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Chapter One Statistical Distributions

1. Discrete probability Distributions

1.1 Bernoulli distribution

If the random experiment being repeated has only two outcomes such as (success,
failure) for example (Male, female), (yes, no), (head, tail) and so on, we have a

particularly important case of repeated trials known as Bernoulli trials.
Definition

The discrete r. v. X is said to have a Bernoulli distribution with parameter (p) denoted

as X~Ber(1,p) if it has probability mass function (p.m.f) and given as follows:

Properties
1. Themean u, = E(x)=p

Proof:

1

GO =) x-f()=0-f(0)+1-f(1)=0+p'(1=p)° =p

x=0
2. The variance var(x) = o2 = p(1 — p)
Proof:

var(x) = of = E(x?) — (E(x))?

1

()= ) ¥ f(0) = 02 f(0) + 12+ f(1) = p' (1 =p)° = p

x=0
2 = E(x?) - (E®) =p-p? =p(1 -
of =E(x*) - (E() =p-p*=p(1-p)
3. The Moment generating function (m.g.f) M, (t)=1—p+p-et

Copyright © 2022 Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
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Chapter One Statistical Distributions

Proof:

1

Me(®) = E(e™) = ) e f(x) = - f(0) +et - f(1) = 1-(1—p) +e'p

x=0

=1-p+p-eét

1.2 Binomial distribution (dwdlitall i sal) o cilalall 3 ardiey a5 il 1a)

The discrete r. v. X is said to have a Bernoulli distribution with parameter (n and p)
with (neN and 0 < p < 1) denoted as X~b(n, p) if it has probability mass function

(p.m.f) and given as follows:

n
fo) = {(x) P - )" x=01n
0 o.w

Question: Verity that f(x) given above is p.m.f?
Solution: It enough to satisfy two conditions

1. f(x)>0
2. Yx=of(x)=1

It is clear that the first condition is satisfied since (neN and 0 < p < 1).

For the Second condition we have

Zn: i "(1 - =pP+A-p)"=1

Properties
1. The mean w, = E(x) =np
Proof:

Copyright © 2022 Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
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Chapter One Statistical Distributions

n

- |

x=0 x=0
n

x-n(n— 1)' e e

_ . C (Tl—l)! s X— n—-x
- P zo(x—l)!(n—x)! P (1 -7p)

Now puttingm =n—1andy = x — 1, then m — y = n — x and we have:

E(x) = np'zm-py(l —p)™ Y =np- Z (7;) -pY(1—p)™Y =np
y=0 y=0

2. The variance var(x) = 2 = np(1 — p)
Proof:
var(x) = 02 = E(x?) — (E(x))?

Ex?)=E@x?>—x+x)=E(x(x—-1+x) =E(x(x—1)) + E(x)

n

E(x(x—l)) =Zx(x—1)-f(x) =Zx(x—1)-

4 =0l p*(1—p)**

n

- - n(n — D~ 2)! cp2 . px=2(1 n—x
_;x(x_ ) x(x—1)(x—-2)(n—x)! b :p 1-p)

_ ) \ (n —2)! conX=2(1 — n\N—X
=n(n—-1)p ;(x_z)!(n_x)! p* (1 —-p)

Now puttingm =n—2andy = x — 2, then m — y = n — x and we have:

Copyright © 2022 Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
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Chapter One Statistical Distributions

E(x(x—1))=n(n-1-p Z pY(1 —p)mY

'(m y)!

m -y — — .

=n(n—1)-p2;(y)-pm—p) Y =nn-1)-p?
EGx®) =E(x(x—1)+EX) =n(n—1)-p?>+np

oZ = E(x?) — (E(x))2 =n(n—1) p? +np —n?p? = n?p? — np? + np — n?p?
=np —np® =np(1 —p)
3. The Moment generating function (m.g.f) M, (t) = (1 —p+p-e)"
Proof:

Mx(t>=E(etx)—Z . f(x) =

)pr(1—py

IIM3

Z (pet)x (1—-p)7*

n

n
Note: (a + b)" = z (x) -a*-b™"* ,so we can get

x=0

M () = E(e™) = (Pet)x 1-p"* =0 —-p+pe)"

IIM3

Example: let X~b(n,p), find E(x) and var(x) using m.g.f ?

Solution:
Note: E(x") = M,(CT)(O)andr =12,
E(x) = M,(0)
Copyright © 2022 Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
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Chapter One Statistical Distributions

M,(t) =E(™) =1 —p+pe)"
My(t) =n(l—p+pe)" " - pe’
E(x) = My(0) =np
0% = E(x?) — (E)” = M;(0) — (M(0))’
M) =n(n -1 —p+pe)?-(pe")? + n(1 —p +pe")" 'pe’

Ex*) =My (0)=n(n—-DA-p+p)"?-p*+n(l—p+p)" " p
=n?p? —np? + np

144 1 2
02 = M}/ (0) — (M(0))" = n?*p? — np? + np — n?p? = np(1 — p)

Example: let X~b(n, p), show that

NIOR:
2. E((G-v) ) =252
Solution:

1. E(%) = %E(x) = %np =p
2. Lety = % —pthenE ((g — 'p)z) =E(y?%)
since var(y) = E(y?) — E(y?),then E(y?) = var(y) + E(y?)

Note: var(c) = 0, ¢ is constant

Copyright © 2022 Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
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Chapter One Statistical Distributions

) 2
E((g—p) )=var(§—p)+<E(§—p))
= var (%) —var(p) + (E (g) — E(p))
= %var(x) -0+ (%E(x) — p)z = %-np(l —p)+ (%np — p)

_p(1-p)
B n

2

Example: let X;, X,, X5 be an independent r.vs have the same p.d.f
flx) =3x%30<x<1
Find the probability that that exactly two of these three variables exceeded % ?

Solution: At the fist we have to find the probability that any one of these three variables

1
exceeded 5 as follows:

1 1
| 1 7
= 2 = 3 = —_—_——= =
i[f(x)alx j3x dx x* 4 1 5=3
2

/2

E

The probability of exactly two of these three variables exceed % IS

r@=re=2=0)@) ) =55

Example: let X;, X, -+, X;, be an independent r.vs such that X;~b(n;,p),i = 1,2,k

show that
k k
Yxes(nr)
i=1 i=1
Solution: let
Copyright © 2022 Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
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Chapter One Statistical Distributions

By using the m,g.f
My(t) = E(etY) = E (etZ{F:lXi) = E(et(Xl:XZ""'Xk)) e E(etxl . etXZ ...eth)

Now, since X;, X,, ---, X}, be an independent r.vs, then
My (t) = E(e™) - E(e®*2) - E(e™*) = My, (t) - My, (t) - My, (t)
=(1—-p+pe)"-(1—p+pe)-(1—p+pe)t
= (1—p +pet)Zini
k k
Y = ZXl ~b (Zni’p>
i=1 i=1

Example: let X~b(n, p) show that:

fo+ D) = (2 ) f
(x+1A-p)
Solution:
flx) = (n) p*(1—p)"™*
X
n
— x+101 _ »yn—(x+1)
fa+D=(_, )p*a-p)
Copyright © 2022 Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
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n' x+11
f(x+1)_(X+1)!(n—(x+1))!p (1-

p)n—(x+1)

fx)y s

x!'(n—

x)! p*(1 —p)*

n!
_ (x+ Dx!(n— (x + 1)) (n—x)! ppA-p" (1 —p)t
n! p* (1—p)n>
x!'(n—x)!
B n'x!'(n—x)! D
Tl (x+Dxl(n-(x+1) A-p)
n! x! (n—x)(n—x—l)' (n—x) p

~ (x+1)x!(n—x—1)'

a-p)

p(n— x)

x+1) (1-p)

~fx+1) =<

1.3 Poisson Distribution

<x+1)(1—p)>'f(x)

A discrete random variable X is said to have a Poisson distribution, with parameter 1

and denoted by X~p(A), if it has a probability mass function (p.m.f) given by:

et %

f(x)={ _
0 0.w

Properties

1. The m.g.f of the distribution is My(t) = e*(e*-1)

Proof:

(0]

Me(D) = B(e™) = ) e f(x) =

x=0

i —A Ax

Copyright © 2022
10
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Chapter One Statistical Distributions

i x2  x3 d (Aet)x ot
Note:ex=z —1+—+?+§+ thenz " = e”®,so we get
i=0 )

i t\x
My (t) = e"lz—(/li') = g hele’ = gle'- = pa(e'-1)

2. Uy =05 =1

It’s possible to using the m.g.f for finding the mean and the variance of Poisson

distribution as follows.
My (t) = e
ML(t) = Aetere’-1)
MY (t) = deter(e’=1) 4 j2p2tpd(e’-1)
E(x) = ML(0) = 1e%*(-1 = )
= EQ0) =2
MY (0) = 1e%eA(1-1) 4 )2£0040-1) = ) 4 32
= E(x?) — (E()" =My (0) — (ML(0)) =1+ 42— 22 =2
not=121

3. The Poisson distribution is an approximation of binomial distribution as (4 = np) and

(n) approaches to infinity

Proof: the m.g.f of the binomial distribution is

M,(t) = E(e™) = (1—p +pe)* = (1 +plet — )"

Copyright © 2022 Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
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Chapter One Statistical Distributions

Now putting (p = %) then we have:

M —1/1t1n
(O =1+t -1

hm M, (t) = lim (1 + M)

n—-oo n

n
Using the well-known result from calculus that (lim (1 + g) = e"), that we get:

n—oo

t n
lim <1 + M) = el(et—l)

n—oo n

This is the m.g.f of the Poisson distribution with parameter (1).

-1 91x

Example: verify that the function (f(x) == x =012, ) is actually the

probability function?
Solution: it’s enough to satisfy the following two conditions

1.f(x)>0
2. Y50 f(x) =1

Firstly, since (A > 0 and x = 0,1,2,-+), so it’s clear that f (x) > 0.

Secondly, as we know (e {‘0 o= 1+ + + + ),so we ge:

)llx ® pE:
Zf(x)_z =e 4 ?=e"1e’1=1

x=0

Example: let X;, X5, -+, X,, be an independent r.vs such that X;~P(4;),i = 1,2,::-,n
then X7 X; ~P (i1 4)-

Solution: let (Y = ¥, X;)

Copyright © 2022 Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
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Chapter One Statistical Distributions

My (t) = E(etY) — E(etz?zlxi) — E(et(xl,xz,---,xn)) — E(etXl . ptX2 ,,,etxn)
Now, since X;, X,, --*, X,, be an independent r.vs, then

My(t) = E(e™) - E(e"2) -+ E(e™n) = My, (t) - My, (t) - My, (t)

— eM(ef-1) . paza(ef-1) ... pan(ef-1) — XL Ai(e-1)

LY = in ~P (i Ai>

i=1

1.4 Negative binomial distribution

Consider an experiment of independent Bernoulli trials performed until we get a total of
(r) successes and then stops. The probability of each individual trial resulting in a
success is (p) where 0 < p < . let x denote the number of failures encountered before

we get the first r successes, then the p.m.f of x is given by:

AT e Cpy =012 =12
f(x) :{( x ) ( - ) ) X =014, = 1,4,
0 0.W

And we write X~N b(r, p) where the constants r and p are the parameters of

distribution.

Ex. show that f(x) is exactly a p.m.f.

Solution:

1. It is clear that f(x) > 0 since each x, r are positive and 0 < p < 1.
2. Toshowthat ) f(x) =1

By applying the following rule:

> (" -a-o

j=0

Copyright © 2022 Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
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Chapter One Statistical Distributions

e}

x=0 x=0 x=0

=P(1-(1-P)) =P P =1
Properties

1. The Moment Generating Function (m.g.f)

M, (t) = (1 — (1p_ p)et>r

Proof:

M, (t) = E(etx)

(00] oo

=) e fG) = ) et (H;_ 1) P (1- P)*

x=0 x=0

D=3 (LT ramerr 3T aer

=Pr§: (" o 1) (1= P)et) = Pr(1— (1 —ple")™

X

- (1 — (1p— p)et>r

2. The mean of the distribution is given by:

L= rd-p)
* p
Proof:
Hy = E(x) = My (0)
14 )r
M, (t) =
(8 (1 —(1—p)et
Copyright © 2022 Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
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Chapter One Statistical Distributions

Ly 4 =1 p(1-p)et
M) =7 (1 —(1- 'p)et> (1—-(1—p)et)?

_ — oMo — 4 o pd-p)  _ m\'pA-p)
e = EG) = M) = 7 (7= =) s B =P
p =rd-p
g p
__r(1-p)

3. the variance of the distribution is o7 = >

Proof:

ax = My (0) — (M,(0))?

p )"‘1 p(1—p)e’

i =7 (- A-pet) UA-A-pe?

-7 (1 — (1p— p)et)r (1 — (1p— P)et)_1 (1 lti((11_—2913)8‘;)2

p r
but we have M,.(t) = (W) Then

M!c(t)=er(t)( p )‘1 p(1—p)et

T—(A-pet) A-A-pe)
3 1-(1-ple* p(l-—ple" (1—p)e’
=M T Ao a e MO T A e

putting (u = (1 — p)e?) with (% =1 —-p)et= u) and Rewrite (My,(¢))

ML) =7 M) ()

Copyright © 2022 Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
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Chapter One Statistical Distributions

M © =m0 () (3 + () i

= M,(t) ((1 iuu)z) + (1r_uu) M (t)
2 (00 )i

=g (140 (=g =) 1)

1 —
M (0) _7( - p) <

M. (0) = +M'(0))
X p X

Since M,.(0) = 1 and M, (0) = @ , SO We can get

M (0) =

— — —_ 2 — 2
r(1-p) <}+r(1 p))zr(lzp)+r(12p)
p\p p p p

—p)_ rd-p’ r*A-p) rd-p
p? p? p? p?

= M;/(0) - (M(0))" =

1.5 Geometric distribution

The geometric distribution is special case of negative binomial distribution when
(r = 1) hence:

f(x):{p (})_P)x, x=g1mg

The properties of geometric distribution can be obtained from the corresponding

properties of negative binomial distribution by putting (r = 1) it follows that:

Copyright © 2022 Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
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Chapter One Statistical Distributions

p
Mx(t) = 1—(1—p)€t
1-p
Uy = »
1-p
02 = "

Example: A fair die is thrown is successive independent trials until the second three are

observed. Let X be a r.v that denotes the number of failures before the second three
observed.

I. Find the distribution of x.

ii.  Find the probability of observing 10 no three is before the second three is observed.

iii.  Find the mean, variance, and m.g.f of the distribution.

