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2.4 One-Sided Limits 

Definition: 

     We say that 𝑓(𝑥) has right-hand limit L at c, and write 

                                           lim
𝑥→𝑐+

𝑓(𝑥) = 𝐿, 

if for every number 𝜖 > 0 there exists a corresponding number 𝛿 > 0  such 

that for all x 

                            𝑐 < 𝑥 < 𝑐 + 𝛿 ⇒ |𝑓(𝑥) − 𝐿| < 𝜖.  

    We say that ƒ has left-hand limit L at c, and write 

                                           lim
𝑥→𝑐−

𝑓(𝑥) = 𝐿, 

if for every number 𝜖 > 0 there exists a corresponding number 𝛿 > 0  such 

that for all x 

                            𝑐 − 𝛿 < 𝑥 < 𝑐 ⇒ |𝑓(𝑥) − 𝐿| < 𝜖.  

                 
         Intervals associated with                        Intervals associated with 

   the definition of right-hand limit.           the definition of left-hand limit. 
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Example 

      Prove that lim
𝑥→0

√𝑥 = 0. 

Solution: 

     Let 𝜖 > 0  be given. Here c = 0 and L = 0, 

so we want to find a 𝛿 > 0 such that for all x 

             0 < 𝑥 < 𝛿 ⇒ |√𝑥− 0| < 𝜖, 

             0 < 𝑥 < 𝛿 ⇒ √𝑥 < 𝜖. 

Squaring both sides of this last inequality gives 𝑥 < 𝜖2 if 0 < 𝑥 < 𝛿. If 

we choose 𝛿 = 𝜖2 we have 

       0 < 𝑥 < 𝛿 = 𝜖2  ⇒ √𝑥 < 𝜖      or       0 < 𝑥 < 𝜖2  ⇒ |√𝑥 − 0| < 𝜖. 

According to the definition, this shows that lim
𝑥→0

√𝑥 = 0. 

Example: 

      Show that 𝑦 = 𝑠𝑖𝑛 (1
𝑥
) has no limit as x approaches zero from either 

side. 

Solution: 

     As x approaches zero, its reciprocal, 
1

𝑥
, 

grows without bound and the values of 𝑠𝑖𝑛 (1
𝑥
)  

cycle repeatedly from -1 to 1. There is no single 

number L that the function’s values stay 

increasingly close to as x approaches zero.  

   This is true even if we restrict x to positive values or to negative values. 

The function has neither a right-hand limit nor a left-hand limit at 𝑥 =  0. 

Theorem (Limit of the Ratio (𝒔𝒊𝒏 𝜽) 𝜽⁄  as 𝜽 →  𝟎): 

                       𝐥𝐢𝐦
𝜽 → 𝟎

𝒔𝒊𝒏 𝜽
𝜽
= 𝟏     ( 𝜽 𝐢𝐧 𝐫𝐚𝐝𝐢𝐚𝐧𝐬)                                      (1) 
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Example: 

   Show that   

Solution: 

a) Using the half-angle formula 𝑐𝑜𝑠 ℎ = 1 − 2 𝑠𝑖𝑛2 (ℎ 2⁄ ), we calculate 

                                lim
ℎ → 0

cosℎ −1
ℎ

= lim
ℎ → 0

− 2 𝑠𝑖𝑛
2 (ℎ 2⁄ )

ℎ
 

                                                   = − lim
𝜃 → 0

𝑠𝑖𝑛 𝜃

𝜃
∙ 𝑠𝑖𝑛 𝜃           Let 𝜃 = ℎ 2⁄ . 

                                                   = −(1)(0).  

b)  Equation (1) does not apply to the original fraction. We need a 2x in 

the denominator, not a 5x. We produce it by multiplying numerator 

and denominator by 2 5⁄ :  

   lim
𝑥 → 0

𝑠𝑖𝑛 2𝑥
5𝑥

= lim
𝑥 → 0

(2 5⁄ )∙𝑠𝑖𝑛 2𝑥
(2 5⁄ )∙ 5𝑥

=
2

5
lim
𝑥 → 0

𝑠𝑖𝑛 2𝑥
 2𝑥

=
2

5
(1) =

2

5
    Now, Eq. (1) applies 

                                                                                            with 𝜽 = 𝟐𝒙.  

Example: 

       Find  lim
𝑡 → 0

tan 𝑡 ∙sec 2𝑡
3𝑡

 

Solution: 

       From the definition of 𝑡𝑎𝑛 𝑡 and 𝑠𝑒𝑐 2𝑡, we have 

                lim
𝑡 → 0

tan 𝑡 ∙sec 2𝑡
3𝑡

= lim
𝑡 → 0

1

3
∙ 1
𝑡
∙ sin 𝑡
cos 𝑡

∙ 1

cos2𝑡
  

                                      =
1

3
lim
𝑡 → 0

sin 𝑡

𝑡
∙ 1

cos 𝑡
∙ 1

cos 2𝑡
 

                                      =
1

3
(1)(1)(1). 

Theorem: 

        A function 𝒇(𝒙) has a limit as x approaches c if and only if it has 

left-hand and right-hand limits there and these one-sided limits are 

equal: 

𝐥𝐢𝐦
𝒙→𝒄

𝒇(𝒙) = 𝑳  ⇔    𝐥𝐢𝐦
𝒙→𝒄+

𝒇(𝒙) = 𝑳      𝐚𝐧𝐝    𝐥𝐢𝐦
𝒙→𝒄−

𝒇(𝒙) = 𝑳. 

a) lim
ℎ → 0

cosℎ −1
ℎ

= 0     and b) lim
𝑥 → 0

𝑠𝑖𝑛 2𝑥
5𝑥

= 2

5
 .     
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Example: 

     For the function graphed in following Figure 

At 𝑥 = 0:     lim
𝑥→0+

𝑓(𝑥) = 1, 

lim
𝑥→0−

𝑓(𝑥) and lim
𝑥→0

𝑓(𝑥) do not exist. 

The function is not defined to the 

left of 𝑥 = 0. 

