"

e) What, if anything, can be said
about the limitas x —» 0?

8) lim (x?,%w) as

a)x - 0" b)x - 0~

10) lim (x11/3+

b)x -1~
d)x->-1"

x—12)4’/3) as
b)x -0~
d)x -1~

a)x - 07
c)x - 1%




8. Graph the rational functions in following. Include the graphs and
equations of the asymptotes and dominant terms.
Q) ¥y =35 b) ¥ =15 ©) Y= 5
d) y=:=% e) ¥y=715 ) y=3%
9. Determine the domain of each function in following. Then use various
limits to find the asymptotes.
a) y=4+23 2+1 b))’_le C)y—m d))’:xi
10. Find the limits in following
a) lim (vz#5-vra) D) lim (VxZ+2s-Va2-1)  C) lim (f+3+x)
d) xl_l)moo x+Vax2+3x-2) €) llm J9x2—x-3x) j) 311—{2) (m—m)
11. Graph the rational functlons |n following. Include the graphs and
equations of the asymptotes.
a)y =2 b) y = £ c) y =22

1 x3+1

d)y = ;;;4 g) y=21 f) y=

Ny
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