Solution:

i. x~Nb (2,%),thatis r=2andp =%

x+1
f(x) =< N ) P? (1 - P)*, x=0,12:,r=2

i. P.(x=10)=f(10) = (1} (1)2 Ok

6
ii.

5
rl-p) _ %3

1
6

Hy = E(x) = =10

5
o2 :T(lzp) _ 252
)

Copyright © 2022 Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
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Chapter One Statistical Distributions

1
M, (t) = (1 — (1p— P)et> B 1%%@

Example: suppose we flip affair coin until we get ahead. Let (x) be the number of tails

before we get ahead.

i. Find the p.m.f of (x).

ii. Find the mean, variance, and m.g.f of (x).

Solution:

i. Sine (r = 1 )(first head), then we have a geometric distribution with (p = %) and

hence

F@ =p-py =1 (3)

1
_1-p_173_,
T DT
2
L l-p_1/2_
x p2 1/4
p 1/2

Mx(t) = 1— (1 — p)et - 1- (1/2)et

Exercises (1)

1. Given X~Ber (1§) find the following:

I. The p.m.f of x?

Copyright © 2022 Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
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Chapter One Statistical Distributions

ii.M,(t),02,and u,?
: (2,1 \° . .
2. Them.g.fofarvxis M,(t) = (5+§e ) , find the following:
I. The p.mf of x?

ii. 02, and u,?

n 9 (1 X 1o 9—x
iii. Show that Pr(u, — 20, < x < py + 20,) = X1 x (g) (g) ?

3. Let X~b(2,p) and Y~b(4,p),if Pr(X = 1) = g,ﬁnd Pr(Y = 1)?
4. Let X; and X, are independent r.vs such that X; ~P(4) and X,~P(6),ifY = X;+X,

find the following:
I. The p.m.fof Y?

ii. of,and p,?

. Pr(Y <1)?
5. Given X~P(A) find the value of (1), if you know that f(x) = % “f(x—1),x € N?
6. LetX;~Nb(r;,p),i=12,-,n,showthat )i, X; ~NbQ i 1:i,p0)?
7. Let X~Nb(4,0.3), find the following:

I. P.m.fof x?

ii. M,.(t),02 and u,?

iii. Lety = 4 + 5x, find ¢, and p,?

2. Continuous probability Distributions

2.1  The uniform distribution

A continuous r.v X is said to follow a uniform distribution denoted asX ~ u(a, b) if the

p.d.fof x is
! <x<b
— asx <
fX)=1p—a
0 0.w
Copyright © 2022 Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
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Chapter One Statistical Distributions

The real numbers a, b & b > a are the parameters of the distribution It can be shown

that f(x) is actually a p.d.f since f(x) = ﬁ > (0 (because a < b) and

be(x)dx :leafdx =1

Properties

1. Themean p, = b:—a

Proof:

b

b
ﬂx=E(x)=fo(X)dx=;ajxdx= 1 X_ —

b —

a

. b—a)?
2. The variance 62 = %

Proof:
o = E(x*) — (E(x))*
b b b
E(Z)—j 2 ) = 1 fzd 1 x3 1 b3 — a3
X=X x x_b—a x x_b—a3a_b—a 3
a a
1 (b—a)(b*+ab+a®) (b®+ab+a?)
~b—a 3 B 3
, _ (b*+ab+a®) (b + a>2 _ (b* +ab+a®) b*+2ab+a?
%x = 3 2 )~ 3 4
_ 4b® + 4ab+4a® — 3b* — 6ab — 3a*  b* —2ab+a®* (b —a)’
B 12 B 12 12
Copyright © 2022 Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
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3. The m.g.f of the distribution is

ebt _ eat
Mx(t) = m, t>0.
4.  The k*" moment about origin is
bk+1 _ ak+1
E(x*) =
(k+1)(b—a)

Proof:

b

bk+1 _ Sk+1

a

E(x®) = jxk f(x)dx =

a

b—a

b 1 xk+1b
k — —_

Jx dx =3 k+1] ~(k+Db-a)

a

Example: let x~u (—a,a) ,a > 0 find the value of (a) if it is known that

1
pr(x>1):§

Solution:

1
10 == " 2a

a

pr(x>1)=J !

2a 2a
1

2a=3a—3 2>a=3

2.2 Gamma distribution

Definition: If o> 0, we define the gamma function

I = f yoc—l e dy
0

Copyright © 2022 Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
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Chapter One Statistical Distributions

Properties of gamma function

[y = I, If «c# 0 is positive real number

1
2. If «is positive number then I, ; =o!

3. I= fooo x* e Xdx =2 fooo x251 =% gy
4. L =+m

— — (®,1-1 ,— Y — _p—X]% —
e fux=1=TN=[ x""e¥dc=[ e dx=-e*]g=1
o Ifo>1= I=(x—1) [ x*2e¥dx = (x 1)y = (x —1)!
Definition: the continuous r. v X is said to have a gamma distribution with parameters

o, > 0 denoted asX~G (, B) if the p.d.f of x is:

1 _x
foo=lmgE e P x>0

0 o.w

Properties of Gamma distribution

1. The m. g. f of the distribution is M,.(t) = (1 — Bt)™, t > &

B
Proof:
M, (t) = E(e™)
= j e“‘f(x)dx=J et™ ! X< e /B dx
I B
0 0
1 oo tx 1 M th—x
= x*te” Bdx= f x*le B dx
Iy B* f I B~
0 0
1 r . ~x(-pD
= x“" e dx
I B f
0
Copyright © 2022 Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
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Putting (y = @ =>x = %ﬁt y = dx = 1—Lﬁt dy), and rewrite M, (t):

1 0
Mx(t) = T 'Bo( j ( '8 y)oc—l ey :8
0

:ro(lﬁx j (1 —ﬁﬁtf_l (N*He™ 1 —Bﬁt dy

0

1

L (1 —Bﬁt>0c! () e™ dy = Foclﬁ“ <1 —ﬁﬁtf I«

X X

e e R

2. py =E(x) =xf
3. 02 = ver(x) =x f?

4. The k'™ moment about origin is

k
I
E(xk) = p F“*",k =123,

[o¢

Proof:

(o] (o]

x 1 x
E (xk =ka xdx=Jxk x*le //”dxz—J xk+<=1 o /B gy
(x") J f(x) J N F(Xﬁoco

Lety = % = x = By = dx = B dy, and rewrite E (x*)

Copyright © 2022
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[00]

k+to—-1 ,-y — k+o—1 ,,k+x-1 ,-y
| Gyyetey pay = [ et yetey pay
0 0
k+ox Boc ﬁk B ,Bk Foc+k

S k+«—-1 ,—y dv=——T —
I ﬁ“j Yoo T e Tk = T
0

1
[ B

E(x*) =

Example: use the formula of E(x*), to find u, , 02?

Solution: putting k=1 then

E(X)=ﬁ11:oc+1=ﬁ;croc=OC’8

Putting k=2, we get

.82 Foc+2 _ .82 (OC +1)Foc+1 _ .82 (OC +1) X Foc

= B% x (x +1

E(x?) =

02 = E(x?) = (E(x))" = 2 o< (o +1) — (o f)? = B2 o2+ f2 o« % o?= 2 o

2.3 Chi-Square Distribution

Chi Square Distribution define as a special case of Gamma distribution when oc= g , and

=2 where r is positive integer. Hence the p.d.f of the r. v. X is

1 r, x
X2 e 2 x>0

T
f(x) =4I 22
2
0 o.w

We write X~X?2(r) where r is the number of degrees freedom representing the

parameter of the distribution.
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Properties

The properties of chi square dist. are the same of properties of gamma dist. when o«c= % :

and =2 that is:

1 M(t) = (1—26)%

2. usz(x)=oc,B=£2=r

3. 02 = ver(x) =x p? =§ 4 =2r
zerrk

4, E(x*) = — = k=12,..

2

2.4 Beta distribution

Definition: If x> 0,4 > 0, Beta function could be define as follows:

1

B(x,B) = j X< (1 — )P dx

0

It can be shown that

I I

B(cx, B) = ,x>0,>0

Fo<+ﬁ
Definition: the continuous r. v. X is said to have a Beta distribution denoted as
x~ B («,B),ifthep.d. fof xis

F°<+ﬁ x—1
x*1 (1 = x)p1 0<x<1
fo =i 47

0 o.w

Properties

e . r r
1. The k" moment about origin is E(x*) = —& B b — 12 .
I I'(ktoc+ B)
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Proof:
1 .
E(x®) = ka f(x)dx =ka B w1 (1 — x)P1dx
I Iy
0 0
1
Fo<+[§ k+o—1 Foc+ﬁ Fo<+ﬁ ro<+krﬁ
= T -x)fdx = o« +k,p) =
Exrﬁjx N o R R oy A

0

_ Lo Itocr )

I F(k+oc+[>’)

2. From the above formula, the mean and variance of the distribution can be deriving

as follows.
Putting k=1 we obtain:

Iocrr) vy X T loeypy = &
I F(oc+ﬁ+1) I (OC +.8)F(oc+ﬁ) X +ﬂ

pe = E(x) =

Putting k=2 we obtain:

[Eoc+2) 1—&o<+[)’) _ X (OC +1)F0<F(oc+ﬁ) _ x (OC +1)

O = Tpeny T 4B+ D& +P)largy (4B + D +H)

o (< +1)

2 2 2 = 2
var(x) = of = E(x*) - (E(x))" = (< +8 + D(x +B) <oc +ﬁ>

B o< (¢ +1) B oz o (o +1) (o +f) —oc? (o + + 1)
(B +D(x+B)  (x+B)?2 (< +B + 1) (e +)?

_ ot ftoc? o f—od—oc f—oc? < f
B (< +B + 1)(x +B)? (< +B + 1) (x +B)?
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2.5 Normal distribution

A continuous r.v X is said to have normal distribution with parameters u , 2 denoted as
X~N(u,0?) ifthe p. d. fof xis

1 —_1(x—u

2
e 2 T),—OO<x<oo

fx) =

2102

Properties

o2t2

t
1. The M. g. f of normal dist. is M, (t) = e*** 2~

oo (00

1
M,(t) = E(e?™) = J e™ f(x)dx =\/ﬁ j etx

— 00 — 00

e_Tl(ijH) dx

Letyz% =>x=0y+u >dx=o0dy

2

[ t(oy+p) s et [ t Y
M, (t) = Je"y“eTad =—je"yer
Y 2102 A Y V21 . Y
et foo -(y%-2toy) p
= — e 2
V2 - Y

2
Using the complete square method by adding and subtracting (2%) = o?t?

(o] (]

© etk —(y?-2toy+o?t?—o?t?) eth  g2¢2 —(y%-2toy+0o?t?)
M,(t) =— e 2 dy =——e 2 J e 2 dy
Y V2m V2m
— 00 — 00
o%t?
e 2 j ~(y—at)? p
= —_— e 2 y
V2m
)
Letz=y—ot > y =2z+ ot = dy = dz, and rewrite m.g.f as follows
Copyright © 2022 Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
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G'th 1 o _ZZ O'th
M,(£) = e™ 2 (E [© e dz) _ oth
it T
M, (t) =e™" 2 p.d.f of

N(0,1)
2. The mean of the normal dist. is M, (0) = E(x) = u

o?t?

ML(t) = (u + o?t) ez
My(0) = (u+0)e’ =pu
3. The variance of the distribution is Var(x) = o2

Var(x) = M,/ (0) — (Malc(o))z

242 O'th

gt
My(t) = (u+o?)(u+a?t) e 2 +e* 2 o2
M7(0) = (u+0)(u+0)e’ +e 6% = y? + o
Var(x) = p? + 02 — u* = o*

Definition: If ther.v Z~N(0,1) , then we say that Z distributed as standard normal
distribution with p. d. f.
1 -z
2

fZ2)=—e 2 ,-0<z<®
21

j

The mean, variance and moment generating function of the r.v Z are

t2
MZ(t) = 871 Uz = 01 UZZ =1

Theorem (1): if the r.v X~N(u, 02) then Z = %~N(O,1)

Proof: By using the transformation method we have
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1 —_1(x—u

2
e2 T),—OO<x<oo

fx) =

2102

Assuming that the space of X denoted by A and the space of Z denoted by B and are

defined as follows
A={X;—o0o <X <o}and B ={Z; —o0 < Z < o}

X—pu

Z=ulX) = is (1 — 1) transformation maps A onto B

X=u1Z)=u+o0Z is (1 — 1) transformation maps B onto A

d
I1=|=] =0 = 9@ =rar@n-u

O P
Z) = e 0
J V2mo? V21

2.5.1 Calculating the probabilities

The probabilities concerning the r.v X which distributed as N (u,0%) can be

expressed in terms of probabilities concerning (Z = X — uo) which distributed

_z2

asN(0,1), however an integral like ( f_koo \/%67 dz) cannot be evaluated. Instead

we use tables which approximate the value of this integral for different values of k.

In general, the following rules are important.

1. Pr(Z<0)=Pr(Z>0)=0.5
2. Pr(Z<-2Z)=1-Pr(Z<Z), Z; >0

Example: given that X~N(2,25), find B.(0 < X < 10)
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Solution:

0-2 10— 2
Pr(O<X<10)=Pr( z <Z< z )=Pr(—0.4<Z<1.6)

=Pr(Z<16)—P(Z<-04)=Pr(Z<16)—(1-Pr(Z<04))
= N(1.6) — (1 — N(0.4)) = 0.945 — (1 — 0.655) = 0.6 (from table)

N2
Theorem (2): if the r.v X~N(u, o) then Y = (=) ~X?(1)

Proof: By using the m. g. f. method

e R N
1 et(¥) e%(%) dx

My(t) =E(e¥)=E (et(%f) = j —

Puttingzsz = x =0z+ U = dx = ody, then

M, (t) =
y() aVZn_ 27‘[_
1 [ el 1 [
_ (t-3) _ ——(1-2t)
= e 2 dy = — e 2 d
Zn_.[ 4 \/2n_ Y
1 1
Letw = zv1 — 2t =>Z—\/1__2tW = dz = 1_thw
oL w21 ) 1 o1 v : L
Mt=—f€2 w = f—€2W=1—2t_5
Y Var V1-—2t vi—2t\J vom

This is the m. g. f. of chi square dist. with 1 degree of freedom
X—u z 5
v=(=%) ~ew

Theorem (3): If X;,i = 1,2, ..., n are independent r.vs distributed as N(0,1), then
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Proof: letY = ¥, X?