At 𝑥 = 1       lim
𝑥→1−

𝑓(𝑥) = 0 even though 𝑓(1) = 1, 

                        lim
𝑥→1+

𝑓(𝑥) = 1,  

                       lim
𝑥→1

𝑓(𝑥) does not exist. The right- and left-hand limits are  

                       not equal. 

At 𝑥 = 2       lim
𝑥→2−

𝑓(𝑥) = 1, 

                       lim
𝑥→2+

𝑓(𝑥) = 1, 

                        lim
𝑥→2

𝑓(𝑥) = 1 even though 𝑓(2) = 2. 

At 𝑥 = 3       lim
𝑥→3−

𝑓(𝑥) = lim
𝑥→3+

𝑓(𝑥) = lim
𝑥→3

𝑓(𝑥) = 𝑓(3) = 2, 

At 𝑥 = 4       lim
𝑥→4−

𝑓(𝑥) = 1 even though 𝑓(4) ≠ 1, 

lim
𝑥→4+

𝑓(𝑥) and lim
𝑥→4

𝑓(𝑥) do not exist. The function is not 

defined to the right of 𝑥 = 4. 

      At every other point c in [0, 4], 𝑓(𝑥) has limit 𝑓(𝑐). 

Exercises: 

1. Which of the following statements about the 

function 𝑦 = 𝑓(𝑥) graphed here are true, and which 

are false? 
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a) lim
𝑥→−1+

𝑓(𝑥) = 1 b) lim
𝑥→0−

𝑓(𝑥) = 0 c) lim
𝑥→0−

𝑓(𝑥) = 1 

d) lim
𝑥→0−

𝑓(𝑥) = lim
𝑥→0+

𝑓(𝑥) e) lim
𝑥→0

𝑓(𝑥) exists. f) lim
𝑥→0

𝑓(𝑥) = 0 

g) lim
𝑥→0

𝑓(𝑥) = 1 h) lim
𝑥→1

𝑓(𝑥) = 1 i) lim
𝑥→1

𝑓(𝑥) = 0 

j) lim
𝑥→2−

𝑓(𝑥) = 2 k) lim
𝑥→−1−

𝑓(𝑥) does not exist. l) lim
𝑥→2+

𝑓(𝑥) = 0 

2. Let 𝑓(𝑥) = {
3 − 𝑥 𝑥 < 2
𝑥
2
+1 𝑥 > 2. 

a) Find lim
𝑥→2+

𝑓(𝑥) and lim
𝑥→2−

𝑓(𝑥). 

b) Does llim
𝑥→2

𝑓(𝑥) exist? If so, what is it? If not, why not? 

c) Find lim
𝑥→4+

𝑓(𝑥) and lim
𝑥→4−

𝑓(𝑥). 

d) Does llim
𝑥→4

𝑓(𝑥) exist? If so, what is it? If not, why not? 

3. Let 𝑓(𝑥) = {
0 𝑥 ≤ 0
sin 1

𝑥
𝑥 > 0. 

a) Does lim
𝑥→0+

𝑓(𝑥) exist? If so, what is it? If not,  

     why not? 
b) Does lim

𝑥→0−
𝑓(𝑥) exist? If so, what is it? If not,    

     why not? 
c) Does lim

𝑥→0
𝑓(𝑥) exist? If so, what is it? If not,  

     why not? 
4. Graph the following functions. Then answer these questions 

a) What are the domain and range of ƒ? 

b) At what points c, if any, does lim
𝑥→𝑐

𝑓(𝑥) exist? 

c) At what points does only the left-hand limit exist? 

d) At what points does only the right-hand limit exist? 

 

1. 𝑓(𝑥) = {
√1 − 𝑥2 0 ≤ 𝑥 < 1
1 1 ≤ 𝑥 < 2
2 𝑥 = 2

 2. 𝑓(𝑥) = {
𝑥 −1 ≤ 𝑥 < 0  or 0 < 𝑥 ≤ 1
1 𝑥 = 0
0 𝑥 < −1 or 𝑥 > 1

 

5. Find the limits in following 

a) lim
𝑥→1+

√𝑥+2

𝑥+1
 b) lim

ℎ→0+
√ℎ2+4ℎ+5−√5

ℎ
 

c) lim
ℎ→0−

√6−√5ℎ2+11ℎ+6
ℎ

 d) lim
𝑥→1−

(
1
𝑥+1

)(
𝑥+6
𝑥
)(
3−𝑥
7
) 
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e) lim
𝑥→2−

(𝑥 + 3)|𝑥+2|
𝑥+2

 f) lim
𝑥→2+

(𝑥 + 3)|𝑥+2|
𝑥+2

 

g) lim
𝑥→1−

√2𝑥(𝑥−1)
|𝑥−1|

 h) lim
𝑥→1∓

√2𝑥(𝑥−1)
|𝑥−1|

 

i) lim
𝜃→3∓

⌊𝜃⌋
𝜃

 j) lim
𝜃→3−

⌊𝜃⌋
𝜃

 

k) lim
𝑡→4∓

(𝑡−⌊𝑡⌋) l) lim
𝑡→4−

(𝑡−⌊𝑡⌋) 

m) lim
𝑡→0

sin𝑘𝑡
𝑡
   (𝑘 constant) n) lim

ℎ→0−
ℎ

sin 3ℎ
 

o) lim
𝑥→0

tan2𝑥
𝑥

 p) lim
𝑥→0

𝑥csc 2𝑥
cos5𝑥

 

q) lim
𝑥→0

6𝑥2(cot 𝑥)(csc 2𝑥) r) lim
𝑥→0

𝑥+𝑥cos𝑥
sin𝑥cos 𝑥

 

s) lim
𝑥→0

𝑥2−𝑥+sin𝑥
2𝑥

 t) lim
𝜃→0

1−cos𝜃
sin 2𝜃

 

u) lim
𝑥→0

𝑥−𝑥cos𝑥

sin2 3𝑥
 v) lim

𝑦→0

sin 3𝑦cot 5𝑦
𝑦cot 4𝑦

 

w) lim
𝜃→0

tan𝜃

𝜃2 cot 3𝜃
 x) lim

𝜃→0

𝜃 cot 4𝜃

sin2 𝜃cot2 2𝜃
 

 

2.5 Limits Involving Infinity, Infinite Limits. 

      In this section we investigate the behavior of a function when the 

magnitude of the independent  variable x becomes increasingly large, or 

𝑥 → ±∞. We further extend the concept of  limit to infinite limits. Infinite 

limits provide useful symbols and language for describing the behavior of 

functions whose values become arbitrarily large in magnitude. We use 

these  ideas to analyze the graphs of functions having horizontal or vertical 

asymptotes. 