My(t) = E(e®) = E(etZ{;lXiz) — E(et(xf+x§+---+x,21)) — E(etxf+tx§+---+tx,21)
= E(etx%etx% eee etxrzl) = E(etx%)E(etx%) ...E(etx‘rzl)
Since each of X, X,,+,X,, ~N(0,1) then each of X2, X2,---X2 ~X?(1) (Theorem (2
2

-1

My (t) = E(e®)E(etZ) - E(et™7) = (1 - 21:)_71 (1- Zt)_Tl (1=2072
- (a- 2t)‘%)n —(1-207

n

2 Y = ZXlZ ~X?(n)

i=1

2.2 The student t distribution

Let W and V are stochastically independent random variables such that W~N(0,1) and

w

Iz

V~X?(r), then the random variable T = has t distribution T~t(n — 1) with p.d.f

—(r+1)

F(r+1)/2 t2 2
t) = 1+ — ,—o0 <t <o
g(®) o T, ( T)

Now we need to prove that the joint p.d.f of W and V is:

d(w, v) ! _‘;2 ! 1) . o7 <w< do<v<
w,v)=——e f— re2,—oco<w<ooan v < o
21 H/ZZT/Z
Lett=\/2}_/randu=v.

Now, define (1-1) transformation mapping from the space
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{(w,v),—0o<w<owand 0 < v < o}

Onto the space

{(t,Lu),—o<t<owand0 <u < oo}

u
w=t—andv=1u

Vr

dw dw
lae “/au ) \/ﬂ/\/? 1/2\@ Vi

] —_— —
dv /dt dv /du . ) Nea

gt,u) = @(% U
—_— 1 . . .
Nonhy, 2 Vr

(00]

(t)—j (tu)du—jml}/ 2

0

Now, assume z = %(1 + %), then we have u = Zth and du = W dz

Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
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j 1 2z
S Namny 2'ere \q g ;

1 2(%‘1)

g(t) =

\r I/, <1 + g)(

Ir+1

= 2 ,—o0 <t <

= Fr/z (1 ] g)(r+1)

2

Properties

1. The mean of students t distribution is:

1
t=E(t)=E(W>=E E( )
g N7 A Wy

Since W~N(0,1), then E(w) = 0, so we get:
U =E(@) =0
2. the variance of t distribution is derived as follows:
var(t) = E(t?) — (E())" = E(t?) — 0
~var(t) = E(t?)

var(t) = E ( i ) :E<;V—2> =E(w2)-E(vi)
o r /
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Since W~N(0,1), then E(w?) = var(w) + (E(w))2 =1+0=1,5s0we get:

r©=5(e7) =5 () =%

Since V~X2(r), then

[00]

fl v(%_l) . e_Tv dv = ——— 1 —_— Jv(g_z) . e_Tv dv
J v nzz I/, 2 2"/2

Let z = g, then v = 2z and dv = 2dz, so we can get:

1 1 [ 21 T
RN VTIPS & I R
v 1}/22/2O ”/22/20
1 1 1
= — ['(1_1) = I—'(t—l) = —
2lry, 2 2 (3-1) ey 2 T2
2
1
wvar() =18 () = — ,andr > 2

2.7 The F distribution

xl/nl

xz/nz

have an F distribution with (n,, n,) degrees of freedom denoted as f~f (n,,n,) and the

Let X;~X?%(n,) is independent from X,~X?(n,) then the ration (f = ) is said to

p. d. f of the distribution could be written as follows:

Properties

1. The mean of F distribution is:
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1/n,y

Slnce X1~X2(Tl1), then E(xl) =nq
=B () =na ()
”‘uf_n1 " X2 - X2

Now, we need to find E (xi) and since X,~X?(n,), so we have
2

1 1 1 ny_ X2
E(—): —-—nz-xz(zz 1)-322dx2

[e 0]
:; -sz(%_l)_l . e_sz dx,
0

1—'7’12/2 2n2/2

So, we assume that z = xz—z then x, = 2z and dx, = 2dz, that will be given us

E(l) = Fnz/ 2 f(Zz) - e ?2dz

n;
2(2 1) 1
= j z(%_l)_1 - e Zdz = F(&

Ny
.-.Hf:nz-E<x—2>=n2_2,andn2 > 2

2. The variance of f distribution is given as follows

2ni(ny +ny, — 2)

,and n, > 4
ni(ny — 2)?(n, — 4) 2

var(f) =
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2.8 The Exponential distribution

It is one of the most important distributions to give a useful description of the

observation of change and it is called it is called (life time).

The continuous, r.v X is said to have an exponential distribution with parameter A

denoted as X ~Exp (A) if its probability density function (p.d.f) is given as follows:
fx) =2 1>0,x>0
And the cumulative distribution function is given as follows:
Fix)=1—e™

Now, we need to show that the f'(x) is actually a probability density function (p.d.f). So

we need to satisfy the following two conditions:

1. f(x) > 0, which is true since A > 0,x = 0.
(0]

2. fooof(x)dx = fooole‘lxdx =—e ™| =1
0

Properties

1. The mean of Exponential distribution is given as follows:

e =E@) = | x-f(x)dx= | x-le ™™ dx
o]

letu = x,then du = dx

let dv = Ae ™ dx, so f dv = f&e"b‘ dx ,thenv = —e ™

(00] 0 (00] 0 (00]
ju-dv=u-v|+fv-du Ax|+je‘)lxdx—
0 0 0 0 0
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Uy =

N

2. The variance of Exponential distribution is given as follows:

var(x) = (H.W)

/1_2;

3. The moment generated (m.g.f) of Exponential distribution is given as follows:

My (t) = E(e™) = f e f(x)dx = J et - le™* dx =/1j e—X(=t) gy
0 0 0
e—X(ﬂ.—t)oo A t -1
= 2—— $=ﬁ=<1_i)

Lemma: let x;,i = 1,2,:--,n has exponential distribution with parameter (1), then

(X, x;) has gamma distribution G (n, %)

Proof: let y = }}I-; x; and since x;~Exp(1),i = 1,2,---,n , then,

-1

t
Mo =(1-3) i=12n

My(t) = E(et}’) = E(et2?=1xi) — E(et(x1+x2+...+xn)) — E(etx1+tx2+"'+txn)

] E(etxletxz ...etxn) = E(etxl)E(etxZ) ...E(etxn)
(1 ==
(13

= My, (6) Mo, (6) -+ M, (©) = (1 —5)_1 (1-5)

A A
£\~ Ziza 1 £\ 1\ "
(-9 (-3
( A A A
n
c 1
y=3ao(n)
A
i=1
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37



Chapter One Statistical Distributions

Example: use the moment generated (m.g.f) to find u,, and var(x) of Exponential

distribution.

Solution:

-1

=13

t—2

0 =5(1-7)
-2

b= EG) =M =7(1-3) =3

2 t\ 3

2 1 1
var(e) = EG?) = (E@) = 75— 2= 2

Example: If the time period for ending customer service in the bank follows an

Exponential distribution with a mean of 2 minutes, find:

1. The probability density function expressing the time period for ending customer’s

service.

2. What is the probability of ending customer service in less than one minute?

Solution:
1.
_ 1
since E(x) = 2,then 1= 2
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N| —

|
NN

f(x) = e ™™ = %e

Prix<1)=F(1) =1—e2

Example: If the life of a light bulb follows an Exponential distribution with an of 1000
hours, fined the probability that one of the lamps will work for more than 2000 hours

and that one of the lamps will burn out within 100 hours .
Solution:
1
E(x) = 1000, then 1= 1000

1

“ 4 =1000

-1
Pr(x >2000) =1 — Pr(x <2000) =1—F(2000) =1 — (1 — emz""") = —e 2

—-100
Pr(x <100) = F(100) =1 —eT000 =1 — ¢ 91

3. Distribution of sample mean and sample variance

3.1 The distribution of sample mean (X)

Let x;,i = 1,2,-+-,n be a random samples from N (i, 62), the distribution of (X) is

derived by using the m.g.f as follows:
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t t
) =F (eﬁxl cen” ... eﬁxn>
t t t
M ()Mo () Mo ()

t t t
=E (eﬁxl) -E (eﬁxZ) - E (eﬁx”>
2( 4 el

n

n

2(t 2()?

t t n t +a (n) t +0 (n)

en” 2 en” 2 en” 2 en” 2
2t2 n nO'Z 2 g% 5
t % nZ nt pzt n

= [ en#*t 2 —enhtt 2 = et“+ 2

a2 t2
Since, x;~N(u,0%), i = 1,2,--,nthen M,,(t) = e®** =, and that will gives us

0.2
Mz (t) = M, (%) = e“‘ﬁth.

This is similar to m.g.f of normal distribution with mean (1) and variance (

0.2
=)

~ X~N o’

o U, "

| e
fG) = > ze2 "I~ <X < o0
o

Properties

According to theorems (1), (2), and (3), X~N (,u, %2) then we have:
1 f/‘” ~N(0,1)

Vn
2 (F1) _ye
(72)
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2
3.3 ( ”) ~X2(k)

O'/\/H

3.2 Distribution of sample variance (5%)

—\2
The sample variance (S?) is define as S? = % ™ (x; —X) ", consider the following

summation:

Z(xl w? = Z (6 ~%) + @ -1))

((xl X) 4200 -X)E-w) + X -p))

(x; - X) +z 206 — X)X - 1)) Z(x W)’

NCE X)" +2(X - M)Z(xl X) +n(X — )’

( X) +2(X — u)(le Z >+n(X u)

i=

(x; = %) +2(X = p)(nX —nX) +n(X — )’

D e 2 3 2 A

~
1l
=

(x i—Y)Z +n(Y—,u)2 =n-S§? +n(Y—,u)2
Now, dividing both sides by (¢2), and so we get:

Z(xl w? _n-S? n(X i

02
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=1 O-/\/ﬁ
n-§?2 w x;—mn2 [X—u 2
o2 :;( o ) - 0/\/ﬁ """ (*)

Xi —H
o

Vn

since ~X?(1), (by theorem (2))

According to eq. (*), that will gives us the following:

n-S?

0'2

~X?’(n—1)

Properties

1. The mean

n-S?

E 5 =n-—1
o

n 2

;E(S )=n—1

2. The variance

n-S?
var( — >=2(n—1)
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2
— var(§?) =2(n-1)
o

20%(n—1)

~var(§?) = >

Example: if (X) is the mean of r. v. of size (n) from N(y, 100), find the value of (n) if
you know that Pr(u —5< X < pu+5) = 0.954?
Solution: letx; =u—5and x, = u+5

Pr(x; <X <x;) = 0.954

X1 — Y_ X, —
prlt— b 2R 27K _ 954

O'/\/E O'/\/ﬁ O'/\/ﬁ

= 0.954

-1 1
Pr (7\/% <Z< E\/ﬁ) = 0.954

1 -1
Pr (z < Eﬁ) — Pr (z < 7\/%) = 0.954

Pr (z < %\/ﬁ) — <1 — Pr (Z < %ﬁ)) = 0.954

1
2-Pr<Z<E\/ﬁ)—1=O.954

0954 +1

Pr(z<%\/ﬁ)= >

1
Pr (z < 5\/%) = 0.977
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1
E\/ﬁ = 2, (approximately )from N (0,1) table

Wn=4=>n=16

Example: let (S?) be the variance of a r. v. samples of size (6) from N(u, 12), find

Pr(2.30 < S2 < 22.2)?

.c2
Solution: since <"6—S2 ~X%(n - 1)), the we have:

6 57 = ~X2(6-1) = S—2~X2(5)
12 2
2.30 S%? 222 S? S? S?

= 0.950 — 0.050 = 0.9 (from X? table)

Example: let xy, x5, -+, x,, be a random samples from N (u, 62), let (X) and (S?)

denoted the mean and the variance of the sample where ()_( ) and (52) are independent

Vn(X-p)
S

such that E(S?) = o% , show that ¢t = t(h—1)? (n = ) Leic Ly dig_jsii

—_ 2
Solution: since x;~N(u,02),i = 1,2,---,n, then X~N (#» %)

X—u
o

Vn

S?2(n—-1)

0'2

letZl = = Zl~N(O,1)

let Z, = = Z,~X2(n— 1)

Zy

~t(n—1)
Zy
n—1
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X—u X—u
Z °l °I
L= n__ ~ttn-1 L ~ttn—-1
\/Zz \/Sz(n—l) == [S2(n — 1) =D
n—1 oz o2(n—1)
n—1
X—u
0/\/5 X-uo
o?
t=w~t(n—l)

4. Distribution of Order Statistics

Let x;, x,, -+, x;,, be random samples from a distribution of continuous type that having
p.d.f f(x) which is positive provided (a < x < b) let ( y;) be the smallest of these (x;)
, (¥,) the next of (x;) in order of magnitude ,..., and (y,,) the largest of (x;), that is
(y1 <y, < -+ < yp) represent x,, x,, ..., X, When the latter are arranged in ascending
order of magnitude , then (y;,i = 1,2,---,n) is called the (i**) order statistic of the r.s

(x4, x5, ..., X,,), it can be shown that the joint p.d.f of (y,, y,, =+, y,,) IS:

gLy ) =0 f () fe) o f ) (D

The marginal distribution function of (y,) for (i = 1,2,:--,n) is:

G0 = e (F3) " - (1= FO0) ™ - F ) 2
IO = T DT w1 Ok Vi Vi (2)
Where F(-) means the distribution function and F(x) = Pr(X < x).

The joint p.d.f for any two order statistics (y;, ;) for (i < j) is:
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n!
g(J’iJ’j) = G- G-i—DI(n—))!

(FO) - F(yi))j_i_1 (1~ F(yf))n_j FOf ()

(Fiyp) ™
3)

Example: let y, <y, < y; <y, denote the order statistics on of a random samples of

size (4) from a distribution having the following p.d.f :

R IR

Find the p.d.f of (y;) then find Pr(; < y3)?

Solution: Applying formula (2) with (n = 4) and (k = 3).

90 = DTt =]

Fo) ™ - (1=Fu))" ™ - Fon)

4! 2 1
90s) = 3 (F(y3)) - (1=F(y3)) - f(ys)

Y3 Y3 :Y3
Fys) = j Fw)du = j Judu=1u?| =2
0
0 0

9g(3) = 12 (¥3)? - (1 —yH' - 2y; = 24y; (1 — y3)

~glys) =24y3 (1—y%),0<y; <1

1 1
1 1
Pr (5 < y3> = Pr (ys > 5) = fg(ys)dyg = J 24y3 (1 - y3)dys

15 1,

: o
Y3 V3

=24 f(yf? —yi)dys =24\—=-7= |, =7
6 8)l
1 2
2
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4.1 The Median Distribution of Order Statistic

If X is ar.v with p.d.f f(x), then the value of the median is the value of x that satisfies

the equation F(x) = %

When the observations are arranged in ascending order of magnitude, then:

1. If nis odd, the median is the observation of orders (nTH)

2. If nis even, the median is the average observation of order (2) (nTH)

Example: let x;, x,, x5 be ar.s from the dist. f(x) =e™, x>0

1) Find the p.d.f of the smallest value of the samples?
1) Find the joint p.d.f of the largest and smallest value of the samples?

iii) Find the p.d.f of the median and the value of the median?

Solution: let y, is the smallest value of the sample followed by y, and y; with n = 3.

Vi Y1 yl
Fys) = j Fdu = f e Ndu= —e V| = —e 1 ted=1—eNn
0
0

0

Applying formula (2) with k = 1andn = 3

! -1 n—
900 = Gy FO0) T (= FO)" o)

3! 0 5
90 = 557 FO) - (1-FOm)" - f) =31 —1+e)? e

= 3e N

i) Applying formula (3) with (i = 1), (j = 3),and (n = 3).

Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
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n! i—1
90ey) = G G—i—Dln-)) (FGw)

: (F(yj) — F(}’i))j_i_l ' (1 - F(YJ))n_

! 'f(yl')f(y]')

g1, y3) =

01 11 0! (F()’1)) (F(Y3) - F()’1)) (1 F()’3)) fODf(r3)
= 6((1 —eV3) — (1— e—yl)) e V1. V3

=6(e™¥34+e 1) e—(J/1+J/3), 0<y <y; <

i) since n = 3 is odd, the median is the observation of orders 2= = 2 = 2 which is y,

! -1 n—
900 = Gy FO0) T (= FO)" o)

3!
g(yy) = o (1—e )t -(1-(1— e—yz))l e V2 = 6(1—eV2) e V2. V2
=6e 2(1—e2),0<y, <

To find the value of (y,)
1
F(y2) -5~ 1—e™
2 = - 2) = —_
e 2 n(e ) n 2

1
-y, =In (E) = —y, = —In(2)

= [n(2)
4.2 The Range

The range of the sample is the difference between the largest and smallest value of the
sample thatisR = y,, — y;.
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Example: let x;, x,, x5 be a random sample from $(2,1), and let y; < y, < y5 be the

order statistics of the sample, find the following:

1) The probability distribution of R?

i) The mean and variance of the distribution?

Solution: x;~B(2,1) = x;~B(x,B) 2x=1&L =2

I
Fl) =28 xx1(1-x)8-1,  0<x<1
I I

fx) = xt (1—x)° =2x

szl

X

~ X
F(x)=jf(u)du=jzudu=u2(|)=
0

0

Applying formula (3) we get: n = 3,i = 1,and j = 3

900y = srsr (FO) - (FO) = Fon)' - (1= F ) - FOf ()

= 6(y1% — y3°) * 2y; - 2y3 = 24y, y3(y3* — y12), 0<y; <y3;<1

R=y;—y; =u;(¥1,¥3)

(1 — 1) transformation from space of y;, y; to space of R, Z
Z=y3= uy(¥1,¥3) } vos

nw=Z-R=u"'(R2Z) .
Vi =Z=u,"\(R, Z) (1 — 1D)transformation from space of R, Z to space of y,,y;
3 =4 =1U )

dyl/dZ dyl/dR

-1
J = dy3/dZ dy3/dR =|1 0|=1
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g™ (R, 2),u;7 (R, 2)) = 24(Z —R)- Z- (Z* = (Z — R)?)
=24(Z—R)-Z-(Z>—Z?+2ZR —R?) =24(Z —R) - (2Z*R — ZR?)
= 24(2Z3R — Z?R? — 27?R? + ZR3) = 24(2Z3R — 3Z%R? + ZR®)
= 24R(2Z%3 —3Z?R+ZR?), O0<R<Z<1

1 1

h(R) = fg(R,Z)dZ = J 24R(2Z% — 3Z°R + ZR?) dZ
R R
_oap(? 3R BT 1
- 1 3 2 }L

= 24R L R+R2 1R4+R4 R —24R(1 2R + R?)
N 2 2 2 2] 2

= 12R(1 — R)?
~ h(R) = 12R(1 — R)?
i) Since h(R) = 12R(R — 1)?, this is give us that R~(2,3).
i) .

E(R) = ol
=875

) — < B B 6 _ 1
var(R) = o B = +B+1)  25(6) _ 25

Example: let (y; < y, < y3 <y, < yg) denote the order statistics of a random samples
of size 5 from a distribution having p.d.f. f(x) = e™*,0 < x < oo, show that the

statistics Z; = y, and Z, = y, — y, are stochastically independent?
Solution: f(x) = e™*,0 < x < oo, this means that X~Exp(1),and F(x) =1 —e~*

Now, according to formula (3)
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92, y4) = m(l - e_yz)(l —e 7Vt —(1- e‘y2))(1 —(1- e_3’4))e‘y2e‘3’4
=51(1—eV2)(e V2 — e V4)e Vi~ W2+Va)

=120(1 —e™2)(e™V2 — e V4)e~ 022V 0 < y, < y, < 0
Let the space of y,, v, iSA ={(y,,V4):0 <y, <y, < o0}

Let the space of Z;,Z,is B = {(Z,,Z,):0 < Z; < 0,0 < Z, < o}

Zy =Y, = u1(Y1,¥2)
(1 — 1)transformation from space A to space B

Zy =Y — Y = Up(Y1,Y2)

Yo, =21 = u1_1(Z1rZZ) }

N (1 — 1transformation from space B to space of A
Va =2+ 7y =uy (21, Z;)

dy dy
laz,  az,

9(21,Z;) = g(ul_l(Zl,Zz),uz‘l(Zl,Zz)) |/

=120(1 — e~ %1) - (e—Zl — e_(Zl+Zz)) o~ (Z1+7y) | o= (221+75)
9(Z1,75) = g(ur*(Z1, Z3),u31(Z1, Z,)) - ]|
=120 (1 — e_Zl)(e—Zl — e_(Zz+Zl))e_(Z2+Z1)e_(221"'22)

=120(1—e“)-el1i(1—e %) -e %1722 251 7%

=120e*1e22(1—e™%)- (1—-e7%),0<Z; <0,0< Z, < ®©

The marginal distribution for each of Z,, Z, are as follows:
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(00

h(Zl) == f g(ZliZZ)dZZ = J 120 8_421 e_ZZZ (1 - e_Zl) (1 - e_ZZ)dZZ
0 0

=120e %% (1 — e‘Zl)J e ?%2(1 — e %)dZ,
0

=120e %% (1 — e‘Zl)j(e‘ZZ2 — e 3%2)dz7,
0

(0]

-1 1
=120e7*1 (1-e™) (— e %% + e‘322) |
2 3 0

1 1
=120e™*1 (1 —e %) <§ — §> =20e %1 (1 — e %)

(00 (00

h(Zz) = j g(Zl,Zz) le = 1208_222 (1 - 8_22).[ 8_421 (1 - e_Zl)dzl
0

0
= 120e7%%2 (1 — e™%2) j (e 1 — e™>4)d 7,
0

(0 0]

-1 1
= 120077 (1= e (e 4 geh )|
0

11
= 120e72% (1 — e~%2) (Z - g) = 6e~2% (1 — e7%2)

Since g(Z4,Z,) = h(Z,)h(Z,) then Z,, Z, are stochastically independent.

Exercises (2)

1. Let X~u(0,1), use the transformation method to find the distribution of

y = —21In(x), then find p,, and o ?

2. Giventhat X, X,, --+, X,, are independent random variables where
XiNG (Oci,ﬁ), l = 1,2, e, n, ShOW that Y = Z?=1 Xi ~G (Z?=1 OCL' ,ﬁ) 7
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3. LetX;~G (x4,B) and X,~G (,, 8) are two independent r. vs. find the

following:
1) Thedistributionof Y = X; + X,?
i) The mean and variance of Y?
4. LetX~B(cc,f) and Y = In (=), find My (t) ?

5. Let X be ar. v. that follow the Beta distribution, find the constant C in each

following cases:
) f(x)=Cx?(1—x)°?

i) f(x)=C(x—x2)°2?

o

Let X~f(x,B),showthatY = (1 — X)~B(x,B) ?
7. LetX~N(0,1), find E(X?*),k € I then find E(X?) and E(X*) ?

8. letX,, X, -, X, are independent r. vs. where X;~ N(p;, 67),i = 1,2,--,n, show

that Y = 37, X; ~N(X%, uy, X0, 02) ?

9. letX;~ N(uq,02) and X,~ N(u,, 07), where X; and X, are independent r. vs.

10. LetX~X?(n)and X + Y~X2(n + m), where X and Y are independent r. vs. use
m.g.f to find the distribution of Y ?

11. Let X~N(0,2), find E (Xk/Z), where k is even positive number, then find E(X?%)?

12. Ifthe m.g.f of the r.v. X is My (¢t) = e3t+8° find the following:

1) The distribution of X?
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13.

14,

15.

16.

17,

18.

19.

20.

21,

i) Find the mean and variance of X?

-3
Let (t) be ar. v. with p.df £(t) = C (1+3 ¢2) *, find the value of (C) such
that the r. v. follows t distribution?

w

Iz

with parametersn;, = 1and n, =27

Let = , where W~N(0,1) and V~X?2(2), show that (t?) has F distribution

Let (f) has F distribution with parameters r, and r,, prove that (%) has F

distribution with parameters r, and r; ?

Let (X) be an exponential random variable with parameter (1). Compute the

following probability Pr(2 <x <4)?

Suppose that the random variable (X) has an exponential distribution with

parameter (1) Compute the following probability (x < 2) ?

Let (Y) be the mean of random samples of size (5) from N (0,125), find the value

of (C) if you know Pr(X < C) = 0.90, take inform that (Zo9o = 1.282)?

let x, x,, -+, x,, be random samples from G (, B), show that X~G (n o, %) then
—_— — ocﬁz —

show that E(X) =« B and var(X) = ——?use Mz(t) =E (etX) =

E (e%(x1+x2+---+xn))

let x4, x5, -+, x,, be random samples from G (1,3), find the p.d.f of (X), then find

E(Y) and var()_() ?

Let (y; <y, < y3 < y,) be the order Statistics of r.s of size (4) from the

distribution having p.d.f f(x) =e™,0 < x < oo, find Pr(5 < y,)?
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22. Let (xq1,x5,x5) bear.s. from f(x) = 2x,0 < x < 1, compute the probability

that the smallest of these (x;) exceeds the median of the distribution?
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Estimation Theory

Let x4, x5, -+, x;,, be @ random samples from a distribution having P.d.f f(x, 8), where
f (x, 8) is of known from with unknown parameter 6, therefore it have to be estimator

from the sample data.

Two types of estimation can be done, namely the point estimation and the interval

estimation.

Definition: The point estimation of 8 is a rule (function) that assigns each element of the

sample a value (estimate) of 6 denoted as .

1. Properties of Good Estimator
1.1 Unbiasedness (Jxaill ase)

An estimator 6 is said to be unbiased estimator of 0 if E (@) = @, otherwise, the

estimator is said to be biased.
The value of biased denoted by b(6) and defined as follows:
b(0)=E(6—-0)=E0B)-E®)=E(0)-06

Example: Let x4, x,, -+, x,, be an independent random samples from N (u, 1), show that

6 = X is unbiased estimator of u?
Solution: We have to show that E(8) = E(X) = p.
n n n n
E()_()—E1 ~Lg Y . = L=
= szi == in = Z Ce) | == Z# =—cnp=
i=1 i=1 i=1 i=1

~ 8 = X is unbiased estimator of ().
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Example: Let x, x,, -+, x,, be an independent random samples from N (u, 52), show

=2 .
that ﬁ ™ 1(x; — X) " is unbiased estimator of (¢2)?

. . —\ 2
Solution: as we know that the variance §2 = % ™ (x;—X) ", sothat:

i(xi ~X) =n-s?
(Z(xl X) )=—E<n 52) = (S

E(n L 12@ —7()2> _

n n—1

n—1 n

—\2
S Z(xl — X) is unbiased estimator of (¢2)

1.2 Mean Square Error (Uadl) cilay pa Jaw 5ia)

The mean square error (MSE) of an estimator (@) is defined as follows:
MSE(8) = E(6 - 6)° = var(d) — b*()
If (9) is unbiased of (6), then b(8) = 0, and so:
MSE(@) = var(@)
Note: The good estimator has MSE as small as possible.

Example: Let x4, x5, -+, x,, be an independent random samples from following p.d.f:
f)=6*-1-6)"%x=01

Use MSE to compare between the two statistics (estimators) X and x; ?

Solution: since x;~Ber(1,60), then E(x;) = 6,Vi=1,2,-:,n
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E(Y)zE(%ixi)—lE(z ) (ZE(x))-%(i@) =0

i=1 i
Now, both estimators X and x; are unbiased estimator for (6).
MSE (x;) = var(x;) = 60(1—6)

MSE(X) = var(X) = var (%z >_ var (Z ) (Z var(xl-))

l:1 l:l i:

6(1—0)
(Zeu—e)) n0(1 - 6) = ———

MSE(X) < MSE(x;), this means that the estimator X is better than the estimator x;.

1.3 Consistency ((aw¥)

The estimator () is said to be consistent estimator of (6) if satisfy the following:
1. (0) is unbiased estimator for ().
2. lim,_, (var(@)) = 0.

Example: Let x4, x,, -+, x,, be an independent random samples from P(6), show that

the estimator @ = X is consistent estimator of (8)?

—Qex

Solution: since x;~P(0),Vi = 1,2,---,n, then f(x) =

A _ 1w 1 (< AN
E(f)=E(X)=E (Ez xi> =—F (Z xi> (Z E(»ﬁ)) - (z
=0
-~ 8 = X is unbiased estimator for ().

Copyright © 2022 Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
59



Chapter Two

Copyright © 2022

var(8) = var(X) = var (%2 xl-) = var (Z xl-) - (Z var(xa)

i=1 =1 i=1
n
1 1 0
Y Z o)1=z =3
=1
| N (86
Jim (var(9)) = tim (7) =5 = 0

The two conditions consistency are satisfied, then & = X is consistent estimator of ().

1.4 Minimum Variance Unbiased Estimate (Jjaaie pf culill AaY) aad) a8

Let x4, x5, -*+, X, be an independent random samples from p.d.f f(x, 8), and let

T = t(xq4, x5, -+, x,) define as a statistic, if T satisfied the following conditions:

1. T is unbiased statistic of (9).

2. T has smallest variance among all the unbiased statistics of (0).
Then T is called a minimum variance unbiased estimate (MVVUE) of (6).

Example: Let (y;) and (y,) be two stochastically independent unbiased statistics
for (6). Say the variance of (y;) is twice the variance of (y,). Find the constants (k,)
and (k,) such that (k;y, + k,y,) is an unbiased statistic with smallest possible

variance for such a linear combination.