2.5.1 Finite Limits as 𝒙 → ±∞: 

 Definition: 

1. We say that ƒ(x) has the limit L as x approaches infinity and write 

lim
𝑥→∞

𝑓(𝑥) = 𝐿 

if, for every number 𝜖 > 0, there exists a corresponding number M 

such that for all x in the domain of ƒ 
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                                   |𝑓(𝑥) − 𝐿| < 𝜖 whenever 𝑥 >  𝑀. 

2. We say that ƒ(x) has the limit L as x approaches negative infinity and 

write 

                                              lim
𝑥→−∞

𝑓(𝑥) = 𝐿 

if, for every number 𝜖 > 0, there exists a corresponding number N such 

that for all x in the domain of ƒ 

                                   |𝑓(𝑥) − 𝐿| < 𝜖 whenever 𝑥 <  𝑁. 

Example(*): 

       Show that 

a) lim
𝑥→∞

1
𝑥
=0 b) lim

𝑥→−∞

1
𝑥
=0 

Solution: 

a) Let 𝜖 > 0 be given. We must find a number M such that 

                |
1

𝑥
− 0| = |

1

𝑥
| < 𝜖 whenever 𝑥 >  𝑀. 

The implication will hold if 𝑀 =  1 𝜖⁄  or any 

larger positive number. This proves lim
𝑥→∞

1
𝑥
=0. 

b) Let 𝜖 > 0 be given. We must find a number N   

     such that 

                  |
1

𝑥
− 0| = |

1

𝑥
| < 𝜖 whenever 𝑥 < 𝑁. 

The implication will hold if 𝑁 =  −1 𝜖⁄  or any number less than 

−1 𝜖⁄ . This proves lim
𝑥→∞

1
𝑥
=0. 

Remark: 

     Limits at infinity have properties similar to those of finite limits. 

Theorem: 

    All the Limit Laws are true when we replace 𝒍𝒊𝒎
𝒙→𝒄

 by 𝒍𝒊𝒎
𝒙→∞

 or 𝒍𝒊𝒎
𝒙→−∞

. 

That is, the variable x may approach a finite number c or ±∞. 
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Example: 

     Used the properties of Limit Laws to calculate limits in the same 

way as when x approaches a finite number c. 

a) lim
𝑥→∞

(5 +
1

𝑥
) = lim

𝑥→∞
5 + lim

𝑥→∞

1

𝑥
                             Sum Rule 

                             = 5 + 0 = 5.                               Known limits  

b) lim
𝑥→−∞

𝜋√3

𝑥2
= lim
𝑥→−∞

𝜋√3 ∙
1

𝑥
∙
1

𝑥
                               Product Rule 

           = lim
𝑥→−∞

𝜋√3 ∙ lim
𝑥→−∞

1

𝑥
∙ lim
𝑥→−∞

1

𝑥
            Known limits 

           = 𝜋√3 ∙ 0 ∙ 0 = 0.  

2.5.2 Limits at Infinity of Rational Functions: 

Remark: 

     To determine the limit of a rational function as 𝑥 → ±∞, we first divide 

the numerator and denominator by the highest power of x in the 

denominator. The result then depends on the degrees of the polynomials 

involved. 

     The following examples illustrate what happens when the degree of the 

numerator is less than or equal to the degree of the denominator. 

Examples: 

a) lim
𝑥→∞

5𝑥2+8𝑥−3

3𝑥2+2
= lim
𝑥→∞

5+(8 𝑥⁄ )−(3 𝑥2⁄ )

3+(2 𝑥2⁄ )
       

                                    Divide numerator and 

                                         denominator by 𝒙𝟐. 

                          =
5+0−0

3+0
=
5

3
. 

 

b) lim
𝑥→−∞

11𝑥+2

2𝑥3−1
= lim
𝑥→∞

(11 𝑥2⁄ )+(2 𝑥3⁄ )

2−(1 𝑥3⁄ )
 

                                         Divide numerator and 

                                               denominator by 𝒙𝟑. 

                           =
0+0

2−0
= 0.  
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2.5.3 Horizontal Asymptotes:  

Remark: 

    If the distance between the graph of a function 

and some fixed line approaches zero as a point on  

the graph moves increasingly far from the origin, we say that the graph 

approaches the line asymptotically and that the line is an asymptote of the 

graph. 

     Looking at 𝑓(𝑥)  =  1 𝑥⁄ , we observe that the x-axis is an asymptote of 

the curve on the right because lim
𝑥→∞

1
𝑥
=0 and on the left because lim

𝑥→−∞

1
𝑥
=0. We 

say that the x-axis is a horizontal asymptote of the graph of 𝑓(𝑥)  =  1 𝑥⁄ . 

Definition: 

      A line 𝑦 = 𝑏 is a horizontal asymptote of the graph of a function 

𝑦 = 𝑓(𝑥) if either lim
𝑥→∞

𝑓(𝑥) = 𝑏 or lim
𝑥→−∞

𝑓(𝑥) = 𝑏. 

Remark: 

     The graph of a function can has zero, one, or two horizontal asymptotes, 

depending on whether the function has limits as 𝑥 → ∞ and as 𝑥 → −∞. 