Solution:

Since each of (y,), (v,), and (k,y, + k,y,) are unbiased statistic for (8), then
E(y:) =6,E(y;) = 0,and E(kyy;, +kzy;) = 6.

Since (y,) and (y,) be two stochastically independent unbiased statistics for (6),then

E(kiyr +kpy) =0 = E(kyy,) +E(kyy,) =0 = kiE(yr) +kE(y,) =6
E>k19+k29=0 ':>k19+k20:9 = (k1+k2)0=9':>k1+k2=1

60

Estimation Theory

Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.



Chapter Two Estimation Theory

o k2 = 1 — k1
Let var(y,) = a2, then var(y;) = 202.

Now, assume that Q = var(k,y, + k,y,), and its follows:

Q =var(ky, +k;y,) = var(kyy,) +var(kyy,;) = kivar(y,) + kjvar(y,)
= 20%k? + 0%k3 = 20%ki + 0%(1 — ky)?
a0

0
— = 40%k, + 20%(1 — k),and let

ok, ok, "

40%k, +20%(1 —k;) =0 = 40%k, + 20%k; — 202 =0 = 60%k; —20% =0
= 202(3k; —1) =0 = 3k, —1=0

.k _1
=
k,=1—k, =1 -
2 — 1 — 3
k_z

273

1.5 Efficiency (5s4sl)

Let (T) be unbiased estimator for a parameter (8), then (T') is called an efficient
estimator of (@) if and only if the variance of (T) attains the Rao-Cramer lower bound

denoted by (R.C.L.B) given by:

1
E <<aln(];(0x, 9))>2>

var(T) =

Note: it can be shown that:
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An(fx, O\ . [(0*In(f(x,0))
E( a6 ) __< 262 )

Example: Let x4, x,, -+, x,, be an independent random samples from P(6), show that

the estimator X is efficient statistic for (8)?

Solution: x;~P(08),Vi = 1,2,---,n, then f(x,0) =

=60 &var(x) = 6.

-0nx
0 ) = ln(e‘eex) —In(x!) = ln(e‘e) + In(6%) — In(x!)

ln(f(x, 8)) = In <e

= —0 + xIn(8) — In(x")

dln(f(x,0)) _ x x—6
a0 - TgT g
ol N 1 1 1
E(( n(];(gx )))) — E((x —9))——E((x—E(9))) var(x)—ﬁe
_1
"6
1
“(RC.LB)=—F=-
g

On the other hand we have:

_ 1 n n 1 1 n
var(X) = var sz‘ =—var le = ZUar(xl) = 20
i=1 i=1 i= i=1
1 g - 6
2 " n
~ var(X) = (R.C.L.B)
= X is efficient statistic for (6).
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Example: Let x4, x5, -+ i

x,, be an independent random samples from N (0, 8), show that
6 = % nox?is:

1. Efficient statistic for (8) ?
2. Consistent statistic for (6) ?

Solution:

1. .

E(@)zE(%.

5)-(5)- 450

%1(2 (var) + (E(x)’ )>1= : (Zn:(e + 0)) = %(Zn: 9) =2 o

i=1
=0

(8) is unbiased statistic for ().

f(x,0) = e 26

z ) = in|—— ¢35 ) = in(——) 4 n (75 ) = =X tn(2n0) X
ol i)

x2
= 7 ln(ZTC) — = ln(B) — ﬁ
dln(f(x,0)) -1

2

+ X
00 20 262
2 2
“In(f(x,0)) 1 x
062 202 93
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02in(f (x,0)) 1 x? 1 x? 1 1 ,
E( 262 )‘E(z_ez_¥>‘E(W>_E<¥>‘z_92_ﬁE(x)
1 1 2 1 1 1
=W—¥E(UCLT(X)+(E(X)) )=ﬁ_¥(9+0) W—ﬁ
1
202
R.C.L.B) = =
(R.C.L.B) = 92In(f(x,0))
—nE( 502 )
1 262
(R.C.L.B) = -
- (732)

Now, the derive of var(9) = var (% n xf) and since x;~N (0, 8), then

N0 s - x2(D)
NG 7

n 2

n 2
i=1Xi

X
“91 L ~ X2(n), with E(

noy2 1 - <
var( l=91 ‘>=2n = ﬁvar(2x5>=2n = VaT(in2>=2”‘92

i=1

n .2
= n and var <Zl_91 : ) =2n

n n
1 1
= z var(x?) =2n 6% = EZ var(x?) = F(Zn 62)
i=1 =1

n
A 1 2n 62
var(9) = var (EZ xf) =—3

i=1

2 62
n

- var() =

~ (R.C.L.B) = var(0)
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= @ is Efficient statistic for ().

2. We proved the first condition of consistent that is (8) is unbiased.

= =0

(0.0)

n—oo n—-oo

207\ 26%
n

i (var (@) =t

= @ is Consistent statistic for (9).

1.6 Sufficiency (&ush)

1.1.1 The Fisher Neyman Theorem

Let x;, x5, -+, x,, be a random samples from distribution has p.d.f f(x, 8), and let
y = u(xq, x5, -+, x,) define as a statistic whose p.d.f g(y, 8), define the likelihood (L)

as follows:

n

L(lexZI'“anJ 9) = Hf(xug) = f(xlig) f(xZJH) "'f(xn' 0)

=1
Then y = u(xy, x,, -+, x,,) is a sufficient statistic for (@) if and only if

L(xq, %5, ,%,,0)

= H(x{,%5,", X
g(y’e) ( 1 2 TL)

Where the function (H) dose not depend upon (8).

Example: Let x4, x5, -+, x,, be ar. s. from distribution has p.d.f

fl0) = {07 A=07 x =04

Show that y = Y1, x; is sufficient statistic for (8)?

Solution:
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L(xlleI"'lxni 9) = I_If(xue) = f(xl'g) f(xZJQ) "'f(xn' 9)

=0* (1-6)1™ 0% (1 —6)1*2...0% (1 — g)1™*n
= gLiza%i (1 — @)V Lita i

Since x;~Ber(1,0) = y =Y, x; ~b(n, 6), and we have that:

My(t) = E(eW) = E(etZ{l:lxi) — E(et(x1+x2+---+xn)) = E(etxi+txz++tan)
= E(e™) - E(e™?) - E(e™) = My (t) - My, (£) - My, (t)
=(1-60+60e)-(1—-60+0e")--(1—-0+0e")=([1—-6+8e)"

n
g(y, 3) = (y) oY (1 — g)n—y, y = 0,1,--,n

L(xy, 25, X, 6) gLiz1%i (1 — g)n—Lita%i ~ 6Y (1 — @)Y
g, 0) (™) gy (1 = gy _("—') _ gy
(3)era-o =) 87 -0
_yl(n—y)!
B n!

Qi x)! (=X x;)!

n!

S H(xq, X0, 000, Xp) =

H (x4, x5, , x,,) does not depend upon (0).
~y = Yieq x; is sufficient statistic for (6).

Example: Let y; < y, < -+ <y, denote the order statistics of r. s. x4, x5, -+, x,, from
distribution has p.d.f

f(x,0)=e 9  f<x<oo& —0<h <o
Show that (y,) is sufficient statistic for (6)?

Solution:
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n
LG %0 0) = | [ FG600) = G, 0 £0,0) - £ (3, )
i=1
_ o-(11=0) . p=(X2=6) ... p—(xn=0) — o= N, x;+n0

900 = Gy FO0) T (= FO)" 0w

! n-1
900 = gren—y; (FO) - (L=FO)™ )

n—1)!

n! n-1
90L& = (1-FO)) - fOm)

X X
X
F(x) = jf(u)du = fe‘(“‘e) du=—e 0| = —g=x=0) 4 o=(6-6)
B b 6
=1—e 0
e F(yl) = 1 —_ e_(.V1_9)
n! n-1
900 = 75, (1-(1=—e0m®)) . e01®
nn—1)! _
= (Elfl))l . (1 — 14+ e—(J’1—9))n 1 e—(J/1—9)

n (e—(yl—e))”‘l (e—(yl—e))l = n (e~01=0)" = p g~n(1-0)
g()ﬁ, 9) =n e_ny1+n01 8 < yl < ©

Since (y; < y, < -+ < y,,) denote the order statistics of r. s. (x4, x5, *+, x,,), then (y;)

is the smallest of (x;), as a result of that (y,; = min(x;)),i = 1,2,--,n.

g(y1, 9) =n e—n(min(xi))+n9
f=1Xi o e _YT
L(xq, %5, , X, 0) o~ Ziz1 Xi+nb o~ Si1xi pnb o~ 1%
g(y: 9) B n e—n(min(xi))+n0 B n e—n(min(xi)) ené - n e—n(min(xi))
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e - Z?:l xl

H ) ) °e ) = .
(%1, %2 Xn) n e—n(mm(xi))

H (x4, x5, , x,,) does not depend upon (0).

=~ y1 = min(x;) is sufficient statistic for (8).

1. The Factorization Theorem

Let x4, x5, -+, x,, be random samples from distribution has p.d.f f(x, 8), the statistic
T = t(xq,x,, -+, xy,) Is sufficient statistic for (@) if and only if we can find two non-

negative functions (K;) and (K,) such that:
L(xli Xo, X, 9) = KI(TJ 9) ’ KZ(xl; Xoy r* ;xn)
Where K, (x4, x,,*+, x,,) does not depend on (8).

Example: Let x;,x,,--+,x, bea r.s. from N(8,52), —o < x < oo, where the variance

(6?) is known, show that X = % 1 x; is sufficient statistic for (6)?

Solution: since X~N (8, a2), then:

f(x) = 6_71<$>,—oo<x<oo

2102

L(xlixZJ“'anl 9) = l_lf(xii 9) = f(xlie) 'f(xZJQ) “'f(xnre)

1 :1(x1—9)2 1 :1(x2—9>2 1 :l(xn—a)z
= 2 Zez o . 2 262 (o} ces 2 282 o
V2mo V2mo V2mo

-n —Xi,(xi—6)?
= (27‘[0‘2) 2 e 202
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let Z(xl ~ )2 = Z((xl X)+ (X -0))

i=

((xl X) +2(x-X)X-0)+(X-0))

e

(x; = X) +ZZ(xl X)(X - 9)+Z(X 8)”

S

(x;-%) +n(X-0)

~
Il
=

n -3 (-X)” nE-6)°
L(xll XZI."anJ 9) = (277:0-2)T e 202 202

-n _n(}_e)z _Z?=1(xi_i)2
- L(le X2, X, 9) = (27-[0-2)T e 202 e 202

-n —n(f—@)z —Z?ﬂ(xi—y)z
~K((T,0) = (2no?)2 e 202 ,and K,(xq,%p, ", %x,) =€ 202

w L(xy, X0, 000, %0,0) = K1 (T,0) - Ky (x1, x5, %, Xy)
WX = % 1 x; is sufficient statistic for ().

Example: Let x,, x5, -+, x,, be ar. s. from distribution has p.d.f.

0xP1 0<x<1
0 ={
fe6) =1, o.w

Show that the product T'(xq, x5, **+, X)) = X1 * X =+ X, 1S SUfficient statistic for (6)?

Solution:

_ 6-1 6-1 60-1 _ 0-1
L(x11x21'";xn19) _ex]_ '9x2 --~9xn —en (xl-xz...xn)

— en (xl . xz ...xn)e (xl . xz ...xn)_l

&K (T,0) =0™ (x; - x5 ---xn)g ,and K, (g, x5, %) = (X = x5 )71

Copyright © 2022 Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
69



Chapter Two Estimation Theory

o L(xq, X5, 00, %0, 0) = Ky (T, 0) - Kp(xq, X2, , Xp)
=~ The product T (xq, x5, **+, X)) = X1 " X5 -** X, 1S Sufficient statistic for (9).

Exercises (3)

1. Letxy, x,, -+, x, bear.s. from distribution has p.d.f.

1 —x
f(x9)=567 0<x <000l <

0 o.w

Show that X = % 1 x; is unbiased statistic for (6)?

2. Let y; <y, <ys; be the order statistics of a r. s. of size 3 from the uniform

distribution having p.d.f. f(x,6) =+,0 < x < 6,0 < < . Show

that (4y,), (2y,) and Gyg,) are all unbiased statistics for (8) and find the

variance of each of these unbiased statistics?
3. Letxy,xy, -+, x, be ar.s. from P(8). Show that 7, x; is a unbiased statistics
for 6?

4. Show that the nth order statistic of ar.s of size n from the uniform dist. Having

p.d.f. f(x,0) =%,0 < x < 0,0 < 6 < oo, issufficient statistic for (6)?

2. Methods of Estimator
2.1 The maximum likelihood Method (MLE)

Definition: Let x4, x,, -:-, x,, be ar. s. from distribution has p.d.f. f(x, 8) then:

1. The product function [[i%,f(x;,0) = f(x1,6) " f(x3,0) - f(x,,0) is called

likelihood function and denoted as L(xq, x5, *, Xy, 0).
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2. Let () be the value of (8) that maximize (L), thus (8) is the root of the equation

2
Z—z = 0, such that % = 0 and it’s called maximum likelihood estimate (MLE) for
0).
3. The value of (6) that maximize L, maximize in(L) also, thus (8) may be regard
. aln(L) _ d%in(L)
as a solution of —-= = 0, such that —=—= < 0.

The following assumptions have to be done:

e The first and second partial derivatives are continuous function of (9).
e The range of the r. v. X does not depend upon (8).
2.1.1 Properties of (MLE)

1. MLE are consistent estimators.

2. If MLE exist then it is the most efficient in the class of such estimators.
3. If B is MLE for 6 and g () is the single valued function of (), then g(8) is the
MLE for g(8), this is called the invariance property.

Example: Let x,, x5, -+, x,, be ar. s. from distribution has p.d.f.

9xP1 0<x<1
6 ={
f6) =1, o.w

Find MLE for (8)?

Solution:
n n
— 6-1 _ pn 6-1
L(xqy, %5, ,%,,0) = 0 x; =6 X;
i=1 i=1
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In(L) = In (9” 1_[ xi9‘1> = O™ +In (1_[ xi9_1> =nln(9) + Z In(x;%71)

=nIn(0) + 2(9 — Din(x;) =nln(@) + (60— 1) z In(x;)

i=1
algéL) = (0, then
n n
g+2ln(xl) =0 = g= —Zln(xl) = — == _lrll(x)
- = i=1 i
0= _zZ(x)
i=1 i

=~ 0 is MLE for ().

Example: Let x;, x,, -+, x, be a r.s. from N(u, a2), use MLE method to estimate
p and o2?

Solution: since X~N(u, a2), then:

— — 2
e%(%) ,—00 < x <00

fx) =

2mo?

L(xl,xz, X #,0.2) = nf(xiie) = f(xli #’0.2) ’ f(xz,,u,az) “'f(xnl M’O.Z)

1 —_1(961_—u)2 1 —_1(xz—u)2 1 —_1(xn—u)2
= > = e 2 o . > = e 2 o > = e 2 ()
Varmo VLTTO V4TTO

-n —Z?=1(xi_li)2
= (27‘[0‘2) 2 e 202
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Chapter Two Estimation Theory

S TG n 3 (e i)?
In(L) =In| 2ro?)z e 202 =In ((27‘[0‘2) 2 ) +In(e 202

—n e (g —w?
= In(2no?) — 57

- e -2 o) 55 Y-
_an[ 2710' 20_2._1361' U

1

_n =
= In(2n) —nin(o) — 552 ;(xi —w?

din(L) 1
o 202 ¢

~ fi = X is MLE for p.

=1
n n
din(L) -n N 1 Z( )2 = 0 n 1 z( )2
= —+-— X; — =02 —S=— X; —
do 202 " 2g% LT H 202 20 L0 H
=1 =1
20* 1\ L, ., 1x .
QT‘Z=EZ(XL'—H) =0 =£Z(Xi—#)
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"6 = \/% S (x; — )2 is MLE for o.

Example: Let x;, x,, -+, x,, be ar. s. from distribution has p.d.f.

0

1
f(X9)={_ 0<x<6,0< 0 <
0 o.w

Find the MLE for (6)?

Solution:

1 11 1
L(xlsz’,xnjg)zngzgggzﬁ
i=1

In(L) = In (i) — In(6~™) = —n In(6)

971
din(L) —n
0 0
aln(L)_Oth —n_O
96 N Tg T

We can't use the differentiation method because the range of (x) depend upon (8), but it
is clear that (L) has maximum value at the smallest value of 8, which coincide with the

maximum value of (x). Hence, (67) is the largest order statistic of the sample.
. 0 = max(x;)

~ 0 = max(x;) is MLE for (6).
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Example: Let x4, x5, -+, x,, be ar. s. from distribution having p.d.f.

fx 9)={ﬁe‘ﬁ("‘°‘> x< x <0,0 < f< oo
’ 0 o.w

Find the MLE for (<) and (8)?

Solution:

n
LGty Xy, ) Xy &, B) = l_[ﬁ e~BGi-) = g1 g=BEI (i)
i=1

The MLE for a can't be found by the method of differentiation since the range of (x)
depend upon ().

It is clear that (L) has maximum value at the largest value of () which coincide with

the smallest value of (x). Hence, (&= min(x;)), which is the smallest order statistic of

the sample.
In(L) = In(B" e B L=xim) = In(B™) + In(eFLi=aki=)
n
=nn(B) ~ B ) (5—)
i=1
dln(L) n < R
RN
B B L
i=1
din(L) B
op
n n
z 0 > I Z( X) = B !
—_—— —) = —_= . —_—=
pr Lm0 = b N ey
i=1 i=1
.é _ n _ n _ n
mL(g —min(x))  Xitix — Xiiimin(x)  nX —nmin(x;)
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X — min(x;)

1
X-min(x;)

~ B = is the MLE for (B).

Example: Let x4, x5, -+, x,, be ar. s. from distribution has p.d.f.

fao)={" -0 x=01

7

Find the MLE for = 1%

Solution: first we find MLE for (8).

n
L(XIJXZr X 8) = l_lexi (1 - e)l_xi
i=1

= (0" (1—6)'71)- (6% (1 —6)'7*2) -+ (6™ (1 — 6)' ™)
— HZ?=1xi (1 — H)n_z?=1xi

In(L) = In(6Z=1%i (1 — @) T %) = In(6%i=1%) + In((1 — )" Ti=a %)

_ (i xi) - In(6) + (n - i xl-) - In(1—0)

oln(L)  ¥',x n—Yi,x

a0 0 1-0
n n n n
aln(L)_O - i=1xi_n_zi:1xi_0 L, Ziz1Xi _n— Yl x
a0 0 1-6 6 1-6
1-0 n—-Y,x 1 n 1 n
= 0 = - 5 — 1= - -1 = 5 ==
n
~ X P
=" o 0=X
n
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.'.W = =

El

o =% isthe MLE for w = %

|

1-—

Example: Eight trials are conducted of a given system with the following results
(S,F,S,F,S,S,S,S) where (S) denote success and (F) denote failure. Find the MLE (p)

of the probability of the successful events?

Solution: Let the r. v. X denote the success event, then

x = {1 if the event S occur
0 ifthe event S does not occur

X~Ber(1,p),then f(x) =p* (1 —p)' ™, x=0,1

n n
LG xp e 00) = | [ Fap =] [p7 -y
i=1 =1

=p™ (1—p) > p*2 (1—p)72p* (1 —p)~n
= pEiett (1= p)" Bt = pf (1 - p)*~° = p® (1 - p)?

In(L) = In(p® (1 —p)?) = 6In(p) + 2In(1 — p)

din(L) 6 2

«p == is the MLE for (p).

Example: Let x,, x5, -+, x,, be ar. s. from Exponential distribution having p.d.f.
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Ae X A>0x=>0
2= X 2
fee ) =14 0.W

Find the MLE for (1)?

Solution:

n n
Ly, Xy, e, gy ) = ﬂf(xi,A) - nle"lxi = de~M1 . oMz ... JoAxn
i=1 i=1

— An e—/1 Z?=1 Xi

n
In(L) = ln(/ln e"lz?ﬂxi) = [n(A") + ln(e"lzlllxi) =nin(1) — /12 X;

i=1
6ln(L) n o
RO
i=1
din(L) 0 n zn: 0 n zn: A 1= n
=02 -——)x,=02 == ) x; > —= = A=
o A l=1l A l_=1l no Yr.x nLx
1 1
D> ==
i1 Xi
n
~ 1
.’./1::
X

A~

A= % is the MLE for (1) and since 6 = /_31 then & = X is the MLE for (0).

2.2 The Moments Method

Let f(x, 64,0,,-,0,)be the p.d.f of the population with k parameters (6,, 8, -+, 6,,).

By this method, we equate the population moments M,. = E'( x™) with the sample

1 .
moments m,. = ~ *.x;,r=12,-,n. Then solving for the unknown parameters.

1
Note: m; =~ X
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Example: Let x,, x,, -+, x, be ar.s. from P( ). Find the moment estimator for (8).

e
x!

Solution: f(x) = x=012,-,0>0&E(x) =var(x) =6

We have the population moment M; = E(x!) = E(x) = 6.

And the sample moment m; = % nox =X

=~ 8 = X is the moment estimator for (6).

Example: Let x,,x,, -+, x, be ar.s. from f(x, 6) =%, 0 <x<6,0<80 < oo,

Find the moment estimator for (0).

Solution:

0

M; =E(x) = E(x) =Jx
0

1

e L 20—1(92 0’
o x‘zex(l)_ze -

2

n
1 —
m1=£ xi =X
=1

«~ 8 = 2X is the moment estimator for ().

Example: Let x4, x5, -+, x, be ar. s. fromu(e, 8) . Find the moment estimator for

() and (B).

Solution: f(x, %, B) = L x<x< B

<+B’
p+x
My = E(x') = E(x) =~
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— (08
M1 - m1 = X=T"'(1)

M, = E(x?) = var(x) + (E( ))

_ 2
= 12 2 (B-;oc)

oy o P2 (B zx )

(2X -« —)’ @) = 12":x | (X -2 )’ (B = lzxiz

12 N 4 12 N £
i=1 =1
—_ 2 n — 2 n
4(X—x —2 1 X—x —2 1
= —( 5 ) +(X) =52xf = —( 3 ) +(X) =£Zx12
i=1 i=1
3% 3%
= (X— oc) +3(X) Zx = (X— oc) Zx —3(X)
i=1 i=1

n

— 3 —\2
X —oc= EZ x? —3(X)

i=1

n

"N 2 -a(®)’

i=1

R
Il

>
I
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Since B = 2X—, the we have the following:

n

B=2X—|X- %lez —3(X)"

i=1

n

°N 2 -3(®)’

i=1

=
I
><|
+

~ & and 8 are moment estimators for () and () respectively.

Exercises (4)

1. Letxy, x,, -, x, bear.s. from P( ), find MLE estimator for Pr(x > 0)?

2. Letxy,x,, -, x, bear.s. from the following p.d.f.

—(x=61)

f(x,91,92)=9—e b2 ,0,<x<0-0<0;<0&0<60,<ox
1

Find the MLE for 8, and 6,?

3. Letxy,xy, -, x, bear.s. from N(u, o2), find the moment estimator for u & o2?

4.  Letxq, xy, -+, x, bear.s. from G(x, ), find the moment estimator for «< & ?

2.3 The Method of Least Squares

Suppose that we can write the observations in the form:

yi1 = 91(04,65,-,0,) +&,i=12,--,n
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Where (g;) are known functions and the real numbers (84, 6,, ::-, 8;) are the unknown

parameters of interest, suppose that (&;) satisfy the conditions:
E(g) = 0,var(e) = 0% &cov(g;, &) =0,i=1,2,-+,n,j =1,2,--,n
The method of least squares says that we should find the point
"= (61,07,,0;)

Which makes the expected value vector as close as possible to observe value that is we

should minimize the following value:

Example: lety; = 6, + ¢;,i = 1,2,---,n. Estimate 8, using LS method.

Solution: we have E(y;) = E(6, + ;) = E(6,) + E(g;) = 64, and let:

Q= Zn:siz = Zn:(yi ~E() = Zn:(yi — 6;)?

Now, let ;TQ = 0 and then we have:
1

n n n n
2 i—6) =02 Y (-6)=0 >y~ 6,=0
i=1 i=1 i=1 (=1
n

l
n

n
~ 1
= Zyl—n91=02> n91=zyi = elzazyl
[ = i=1

i=1 =1

« B; = X is the LS method for 6.
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Example: let x;, x,, x5 are three random variables with the same variance (¢2), and let.
E(x;) =0,,E(x,) =60, +0,,and E(x3) = 26, + 0,, find the LS estimators for (6,)

and (6,), then find the mean and variance for each estimator.

Solution: let
Q=) e =) (5~ E()" = (1~ E@)" + (12 = E)” + (5 — Ex)’

(x, —6,)* + (xz — (0, + 92))2 + (x3 — (26, + 92))2
= (X —0)% 4+ (x; — 6, — 6,)* + (x3 —20; — 6,)*

aQ
0. —2(x; = 61) = 2(xz — 01 — 0;) — 4(x3 — 26, — 6)
1
- _le - 2x2 - 4‘X3 + 1201 + 692
aQ
£=O = _ZX1_2x2_4x3+1291+662 =O
1

1291 + 662 = le + 2x2 + 4‘X3

x 691 + 392 == X1 + xz + 2x3 (1)

0
% == _Z(xz - 91 - 92) - 2(x3 - 291 - 92) - _2x2 - 2x3 + 691 +492
2
aQ
~om = 0 == =23, — 25 + 60; + 40, = 0 = 60, + 40, = 2x, + 2x3
2

@391+292=x2 +x3

_x2+X3—292
e 3

Now, Substitute eq. (2), eq. (1) we get:

X, + X9 — 20
6(2 3 2

3
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ZXZ + ZX3 _4‘92 + 392 = x1 +x2 + 2x3
20, =2, —xy

Substitute (8,) in eq. (1), and we get:

Xy x3— 2(x, — xq) Xyt x3—2x 4 2%y
0, = 3 = 0, = 3
le_xZ +x3

"0, =
1 3

=~ 0; & 0, are LS estimators for (6,) and (6,).

The mean of 8, & 8,could be found as follows:

2x1—X2 +X3)_1

#§1=E(§1)=E( 3 —§E(2x1—x2+x3)

2 1 1 2 1 1
= §E(x1) _§E(x2) +§E(x3) = 5(91) _5(91 +6,) + 5(231 +6,)

6
3 3 3 + 3 + 3 1
Ho, = E(éz) =E(x; —x1) = E(x3) —E(xy) =260, + 6, — 6, = 20,
The variance of 8, & 8, are H. W.?

Example: lety; = By + B1x; + &,i = 1,2,---,n (simple linear regression model).
Estimate 8, & f; using LS method.

Solution: let
3 n n
2
Q=) ¢ = Z(Yi —E(y)) = Z(J’i — Bo — B1x)?
i=1 i=1 i=1
90 .
ﬁ = -2 Z()’i — Bo — b1x;)
0 e
=1
90 <
55 =0 "2 ) 0= ho—frx) =0
0 -
=1
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n n n n
D Gi=Bo=Fr) =0 Y yi= ) fo= Y fux; =0
i=1 i=1 i=1 i=1
n n n n
Zyi —nfy _.3123% =0=np, = Zyi _.312351'
i=1 i=1 i=1 i=1

= %(i)’i - .31zn:xi> (1)
i=1 i=1

0

- —zzxm o~ )
a n
a—[fl=ow—2;xi<yi—ﬁo—ﬁlxi)=o

n

S

i=1

n
QZ lyl ﬁole Z l2=
i=1
n n n

D iy =Fo ) %t fi ) 1 (2)

i=1 i=1 i=1

Substitute eq. (1) in eq. (2), and we get:

D 50— o - ﬂlx)—o:>2 i - Zﬁoxl D it =

=1 =1 =1 i=1 i=1
n n n 2 n
1 2
- E Xi Vi — ﬁl Xi + ,81 X
i=1 i=1 i=1 i=1
n n n n 2 n
— 2
nleyl_lezyl_ﬂ].(zxi) +n.812x1
i=1 i=1 i=1 i=1 i=1
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n n n
=n2xi)7i _inzyi

i=1 i=1 i=1 i=1 i=1
n n 2 n n n
2 —
=1 i=1 i=1 i=1 i=1

5 N Yioq XY — Ni=1Xi Di=1Yi
‘ - 2
nzl 1xl - (Z?:lxi)
Substitute (B )in eq. (1), and we get:

n n
XiYi — Li=1Xi 1 1yl
nﬁo - YL xl
l lxl _(Z

i=1

TL,BO _Zyl nZl 1xlz XiVi — (Z x)z i= 1yl

2ty z (Z )
ng, = =1V X = By B x)? —n X Xy xay + (B x)® X, v
n¥i, X _(Zi:1xi)
nB, = nYiqYi — N Y=y Xi Di=q XY
nzz T _(Zi:1xi)
[;)0 _ =1 Vi Xim1 x_z_ i=1 X XiYi

nzl 1xl - (Zi=1 xi)
= By & fyare the LS estimators for B, & f3;.