For example, the function 𝑓(𝑥) =
5𝑥2+8𝑥−3

3𝑥2+2
 has the line 𝑦 =

5

3
  as a 

horizontal asymptote on both the right and the left because lim
𝑥→∞

𝑓(𝑥) =
5

3
 

and lim
𝑥→∞

𝑓(𝑥) =
5

3
. 

Example: 

     Find the horizontal asymptotes of the graph of 

                                 𝑓(𝑥) =
𝑥3−2

|𝑥|3+1
. 

 Solution: 

         We calculate the limits as 𝑥 → ±∞. 
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For 𝑥 ≥  0: lim
𝑥→∞

𝑥3−2

|𝑥|3+1
= lim
𝑥→∞

𝑥3−2

𝑥3+1
= lim
𝑥→∞

1−(2 𝑥3⁄ )

1+(1 𝑥3⁄ )
= 1. 

For 𝑥 <  0: lim
𝑥→−∞

𝑥3−2

|𝑥|3+1
= lim
𝑥→−∞

𝑥3−2

(−𝑥)3+1
= lim
𝑥→−∞

1−(2 𝑥3⁄ )

−1+(1 𝑥3⁄ )
= −1. 

      The horizontal asymptotes are 𝑦 =  −1 and 𝑦 =  1. Notice that the 

graph crosses the horizontal asymptote 𝑦 =  −1 for a positive value of x. 

Example: 

     Find the horizontal asymptotes of the graph of 

                                        𝑓(𝑥) = 𝑒𝑥. 

 Solution: 

      The x-axis (the line 𝑦 =  0) is a horizontal 

asymptote of the graph of 𝑓(𝑥) = 𝑒𝑥 because 

lim
𝑥→−∞

𝑒𝑥 = 0.  To see this, we use the definition 

 of a limit as x approaches −∞. So let 𝜖 > 0 be given, but arbitrary. We 

must find a constant N such that |𝑒𝑥 − 0| < 𝜖 whenever 𝑥 < 𝑁. 

       Now |𝑒𝑥 − 0| = 𝑒𝑥, so the condition that needs to be satisfied 

whenever x < N is 𝑒𝑥 < 𝜖. 

      Let 𝑥 =  𝑁 be the number where 𝑒𝑥 = 𝜖 . Since 𝑒𝑥 is an increasing 

function, if x < N, then 𝑒𝑥 < 𝜖 . We find N by taking the natural 

logarithm of both sides of the equation 𝑒𝑁 = 𝜖,  so 𝑁 =  𝑙𝑛𝜖. With this 

value of N the condition is satisfied, and we conclude that lim
𝑥→−∞

𝑒𝑥 = 0. 

Remark: 

      Sometimes it is helpful to transform a limit in which x approaches  

∞ to a new limit by  setting 𝑡 =  1 𝑥⁄  and seeing what happens as t 

approaches 0. 
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Example: 

       Find  

Solution: 

a) We introduce the new variable 𝑡 =  1 𝑥⁄ . From Example (*), we know 

that 𝑡 → 0+ as 𝑥 → ∞. Therefore, lim
𝑥→∞

sin 1
𝑥
= lim
𝑡→0+

sin 𝑡 = 0. 

b) We calculate the limits as 𝑥 → ∞ and 𝑥 → −∞: 

    lim
𝑥→∞

𝑥 sin 1
𝑥
= lim
𝑡→0+

sin 𝑡

𝑡
= 1 and lim

𝑥→−∞
𝑥 sin 1

𝑥
= lim
𝑡→0−

sin 𝑡

𝑡
= 1.  

    The graph of 𝑥 sin 1
𝑥
, show that the line y = 1 is a horizontal 

     asymptote.  

Remark: 

     Similarly, we can investigate the behavior of 𝑦 =  𝑓 (1
𝑥
 ) as 𝑥 → ∞ by 

investigating 𝑦 =  𝑓 (𝑡 ) as 𝑡 → ±∞, where 𝑡 =  1 𝑥⁄ . 

Example: 

     Find lim
𝑥→0−

𝑒1 𝑥⁄ . 

Solution: 

We let 𝑡 =  1 𝑥⁄  so that lim
𝑥→0−

𝑒1 𝑥⁄ = lim
𝑡→∞

𝑒𝑡 = 0. 

Example: 

     Find lim
𝑥→0+

𝑥⌊1
𝑥
⌋. 

Solution: 

     We let 𝑡 =  1 𝑥⁄  so that lim
𝑥→0+

𝑥⌊1
𝑥
⌋ = lim

𝑡→∞

1
𝑡
⌊𝑡⌋. 

From the graph of 𝑥⌊1
𝑥
⌋, we see that 𝑡 − 1 ≤ ⌊𝑡⌋ ≤  𝑡,  

which gives 

                          1 −
1

𝑡
≤
1

𝑡
⌊𝑡⌋ ≤ 1              Multiply inequalities by 

𝟏

𝒕
> 𝟎. 

a) lim
𝑥→∞

sin 1
𝑥
 b) lim

𝑥→±∞
𝑥 sin 1

𝑥
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It follows from the Sandwich Theorem that lim
𝑡→∞

1
𝑡
⌊𝑡⌋ = 1,  so 1 is the 

value of the limit we seek. 

Remark: 

       The Sandwich Theorem also holds for limits as 𝑥 → ±∞. You must be 

sure, though, that the function whose limit you are trying to find stays 

between the bounding functions at very large values of x in magnitude 

consistent with whether 𝑥 → ∞  or 𝑥 → −∞. 

Example: 

      Using the Sandwich Theorem, find the 

horizontal asymptote of the curve 

                           𝑦 =  2 +  𝑠𝑖𝑛 𝑥

𝑥
. 

Solution: 

    We are interested in the behavior as 𝑥 → ±∞. Since 

                                         0 ≤ |
 𝑠𝑖𝑛 𝑥

𝑥
| ≤ |

 1

𝑥
| 

and lim
𝑥→±∞

|
1

𝑥
| = 0, we have lim

𝑥→±∞

 𝑠𝑖𝑛 𝑥

𝑥
= 0 by the Sandwich Theorem. 

Hence, lim
𝑥→±∞

(2 +  𝑠𝑖𝑛 𝑥

𝑥
) = 2 + 0 = 2, and the line y = 2 is a horizontal  

asymptote of the curve on both left and right. This example illustrates 

that a curve may cross one of its horizontal asymptotes many times. 

Example: 

        Find lim
𝑥→∞

(𝑥 − √𝑥2 + 16). 

Solution: 

     Both of the terms x and √𝑥2 + 16 approach infinity as 𝑥 → ∞, so what 

happens to the difference in the limit is unclear (we cannot subtract  from  

because the symbol does not represent a real number). In this situation we 
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can multiply the numerator and the denominator by the conjugate radical 

expression to obtain an equivalent algebraic expression: 

lim
𝑥→∞

(𝑥 − √𝑥2 + 16) = lim
𝑥→∞

(𝑥 − √𝑥2 + 16) ∙ 𝑥+
√𝑥2+16

𝑥+√𝑥2+16
      Multiply and divide          

                                                                                                     by the conjugate. 

                                   = lim
𝑥→∞

𝑥2−(𝑥2+16)

𝑥+√𝑥2+16
= lim
𝑥→∞

−16

𝑥+√𝑥2+16
  

As 𝑥 → ∞, the denominator in this last expression becomes arbitrarily large, while 

the numerator remains constant, so we see that the limit is 0. We can also obtain this 

result by a direct calculation using the Limit Laws: 

                           lim
𝑥→∞

−16

𝑥+√𝑥2+16
= lim

𝑥→∞

−16
𝑥

1+√
𝑥2

𝑥2
+
16

𝑥2

= 0

1+√1+0
= 0. 

2.5.4 Oblique Asymptotes: 

Remark: 

      If the degree of the numerator of a rational function is 1 greater than 

the degree of the denominator, the graph has an oblique or slant line 

asymptote. We find an equation for the asymptote by dividing numerator 

by denominator to express ƒ as a linear function plus a remainder that goes 

to zero as 𝑥 → ±∞. 

Example: 

        Find the oblique asymptote of the graph of 𝑓(𝑥) = 𝑥2−3

2𝑥−4
 . 

Solution:  

𝑓(𝑥) = 𝑥2−3

2𝑥−4
= 𝟐∙(𝑥2−3)

𝟐.(2𝑥−4)
=

2𝑥2−6

2(2𝑥−4)
=
2𝑥2−𝟖+𝟐

2(2𝑥−4)
  

         = (2𝑥2−8)+2

2(2𝑥−4)
= (2𝑥2−8)

2(2𝑥−4)
+ 2

2(2𝑥−4)
  

         =
(2𝑥2−4𝑥+4𝑥−8)

2(2𝑥−4)
+
(2𝑥2−4𝑥+4𝑥−8)+2

2(2𝑥−4)
  

𝑓(𝑥) = 𝑥2−3

2𝑥−4
= 𝑥2−𝟒+𝟏

(2𝑥−4)
=

𝑥2−4

(2𝑥−4)
+

1

(2𝑥−4)
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         =
(𝒙−𝟐)(𝑥+2)

2(𝒙−𝟐)
+

1

(2𝑥−4)
= (𝑥+2)

2
+ 1

(2𝑥−4)
= (𝑥

2
+ 1)⏟    

𝒍𝒊𝒏𝒆𝒂𝒓 𝒈(𝒙)

+
1

(2𝑥−4)
  

     As 𝑥 → ±∞, the part 
1

(2𝑥−4)
, whose magnitude gives the vertical 

distance between the  graphs of f and g, goes to zero, making the slanted 

line  𝑔(𝑥) = 𝑥

2
+ 1   an asymptote of the graph of  f. The line 𝑦 = 𝑔(𝑥) is 

an asymptote both to the right and to the left. 

Notice in Example 

2.5.5 Infinite Limits: 

Remark: 

      Let us look again at the function 𝑓(𝑥) =  1 𝑥⁄ . 

As 𝑥 → 0+, the values of ƒ grow without bound, 

eventually reaching and surpassing every positive 

real number. That is, given any positive real number 

B, however large, the values of ƒ become larger 

still. 

      Thus, ƒ has no limit as 𝑥 → 0+. It is 

nevertheless convenient to describe the behavior of 

ƒ by saying that ƒ(x) approaches ∞ as 𝑥 → 0+. We 

write lim
𝑥→0+

𝑓(𝑥) = lim
𝑥→0+

1

𝑥
=  ∞. 

      In writing this equation, we are not saying that the limit exists. Nor 

are we saying that there is a real number ∞, for there is no such number. 

Rather, this expression is just a concise way of saying that lim
𝑥→0+

1

𝑥
 does not 

exist because 1
𝑥
 becomes arbitrarily large and positive as 𝑥 → 0+. 

Example: 

     Find lim
𝑥→1+

1

𝑥−1
 and lim

𝑥→1−
1

𝑥−1
.  
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Geometric Solution: 

    The graph of 𝑦 =
1

𝑥−1
 is the graph of 𝑦 =

1

𝑥
 

shifted 1 unit to the right. Therefore, 𝑦 =
1

𝑥−1
 

behaves near 1 exactly the way 𝑦 =
1

𝑥
 behaves 

near 0: 

              lim
𝑥→1+

1

𝑥−1
= ∞   and     lim

𝑥→1−
1

𝑥−1
= −∞. 

Analytic Solution: 

    Think about the number 𝑥 − 1 and its reciprocal. As 𝑥 → 1+, we have 

(𝑥 − 1) → 0+ and 1

𝑥−1
→ ∞. As 𝑥 → 1−, we have (𝑥 − 1) → 0− and 1

𝑥−1
→ −∞. 

Example: 

     Discuss the behavior of 𝑓(𝑥) =  1
𝑥2

 as 𝑥 → 0. 