Example: for the simple linear regression model (in above example) show that (Bl) can
be written as follows:

?:1(951' - Y) ()’i - ?) _ Z?:1(xi - Y) Vi
— 2 - —\2
?:1(’51' - X) ?:1(’51' - X)

Then show that its unbiased estimator for (53;).

Solution: from numerators, we have the following:
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n n
i=1 i=1

n n n n
i=1 i=1 i=1 i=1
n n
=inyi —nYX—-nYX+nXY = inyi —-nYX
i=1 i=1
n n n n
=Z"' R PY SEAYNSE =zx, ,_lzx,z: |
‘ lyl n ' lyl n' l . yl
=1 =1 =1 =1
Also, we have the following:
n n n n 1 n n
Z(Xi - X)y; =inyl' —Xzyl' = zxiYi _szizyi
i=1 i=1 i=1 i=1 i=1  i=1

5 ?:1(951' — Y) Vi
* .81 - n )
i=1(xi _X)

To show that (3, ) is unbiased estimator for (5,)
E(B1) _ E( ?=1(Xi - )_() Yi) _ E(Z?=1(xi - )_() Yi) _ Zf;l(xi — )_() E(y,)

L-%)) E(CLx-%") Ix-%)
?:1(351' — )_() E(By + B1x; + &)

—\ 2
?:1(xi - X)
iy (i = X) (EBo) + E(Bix) + E()) _ XFeq (i — X) (Bo + Bixy)
= - — = - —
i=1(xi - X) i=1(xi - X)
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Bo Xt (xi — X) + By Ty xi(x; — X)
)= X)+ B2
i=1(xi _X)

( 1(9& >+ﬁ1< ?:1xi(xi :{))
(xl ?:l(xi - X)
_ Rz LT
(Z 2X>+’31< Py (% JEXZ)>
Zl 1(xl ?=1(xi _X)
nX — nX nox? Y1 xX
+ﬁ ( =17t l—_l l )
D= 1(x1 ) 1 ?=1(xi _X)Z

Di=1X Zl 1Xi oy ( ?=1xi2 _n(y)z )
zrzl(x ~2 X + (X)) a2 = 2n(X)” +n(X)’

E(B,

N

2.3 Interval Estimation

Definition: a (1 — «) confidence interval (C. I.) estimator is an interval whose end

points are functions of the sample statistics such that if we could generate indefinitely

samples, the interval should contain the true parameters (1 — ) % of the times.

Constructing of C. I.:

The following steps are necessary to construct the C.I.

Step (1): obtain the probability distribution of the point estimator for the unknown
parameter.

Step (2): Standardize the estimator such that we get a r. v. with completely known
distribution.

Step (3): Construct C.I. for standardized r. v. then Solve for the unknown parameter.
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2.2.1 C.l. for Means of Normal Population

1. If a2 is known

Let x4, x,, -, x,, be ar. s. from normal population with unknown mean ¢ and known

variance of a2 Applying the above steps as follows:
Step (1): the sample mean X is a point estimate of p with probability distribution
0.2
N (w5)

Step (2): Standardize Z = X=# ~N(0,1).

o
Vn

Step (3): The values —Z« & Za place (%) in each tail of normal distribution, therefor:
2 2

’;.(_,—-— —-‘___\.\
{ A
1-a \
[
0
X—u
2 /\/ﬁ 2

o —_
Pr(—Z —< X - <Z>=1—a
7 vn Hs 22

— o — o
.'.Pr<X—Z —<u< X+Z -—>=1—a
7 vn 7 yn

Where 0 < a < 1 and selected often to be 0.1,0.01, or 0.05.

Example: find 95% C.I. for the mean of normal population N (u, 25) if it is known that

X =10andn = 100.
Solution: we have 1 — a = 0.95 = a = 0.05 = % = 0.025

From tables of standard distribution, we get Za = Z; 9,5 = 1.96
2

89
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Chapter Two Estimation Theory

X—u —
Pr| —Za<g7—< Za =1—0(E>PT<X—ZQ'
2

2 /\/ﬁ 2

o

— o
<u< X+~7 -—)=1—a
N i

n

5 5
Pr (10 —196—<u< 10+ 1.96- —) = 0.95
J100 X /100

Pr(9.02 < u < 10.98) = 0.95

Lower bound (CL = 9.02) and upper bound (CU = 10.98).

2. If 6% is unknown

Let x4, x,, -, x,, be ar.s. from normal population with unknown mean u and unknown

variance of a2, the we have two options:

a) For Small Samples (n < 30)

In the case of (n < 30) and unknown (g2), then the C.I. for u can be found as follows:

Since (o2) is unknown, so we depend on the sample variance

5% = ﬁ( e (x _Y)z)'

2

- U nsS 5 w
W= ~N(0,1)andV = —~X*(n — 1),thenT = —=~t(n — 1)
/ d v
vn /r
X—u
o — —
oW /yi V(X -p) ovn—1_ (X-p)
S2 o Jn'S S
/V/r ns N
n—1
. —_ — H ~ —
“T = 5 t(n —1)
n
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Applying the steps stated earlier we get:

X—pu
Prl - te<=————< ta|=1—-«
7 5/ 7
Vvn—1
P ( t 5 <X <t S ) 1
r|{—ta- - ar =1l—-a
2 vn—1 : 2 Vyn—1
P ()_( t 5 <u< X+t 5 ) 1
S PrY —la - a-" = —Qa
2 In—1 # 2 Vyn—1

Example: let X = 20 & S2 = 9 denote the means and variance of ar. s. of size (16) is
from N (u, 02). Find 95% C.I. form (u).

Solution: we have 1 — @ = 0.95 = a = 0.05 w% = 0.025.

From tables of T distribution ta(n — 1) = t;,5(15) = 2.131
2

_ S — S
PT‘(X—ta' <u< X+ta- )=1—C(
2 Vvyn—1 H 2 vn—1

3 3

:>Pr(20——2131-———-< < 204—2131-———)::095
vis ¥ V15

= Pr(18.349 < u < 21.651) = 0.95

Another way to represent C.I.

5 —20F2.131 3
n—1 ' V15

Lower bound (CL = 18.349) and upper bound (CU = 21.651).

C.l.= X Fta-
2

b) For Large Samples (n > 30)

In this case and form statistical inference theory the distribution of ther. v. t = @
will converge to N(0,1).
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Which means that we can use the standard normal tables instead of t distribution table

and hence C. 1. for (u) can be found as follows:

X—u
Pr| —Zo<——<Za |=1—«
2 5/ 2

Pr( %\/—_ <X-pu< %j—_)—l—a

_ S _ S
.-.Pr(X—Zg-—<u< X+Zg-—)=1—a
2 n 2 n

Or we can find C. I. for (u) in another form as follows:
S

C.l.=X¥FZ
Vn

NI

Example: let X = 20 & S2 = 16 denote the means and variance of ar. s. of size (100)
is from N (u, 02). Find 99% C.I. form (u).

Solution: wehave1 — @ = 099 = a = 0.01 w% = 0.005

From tables of stander Normal distribution Z« = Z ,os = 2.58
2

_ 4
Cl=XFZa—=ClL=20F 258 —— o C.I.= (18.968,21.032
Za \/_ V100 ( )

Lower bound (CL = 18.968) and upper bound (CU = 21.032).

2.2.2 C.I. for Difference Between Two Means

1. 1If a% & o2 are known

Let X, & X, denote the means of two independent random samples of size n, & n, from
normal population with known variances o & a7 respectively. A (1 — a) C.I. for

U1 — U, is defining as given:
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af 0} - = of o
P X1— X Za  |—+2<y —pu < (X — X))+ Za+ |=+2]=1-
r (1 2) g n, ' n, H1 — Uz (1 2) % n, ' n, a
— =\ of oF
C.Lfor (11 — uz) =(X1_ Xz)‘l‘ Za - = +-=2
2 nq n,

2. If 6% & a2 are unknown

a. For large samples (n; ,n, > 30)

Let X, & X, denote the means of two independent random samples of size n,; & n, from
normal population with unknown variances o & o5 respectively. A (1 — a) C.I. for

Uy — U, is defining as given:

Pr{ (X, — X;)—Z 512+522< <(X,—-X)+2Z S+S2 1
r — — v — —_— — — v — — | = —
1 2 % nq n, M2 1 2 % nq n,
C.Lfor ( ) =X - X,)F Z S—+S—2
1. 10r — = — .
H1— U2 1 2 % n ' n,

Where S & S2 denoted the sample variance of two samples.

Example: construct 96% C.1I. for (u; — u,), if its known that:
n, =75mn, =505, =8,S, = 6,X; = 82,and X, = 76.
Solution: we have 1 —a = 0.96 = a = 0.04 = ~ = 0.02.

From tables of standard normal distribution Z« = Z, ,, = 2.054.
2

C.Ifor ( =X, - X,)F Z St 522 = (82— 76) F 2.054- 30
00 M T ) = 2 7 m nz B 75 50
6F 2054 |40 cr= (3.424,8.576)
—_— . . —_— _|:> —_—
75 50
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Lower bound (CL = 3.424) and upper bound (CU = 8.576)

b. For small samples (n;,n, < 30)

Let X, & X, denote the means of two independent random samples of size n,; & n, from
normal population with unknown variances o & o5 respectively. A (1 — a) C.I. for

Uy — U, i1s defining as given:

Pr| (X, — X;)—ta-S Lo < (X;— X;)—ta-S S, P
T — — . . N —_ — — — . . N —_ — —Qa
1 2 z P n, n, K1 He 1 2 5 P n, ny,

C.I.for (u, — )=(X—X)+t S —1+—1
.I.for ta+S. -
H1 — Uz 1 2 % O .

(tg) could be found from t distribution table with degree of freedom (n, + n, — 2).

Where (S2) is the pooled variance obtained from the sample variances S7 & SZ and

define as follows:

(n,—1) 512 +(n, — 1) 522

Sz =
ng +n, —2

p

Example: construct 90% C.1I. for (u; — u,), if its known that:
n, =12,n, = 10,5, =4,S, = 5,X, = 85,and X, = 81.
Solution: wehave 1 —a =090 = a = 0.1 = % = 0.05.

From tables of t distribution ta(n, + n, — 2) = ty,45(20) = 1.725
2

o2 (ny —1)SE+ (n, —1) S2 _ (12—-1)16+ (10 — 1)25 _

20.05
P n, +n, —2 12+10-2

S, = 4.478

Copyright © 2022 Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
94



Chapter Two Estimation Theory

C.I.for (u, — )=(X—X)+t S —1+—1
1. for “ta+S. -
H1 — U2 1 2 % R

- 1 1
= (85— 81) F (1.725) - (4.478) " |5+ 15

= 4 F (1.725) - (4.478) - (0.428) = 4 ¥ 3.307 = C.I.= (0.693,7.307)

Lower bound (CL = 0.693) and upper bound (CU = 7.307)

2.2.3 C.I. for Variance a?

a. If mean u is known

(1 — a)% C.1 for (¢2) is given by:

nS? ) nS?
Pr 5 <0< — =1—«
X1 a(n) Xz (n)
2 2
, nS? nS?
C.l foro“ =

X? a(n) "Xz (n)
=2 2

Where X? « & Xz are the Chi Square values are obtained from Chi Square distribution

2 2

a

table with (n) degrees of freedom and level of significant (1 — %) & (5)

Example: let S2 = 9 denoted the variance of ar. s. of size 25 from N (10, ¢2), find 95%
C.I for (a?).

Solution: we have 1 —a = 0.95 = a = 0.05 = % =0.025=>1— % = 0.975
X? a(n) = X g75(25) = 40.6465
2

X? a(n) = X§25(25) = 13.1197
2
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nS? , nS? 25-9  ,  25-9
<o?< :1—a:>Pr(— —):0.95

P < <
"\ %7 .m X2 (n) 206465 7 “13.1197
2 2

= Pr(5.5355 < 02 < 17.1498) = 0.95 = C.I.= (5.5355,17.1498)

Lower bound (CL = 5.5355) and upper bound (CU = 17.1498)

b. If mean u is unknown

(1 — a)% C.1 for (¢2) is given by:

(n—1) 52

> <0? < ——"r

X1—5(n - 1) Xe(n—1)
2

Pr

n—-1)S? (n—-1)S?

C.lIforo? =|— =
2 2

Where X f_g & X& are the Chi Square values are obtained from Chi Square distribution

2 2

table with (n — 1) degrees of freedom and level of significant (1 — %) & (%)

Example: let x;, x,, -, x;, be ar. s. from normal population from N (u, o), where
1 & o2 are unknown, suppose that Y12, x; = 159 & Y12, x? = 2531, compute 95%
C.l. for (¢?) if it’s known that

Xg.ozs(g) = 2.7 &X§.975(9) =19.

Solution: we have 1 — a = 0.95 = a = 0.05 = % =0025=>1— % = 0.975

1

§? =— 1;(xi —Y)Z = (n—1)S% = ;(xi —Y)Z
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10 10 10
— 2 — —\2
9-SZ=Z(xl-i2—2xiX+(X))=in2—2X x; + 1 (X)
i=1 i=1 i=1
- — —\2 —\2 —\2
=2531-2X-nX+n(X) =2531-2n(X) +n(X)
=2531— n(X) =2531- 10 =1 % 22531 10 (159>2
- )= 10 10
= 2531 — 25281 =29
£9-52=29
n—1)S2 n—1)5?
X? «(9) Xa(9)
) 2
p < 2.9 co?< 2.9 ) 0.95 o p (2.9< 2<2.9) 0.95
rN—>—=<0"<—5—=]=0952Pr|-—=<o0°<—=]=0.
X3 075(9) X3 525(9) 19 2.7

= Pr(0.1526 < 0% < 1.0740) = 0.95
~ C.1.= (0.1526,1.0740)
Lower bound (CL = 0.1526) and upper bound (CU = 1.0740).

c. C.I. for the Ration of Two Variances

Where S & S7 denoted the sample variance of two independent random samples of size

n, & n, respectively

Letv, =n; —1& v, =n, — 1 be the degree of freedoms, then
o?\ - - —
.A(1—a)C.l for (;) is defining as given:

52 o7 St falvy,vy)

— < =1—«a
522 'f%(vp V) J22 522

Pr

The values of f«(v,,v,) and fa(v,, v,) are obtained from the F distribution table.
2 2
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_ _ SZ SZ
C.Lfor (uy—p) =X, — X2) F Za + |[—+==
2 nq n,

Example: find 98% C.I. for (22) if i’s known that n, = 25,n, = 16,5, = 8,& S, = 7.
Solution: we have 1 —a =098 = @ = 0.02 = == 0.01 & v, = 24,v, = 15

f%(vp v2) = f0.01(24,15) = 3.29

f%(vzjvz) = f0.01(15,24) = 2.89

s? o7 St falvy,v)
<
\ fa(vy,v2) 03 )

o (64 _of _64:289\ _
= < =< ——"|=0.
"\19-329 S 2 49

=1—«a

Pr

0.2
= Pr (0.397 <—=< 3.775) =0.98

0,
~ C.1.=(0.397,3.775)

Lower bound (CL = 0.397) and upper bound (CU = 3.775).