Solution: 

      As x approaches zero from either side, the 

values of 
1

𝑥2
 are positive and become arbitrarily 

large. This means that lim
𝑥→0
𝑓(𝑥) = lim

𝑥→0

1

𝑥2
=  ∞. 

   The function 𝑦 =  
1

𝑥
  shows no consistent behavior as 𝑥 → 0. We have 1

𝑥
→ ∞ 

if 𝑥 → 0+, but 1
𝑥
→ −∞ if 𝑥 → 0−. All we can say about lim 

𝑥→0

1

𝑥
 is that it does 

not exist. The function 𝑦 =  
1

𝑥2
 is different. Its values approach infinity as x 

approaches zero from either side, so we can say that lim
𝑥→0

 
1

𝑥2
=  ∞. 

Example: 

      The following examples illustrate that rational functions can behave 

in various ways near zeros of the denominator 
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a) lim
𝑥→2

 
(𝑥−2)2

𝑥2−4
= lim
𝑥→2

(𝑥−2)2

(𝑥−2)(𝑥+2)
= lim
𝑥→2

(𝑥−2)

(𝑥+2)
= 0. Can substitute 2 for x after 

algebraic manipulation 

eliminates division by 0. 

b) lim
𝑥→2

 
(𝑥−2)

𝑥2−4
= lim
𝑥→2

(𝑥−2)

(𝑥−2)(𝑥+2)
= lim
𝑥→2

1

(𝑥+2)
= 1

4
. Again substitute 2 for x 

 after algebraic manipulation 

eliminates division by 0. 

c) lim
𝑥→2+

 
(𝑥−3)

𝑥2−4
= lim
𝑥→2+

(𝑥−3)

(𝑥−2)(𝑥+2)
= −∞. The values are negative for 

𝒙 > 𝟐 near 2. 

d) lim
𝑥→2−

 
(𝑥−3)

𝑥2−4
= lim
𝑥→2−

(𝑥−3)

(𝑥−2)(𝑥+2)
= ∞. The values are positive for 𝒙 <

𝟐 near 2. 

e) lim
𝑥→2

 
(𝑥−3)

𝑥2−4
= lim
𝑥→2

(𝑥−3)

(𝑥−2)(𝑥+2)
 does not exist. Limits from left and from right 

differ. 

f) lim
𝑥→2

 
(2−𝑥)

(𝑥−2)3
= lim
𝑥→2

−(𝑥−2)

(𝑥−2)3
= lim
𝑥→2

−1

(𝑥−2)2
= −∞. Denominator is positive, 

so values are negative near 

𝒙 = 𝟐. 

       In parts (a) and (b), the effect of the zero in the denominator at 𝑥 = 2 

is canceled because the numerator is zero there also. Thus, a finite limit 

exists. This is not true in part (f), where cancellation still leaves a zero 

factor in the denominator. 

Example: 

      Find lim
𝑥→−∞

 
2𝑥5−6𝑥4+1

3𝑥2+𝑥−7
 . 

Solution: 

     We are asked to find the limit of a rational function as 𝑥 → −∞, so we 

divide the numerator and denominator by 𝑥2, the highest power of x in the 

denominator: 

lim
𝑥→−∞

 
2𝑥5−6𝑥4+1

3𝑥2+𝑥−7
= lim
𝑥→−∞

 
2𝑥3−6𝑥2+𝑥−2

3+𝑥−1−7𝑥−2
= lim
𝑥→−∞

 
2𝑥2(𝑥−3)+𝑥−2

3+𝑥−1−7𝑥−2
= −∞,   𝒙−𝟐 → 𝟎, (𝒙 − 𝟑) → −∞ 

because the numerator tends to −∞ while the denominator approaches 3 

as 𝑥 → −∞. 

2.5.6 Precise Definitions of Infinite Limits: 

Definition: 

1. We say that 𝑓(𝑥) approaches infinity as x approaches c, and write 
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                                                 lim
𝑥→𝑐

𝑓(𝑥) = ∞,  

 if for every positive real number B there exists a corresponding  𝛿 > 0 

such that 

                          𝑓(𝑥) > 𝐵     whenever   0 < |𝑥 − 𝑐| < 𝛿. 

2. We say that 𝑓(𝑥) approaches negative infinity as x approaches c, and 

write 

                                                 lim
𝑥→𝑐

𝑓(𝑥) = −∞,  

 if for every negative real number −𝐵 there exists a corresponding  𝛿 > 0 

such that 

                          𝑓(𝑥) < −𝐵     whenever   0 < |𝑥 − 𝑐| < 𝛿. 

  
For 𝑐 − 𝛿 <  𝑥 <  𝑐 + 𝛿 , the graph 

of 𝑓(𝑥) lies above the line 𝑦 =  𝐵. 

For 𝑐 − 𝛿 <  𝑥 <  𝑐 + 𝛿 , the graph 

of 𝑓(𝑥) lies below the line 𝑦 = − 𝐵. 

Example: 

      Prove that lim
𝑥→0

 
1

𝑥2
= ∞ . 

Solution: 

      Given B > 0, we want to find  𝛿 > 0 such that 

                        
1

𝑥2
> 𝐵     whenever   0 < |𝑥 − 0| < 𝛿. 

       Now,  
1

𝑥2
> 𝐵  if and only if   𝑥2 <

1

𝐵
  or, equivalently, |𝑥| <

1

√𝐵
 . Thus, 

choosing  𝛿 =
1

√𝐵
  (or any smaller positive number), we  see  that  if 

0 < |𝑥| < 𝛿 then 
1

𝑥2
>

1

𝛿2
≥ 𝐵. Therefore, by definition, lim

𝑥→0
 
1

𝑥2
= ∞ . 
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2.5.7 Vertical Asymptotes: 

Definition: 

     A line 𝑥 = 𝑎 is a vertical asymptote of the graph of a function 𝑦 =

𝑓(𝑥) if either 

                        lim
𝑥→𝑎+

𝑓(𝑥) = ±∞   and  lim
𝑥→𝑎−

𝑓(𝑥) = ±∞ . 

Example: 

      Find the horizontal and vertical asymptotes of the curve 𝑦 = 𝑥+3

𝑥+2
 . 

Solution: 

       We are interested in the behavior as 𝑥 → ±∞,  and the 

behavior as 𝑥 → −2, where the denominator is zero.   

           𝑦 = 𝑥+3

𝑥+2
=
𝑥+𝟐+𝟏

𝑥+2
=
𝑥+2

𝑥+2
+

1

𝑥+2
= 1 +

1

𝑥+2
 . 

      We see that the curve in question is the graph of 

𝑓(𝑥) =
1

𝑥
 shifted 1 unit up and 2 units left. The 

asymptotes, instead of being the coordinate axes, are  

now the lines y = 1 and 𝑥 =  −2. As 𝑥 → ±∞., the curve approaches the 

horizontal asymptote y = 1; as 𝑥 → −2, the curve approaches the vertical 

asymptote 𝑥 =  −2. 

Example: 

      Find the horizontal and vertical asymptotes of the curve 𝑓(𝑥) = 8

𝑥2−4
 . 

Solution: 

     We are interested in the behavior as 𝑥 → ±∞ and 

as 𝑥 → ±2., where the denominator is zero. Notice 

that f is an even function of x, so its graph is 

symmetric with respect to the y-axis. 

a) The behavior as 𝑥 → ±∞. Since lim
𝑥→∞

𝑓(𝑥) = 0,   

the line y = 0 is a horizontal asymptote of the  
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graph to the right. By symmetry it is an asymptote to the left as well. 

Notice that the curve approaches the x-axis from only the negative side 

(or from below). Also, 𝑓(0) = 2. 

b) The behavior as 𝑥 → ±2. Since lim
𝑥→2+

𝑓(𝑥) = −∞ and lim
𝑥→2−

𝑓(𝑥) = ∞,the 

line 𝑥 =  2 is a vertical asymptote both from the right and from the left. By 

symmetry, the line 𝑥 =  −2 is also a vertical asymptote. 

There are no other asymptotes because f has a finite limit at all other points. 

Example: 

       The graph of the natural logarithm function has the 

y-axis (the line 𝑥 = 0) as a vertical asymptote. We see 

this from the graph (which  is the reflection of the graph 

of the  natural   exponential  function  across  the  line 

𝑦 =  𝑥) and the fact that the x-axis is a horizontal 

asymptote of 𝑦 =  𝑒𝑥. Thus, 

                                             lim
𝑥→0+

ln 𝑥 = −∞.  

       The same result is true for 𝑦 =  log𝑎 𝑥 whenever 𝑎 >  1. 

Example: 

     The curves 𝑦 = sec 𝑥 =
1

cos𝑥
 and 𝑦 = tan 𝑥 = sin𝑥

cos𝑥
 both have vertical 

asymptotes at odd-integer multiples of  𝜋 2⁄ , which are the points where 

𝑐𝑜𝑠 𝑥 =  0. 
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Exercises: 

1. For the function f whose graph is given, 

determine the following limits. Write  

∞ or −∞ where appropriate 

a) lim
𝑥→4

𝑓(𝑥) b) lim
𝑥→2+

𝑓(𝑥) c) lim
𝑥→2−

𝑓(𝑥) 

d) lim
𝑥→2

𝑓(𝑥) e) lim
𝑥→3+

𝑓(𝑥) f) lim
𝑥→3−

𝑓(𝑥) 

g)  lim
𝑥→−3

𝑓(𝑥) h) lim
𝑥→0+

𝑓(𝑥) i) lim
𝑥→0−

𝑓(𝑥) 

j)  lim
𝑥→0

𝑓(𝑥) k) lim
𝑥→∞

𝑓(𝑥) l) lim
𝑥→−∞

𝑓(𝑥) 

2. In following, find the limit of each function 

     a) as 𝑥 → ∞       and       

     b) as 𝑥 → −∞.  

i.   𝑓(𝑥) = 2

𝑥
− 3 ii.  𝑓(𝑥) = 𝜋 − 2

𝑥2
 iii.   𝑔(𝑥) = 1

2+(1 𝑥⁄ )
 

iv. 𝑔(𝑥) = 1

8−(5 𝑥2⁄ )
  v.  ℎ(𝑥) = −5+(7 𝑥⁄ )

3−(1 𝑥2⁄ )
 vi.  ℎ(𝑥) = 3−(2 𝑥⁄ )

4+(√2 𝑥2⁄ )
 

3. Find the limits in following 

a) lim
𝑥→∞

sin2𝑥
𝑥

 b) lim
𝜃→−∞

cos𝜃
3𝜃

 

c) lim
𝑡→−∞

2−t+sin 𝑡
𝑡+cos 𝑡

 d)   lim
𝑟→∞

𝑟+sin𝑟
2𝑟+7−5sin𝑟

 

4. In following, find the limit of each rational function  

     a) as 𝑥 → ∞       and       

     b) as 𝑥 → −∞.  

     Write  ∞ or −∞ where appropriate. 

i) 𝑓(𝑥) = 2𝑥+3

5𝑥+7
 ii) 𝑓(𝑥) = 2𝑥3+7

𝑥3−𝑥2+𝑥+7
 

iii) ℎ(𝑥) = 7𝑥3

𝑥3−3𝑥2+6𝑥
 iv) 𝑔(𝑥) = 10𝑥5+𝑥4+31

𝑥6
 

v) 𝑓(𝑥) = 3𝑥7+5𝑥2−1

6𝑥3−7𝑥+3
 vi) ℎ(𝑥) = 5𝑥8−2𝑥3+9

3+𝑥−4𝑥5
 

5. The process by which we determine limits of rational functions applies 

equally well to ratios containing non-integer or negative powers of x. 

Divide numerator and denominator by the highest power of x in the 
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denominator and proceed from there. Find the limits in following. 

Write ∞ or −∞ where appropriate. 

a) lim
𝑥→∞

√8𝑥
2−3

2𝑥2+𝑥
 b) lim

𝑥→−∞
(
𝑥2+𝑥−1

8𝑥2−3
)
1 3⁄

 

c) lim
𝑥→−∞

(
1−𝑥3

𝑥2+7𝑥
)
5

 
d) lim
𝑥→∞

2+√𝑥

2−√𝑥
 

e) lim
𝑥→∞

2√𝑥+𝑥−1

3𝑥−7
 f) lim

𝑥→−∞

√𝑥
3

−5𝑥+3

2𝑥+𝑥2 3⁄ −4
 

g) lim
𝑥→∞

√𝑥2+1
𝑥+1

 h) lim
𝑥→−∞

4−3𝑥3

√𝑥6+9
 

6. Find the limits in following. Write ∞ or −∞ where appropriate. 

a) lim
𝑥→0+

1
3𝑥

 b) lim
𝑥→0−

5
2𝑥

 c) lim
𝑥→5−

3𝑥
2𝑥+10

 

d) lim
𝑥→7

4

(𝑥−7)2
 e) lim

𝑥→0

−1

𝑥2(𝑥+1)
 f) lim

𝑥→0

−1

𝑥2 3⁄
 

g) lim
𝑥→(𝜋 2⁄ )−

tan𝑥 h) lim
𝑥→(−𝜋 2⁄ )+

sec𝑥 i) lim
𝜃→0−

(1+csc𝜃) 

j) lim
𝜃→0

(2−cot𝜃)   

7. Find the limits in following. Write ¬∞ or -∞ where appropriate. 

1) 𝐥𝐢𝐦 𝟏

𝒙𝟐−𝟒
 as 2) 𝐥𝐢𝐦 𝒙

𝒙𝟐−𝟏
 as 

a) 𝑥 → 2+ b) 𝑥 → 2− a) 𝑥 → 1+ b) 𝑥 → 1− 

c) 𝑥 → −2+ d) 𝑥 → −2− c) 𝑥 → −1+ d) 𝑥 → −1− 

3) 𝐥𝐢𝐦 (𝒙
𝟐

𝟐
−
𝟏

𝒙
) as 4) 𝐥𝐢𝐦 𝒙

𝟐−𝟏

𝟐𝒙+𝟒
 as 

a) 𝑥 → 0+ b) 𝑥 → 0− a) 𝑥 → −2+ b) 𝑥 → −2− 

c) 𝑥 → √2
3

 d) 𝑥 → −1 c) 𝑥 → 1+ d) 𝑥 → 0− 

5) 𝐥𝐢𝐦 𝒙
𝟐−𝟑𝒙+𝟐

𝒙𝟑−𝟐𝒙𝟐
 as 6) 𝐥𝐢𝐦 𝒙

𝟐−𝟑𝒙+𝟐

𝒙𝟑−𝟒𝒙
 as 

a) 𝑥 → 0+ b) 𝑥 → 2+ a) 𝑥 → 2+ b) 𝑥 → −2+ 

c) 𝑥 → 2− d) 𝑥 → 2 c) 𝑥 → 0− d) 𝑥 → 1+ 
e) What, if anything, can be said 

about the limit as 𝑥 → 0? 
e) What, if anything, can be said   

     about the limit as 𝑥 → 0? 

7) 𝐥𝐢𝐦 (𝟐− 𝟑

𝒙𝟏 𝟑⁄
) as 8) 𝐥𝐢𝐦 ( 𝟏

𝒙𝟑 𝟓⁄
+𝟕) as 

a) 𝑥 → 0+ b) 𝑥 → 0− a) 𝑥 → 0+ b) 𝑥 → 0− 

9) 𝐥𝐢𝐦 ( 𝟏

𝒙𝟐 𝟑⁄
+

𝟐

(𝒙−𝟏)𝟐 𝟑⁄
) as 10) 𝐥𝐢𝐦 ( 𝟏

𝒙𝟏 𝟑⁄
+

𝟐

(𝒙−𝟏)𝟒 𝟑⁄
) as 

a) 𝑥 → 0+ b) 𝑥 → 0− a) 𝑥 → 0+ b) 𝑥 → 0− 

c) 𝑥 → 1+ d) 𝑥 → 1− c) 𝑥 → 1+ d) 𝑥 → 1− 
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8. Graph the rational functions in following. Include the graphs and 

equations of the asymptotes and dominant terms. 

a) 𝑦 = 1

𝑥−1
 b) 𝑦 = 1

𝑥+1
 c) 𝑦 = 1

2𝑥+4
 

d) 𝑦 = −3

𝑥−3
 e) 𝑦 = 𝑥+3

𝑥+2
 f) 𝑦 = 2𝑥

𝑥+1
 

9. Determine the domain of each function in following. Then use various 

limits to find the asymptotes. 

a) 𝑦 = 4 + 3𝑥2

𝑥2+1
 b) 𝑦 = 2𝑥

𝑥2−1
 c) 𝑦 =

√𝑥2+4

𝑥
 d) 𝑦 = 𝑥3

𝑥3−8
 

10. Find the limits in following 

a) lim
𝑥→∞

(√𝑥+9−√𝑥+4) b) lim
𝑥→∞

(√𝑥2+25−√𝑥2−1) c) lim
𝑥→−∞

(√𝑥2+3+𝑥) 

d) lim
𝑥→−∞

(2𝑥+√4𝑥2+3𝑥−2) e) lim
𝑥→∞

(√9𝑥2−𝑥−3𝑥) f) lim
𝑥→∞

(√𝑥2+𝑥−√𝑥2−𝑥) 

11. Graph the rational functions in following. Include the graphs and 

equations of the asymptotes. 

a) 𝑦 = 𝑥2

𝑥−1
 b) 𝑦 = 𝑥2+1

𝑥−1
 c) 𝑦 = 𝑥2−4

𝑥−1
 

d) 𝑦 = 𝑥2−1

2𝑥+4
 e) 𝑦 = 𝑥2−1

𝑥
 f) 𝑦 = 𝑥3+1

𝑥2
 

 

 

 

 

 

 