Exercises (5)

1. Ifitis knownthatn = 17 is the size of r.s. from N(u, %) with X = 5.3, §% = 6.2,
Find 95% C.1. for both u & 2. The tabulated values are:
to.02s5(16) = 2.120,X29,5(16) = 28.8,X2,5(16) = 6.91.

2. Given X = 18, is the mean of ar. s. of size 20 from N (y, ¢2). Find 99% C.1. for y if
it is known that Z, o5 = 2.58.

3. Ar.s. of size 10 is drawn from N (u, 02). The values of individuals are 10.7, 12.6,
9.3,9.5,11.3,12.2,11.5, 11.1, 10.4 and 10.2. Find 95% C.1. for both u & o2,
toozs(9) = 2.262.

Copyright © 2022 Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
98



Chapter Two Estimation Theory

4. Two random samples each of size 10 from N (uy, 02) and N (u,, 02) yield X; = 4.8,

X, = 5.6, S? = 8.64, S = 7.88, find 95% for C.I. (u; — u,) if it’s known
t0_025(18) == 2101

5. let xq,x,,++, %10 be ar. s. from normal population from N(u, 02), let 0 < a < b,

show that the mathematical expectation of the length of random interval

n — )2 yn . — )2 2
i=1(xl .u) L=1(xal ,u) ] is (b _ a) (naz )

b )
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Introduction to Test of Hypothesis ciluadll Uil e daska ]

pada o (g giat Al Gl y 5l g ASE T (aed e 3 le (A Adlas ) dua Al Adlas) dus Al
Sl ()5S ) slea) sl g pua & dilan ) dpm il ol AN (S AT 8 las ST sl aaly ) siie
(o sdie uid (Plas ) adinall) s a5l Glety (Lkla

,alSie Ja Maia¥l a5l éea 5 131 (simple hypothesis) e il H aibas) s 6l e Ji
A4S e A 8 L H oo Jay elld Cadlay 5 aleShy i) o 553l (el 5l ol H CulS 13V 5 Al 3 )l

.(composite hypothesis)

e (a5 ) 1 g H ol 1A HAY 530G 41 38k e 5 e s H Alaan ¥l dumdl) jlaa) o

J(reject) aua jill (=8 5 5l (acceptance) dra_dl J s Al

13 Ll Lpadad )} AAIS (Raall by (pe) 4130 2 53 Lail g Ll i Ll 5y 5 pmally a5
A TS L) as 13gh Al ol g g g al) 8558 sial) e shaall e ol ilaa¥) aua ill (b o3
et oy o) Jal (e are JS Gilia 8l jaiay o) Laila J gl Eaalil) ld

O AL G 531 (3 da (e el G5 (3 ka8 Baas A8y 5k (O o Gaalill o) 113l e e
ol 3ok (38 2 Y J 85 A B pasay

L 3o (null hypothesis) paadl dsia jiy et Lpiad ) Jal Ao Gaaldll Lgmiay Al Abas V) duza a8l
alternative ) Abad) A &l cand (5 A a8 J5d ) 258 anall daa 8l (md 3 | (H ) Sl
.(Hq) >\ 3,5 (hypothesis

EM}AM " \c-}».'a‘_gﬁ (Hl)g;“u‘} (Ho)@w&ah&—bﬂaw‘mu‘w@% ,(Hl)
Al

4,33\_»43\ di\.lg]\ Aa) Ayl Q\ USA.I (HO: u= 'uo) MLA;Y\ :\:\.\AJﬂ\ d\_m

Hi:p<py .1
Hl:‘u>,u0 2
Hl:,ui,u() 3
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2) 31 (1) S0 ) 3815 (Hy) < 13 (one-tailed test) a5 ik (a4l sSlel Juia¥l e i
Hyp < po <\ I13 (left tailed test) ¥ <okl (e jLaal

Hyip < py <5\ 13 (right tailed test) oaY) <okl (e jlasl

Hytp # gy O ) ,(3) ISl 2aU (H ) «ils 1) (two-tailed test) o b (e Jlial ade Jlay

A 8 S0 e Lua e OISV a8 alai V) 5 Ao da 58 (5555 ) (H ) A8 laa 2ic JISaY) 58 e
A Hal) a8 ASEA G 9 4SS e

Type | Error Js¥) g sl ¢ Wadl) 1.1

Aana (Hy) 0sSidie (Hy) u=d) o daladl Wadll 45 (type | error) Js¥) g sill (e Unall o ey
Type 11 Error S g sill ¢ ladl) 1.2

Abls (Hg) 0S8 Laie (Hy) Jsd e (type 1 error) S g sl (e Uadll Ca ya
Test Statistic JL5aY) sslaa) 1.4

psinall By Jal) il (s A5l iy 5 o sbee i) 55 4l Adgall e Ay 3l s e e 5
(B x, X) D Aigall (e 4y guanall il
Critical Region 4a_all dtkaial) gi (b ) dikaia 1.4

o0 W Sass (Hp)pasd) dpca jd (b ) ) ol g SLia¥) selias dag b cand o 13) Al dshaial) Gl o
C

Acceptance Region Js:dll 4ihia 1.5

(H)pxxdl dpca jd (b yane ) ol g HLEaY) selian) dag Led Caali g 1) Al dahaiall elli o

R 3Ll e

The Size of the Test or Level of 4 sixal s sica si JLIAY) a3a 1.6

Significant
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) o) (o) 4 ey Js¥) g sl e Unal) g g8l Jlaial sa
a = Pr(Type I Error) = Pr(reject Hy | Hy is true) = Pr(x,,x,,*,x, € C | Hy)
The Size of Type Il Error &l g sl ¢sa Uil aaa 1.7
LAY oy
B = Pr(Type 1l Error) = Pr(accept Hy | H; is true) = Pr(xy,x5,**,x, € C | Hy)
.(Hy) adall dpa d}ﬁz\s.k.m‘;_ss} (®) b Hl) ddlaia] ALK dalatall Jiad (CY) )&
The Power of the Test JLiiY) 548 1.8
A e (Aaasia o Hy aadl dpca jill o) gl) Adala (55 Leie (H ) pandl duia i (b ) Jlais) 8
10 ) K(0) <)l

K(0) = Pr(reject Hy | Hy is true) = Pr(xq,xy,+++, %X, € C | Hy)
=1—-Pr(xy,xy,,x, €EC°|H)=1—-p

Example: let X be ar. v. having the following p.d.f.

f(x) — {%x(l — 9)1—96 X = 0,1

To test the simple hypothesis (HO: 6 = %) against the alternative hypothesis (H1: 0 < %)
Suppose that critical region is € = {x, x5, "+, x10, X0y x; < 1}, find the following:

1. The power of the test K(6)

2. The power of the test at (0 = 1—16)

3. Pr(Typell Error) at (9 = 1—16)

4. The significant level ().
Solution: since X~Ber(1,0),theny = Y%, x; ~b(10, 9).
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0 0.w.
1.
K(08) = Pr(reject Hy | Hy is true) = Pr(xy, Xy, , X190 € C | Hy)
=Pr(y£ 1|9<%)=Pr(y=0)+Pr(y= 1)
= ()eca -+ (P)era -y
=(1-0)1Y+1001-0)°=(1-6)°1-6+1008)
— (1-6)°(1 +90), (o <0< %)
2.
9 9
“(0)=(1-18) (1+36)=(56) (30
3.
9
p (1_16> =1- (116) N (1_2) (g)
4.

a = Pr(Type I Error) = Pr(reject Hy | Hy is true)

1 1
=Pr<x1,x2,"',x10EC|6=Z>=PT‘<)}S1|9=Z

=Pry=0)+Pry=1) = ()60 -0+ (*))or(1 - o)0

=(1—9)9(1+99)=<1_%>9<1+ ) (_) (§>
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Chapter Three Testing of Hypothesis

Example: Suppose that x;, x,, -*-, x,, are a random sample from N (6, 1), to test the
simple hypothesis (Hy: 8 = 0) against the simple alternative hypothesis (H;: 8 = 1),
the critical region is:

C = {xy,%y, -, %,: X =k}, find n and k such that @ = 8 = 0.01, if Zy 99 = 2.33.

Solution:
_ N _ o
X~N(8,1) = X~N (9,5) Since X~N (i, 62) = X~N (u. 7)
a = Pr(Type I Error) = Pr(reject Hy | Hy is true) = Pr(X > k,0 = 0)

r );_”zk_” = Pr Zz’i;()ﬁ:o = Pr(Z = kyn)
N N N

=1—Pr(Z < kv/n)

=P

And since (o = 0.01), then we have:
1—-Pr(Z < kvn) =0.01 = Pr(Z < kvn) = 0.99
wkyvm =233 - (1)

Now, we have:

B = Pr(Type 1l Error) = Pr(accept Hy | H; is true) = Pr(xy,x,,**,x, € C | Hy)

X — k —
2H<2H'

0/ a/
n Vn

=Pr()_(<k,9=1)=Pr

= Pr Z<T,9=1 = Pr(Z < (k — V/n)
N

And since (8 = 0.01), then we have:

Pr(Z < (k—1)vn) = 0.01
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o (k—1DVn=-233--(2)

From eg. (2), we can get:

And by substitute eq. (3) in eq. (1) we can get:

—2.33
k (ﬁ) =233 = —-233k=233(k—1) = —2.33k = 2.33k — 2.33
= 4.66k = 2.33
s~ k=0.5

By substitute the value of (k) in eq. (1) we can get:
2.33
0.5\/ﬁ=2.33::>\/ﬁ=ﬁ:>\/—=4.66

n=21.715=2.n = 22

Example: The consumption of electricity in a small township is assumed to be
Exponentially distributed with parameter (8). Determine the size of type | and type Il
errors if (Hy: 6 = 1000 K. W) is tested against (H,: 6 = 2000 K. W) and if the test

criterion is as follows:

Select any day at random. If the consumption of that day is 4000 K.W. or more, reject

(H,), otherwise accept (H,).

Solution: The critical region is C = {x, x5, -+, x,: x; = 4000}
1 —x
Since X~Exp(0),then F(x) = rk 8, x=>20&6>0

a = Pr(Type I Error) = Pr(reject Hy | Hy is true) = Pr(x = 4000,80 = 1000)
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g (%)

| — —x —4000
a = f 1000e1000 dx = —e1000 40|00 = —¢ ® 4+ — 1000 = 4
4000

B = Pr(Type 1l Error) = Pr(accept Hy | H; is true) = Pr(x,,x,,*,x, € C° | Hy)
= Pr(x < 4000,8 = 2000)

00 1 —-x —-Xx 4000 —4000
ﬁ = f 5000 e2000 x = —e2000 | = —e2000 +e9=1—¢2
0

Example: Let x;, x5, -+, x, be ar. s. of size 25 from N(u, 36). We shall reject

Hy: u = 75 and accept H;: ¢ = 80ifand only if x > ¢, where cis constant. Find
the value of c at (¢ = 0.01) if it is known that (Z, 99 = 2.33).

—1/x—u\>2
Solution: since X~N(,0%) = f(x) = == ¢ 7+ ) ,—0 < x < o0
X —
X~N(,0?) & Z = 2 ~N(0,1/p)
\m

a = Pr(Type I Error) = Pr(reject Hy | Hy is true) = Pr(x > c,u = 75)

X—u c—u c—75
= Pr J/ >0/ ,u =75|=Pr| Z> 6/
Vn Vn 5
c—175
=1-Pr < 3
/5
c—75 c—75

c—75
=001=Pr| Z< =099 & ——— = 2.33

1—Pr| Z <
/5 %/e %/e

6
= C =§-2.33 + 75 =77.796
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~c=77.796

Exercises (6)

1.

1.
2.

Let x4, x,, -+, x;,, be a random sample from Poisson (8). The critical region for
. 1 . 1

testing (HO: 0 = 1—0) against (le 6 > 1—0)

Find the power of the test K(8).

Find the level of significant (a).

Consider a normal distribution N (6, 4). The simple hypothesis (Hy: 6 = 0) is

rejected and the alternative composite hypothesis (H: 8 > 0) is accepted if and

only if the observed mean (Y) of a random sample of size 25 is greater than or
equal to(g), find the power of the test.
Best Critical Region 4s s dikaia Juaéi 2
dasnll paall 4 B HLid) die (@) aaae (BCR) da s dhie Juadl Ll C Aahidl e Jay

1OSEate () cppda 52

Pr(xy,x,,+, %, € A| Hy) = Pr(xy,%5,,x, EC | Hy) =
Pr(xi,%5,**, %, € A| Hy) < Pr(xq, Xy, ,x, € C | Hy)

3

Example: consider the r. v. X~b(5,0) under (HO: 6 = i) and (H1: 0 = —), the

4

following table gives the density values of (x) under (H, & H;)

X 0 1 2 3 4 5

1 1 5 10 10 5 1
flx3) | % 32 32 32 32 32
3 1 15 90 270 405 243
f(3) | Tom | Toa | o | om | 1om | 107

Assuming that (a

Copyright © 2022

1

32

= Pr(reject Hy: Hy)

108

), find the BCR.

Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
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Solution: since (a = %) we have two critical regions which are:
A={x;x=0}and C = {x; x = 5}

Now, we satisfied the two conditions:

Pr(xy, x5, ,x, €EA| Hy) = Pr(xq,x5,,x, EC|Hy) =

1
Pr(x€e A|Hy) =Pr(x€C|Hy =—

32
PT'(XEAlHl):m
Pr(x € C | Hy) = ==
rix € C o) =157
1 243
PT(XEA|H1)=W< PT'(XEClHO):m

~ C is Best Critical Region (BCR)

Example: consider the r. v. X~b(5,0) under (HO: 6 = %) and (H1: 0 = ) the

3
4

following table gives the density values of (x) under (H, & H,)

X 0 1 2 3 4 5
1 1 5 10 10 5 1
flx3) | 3 32 32 32 32 32
3 1 15 90 270 405 243
f(*3) | Tom | Toa | o | om | 1om | 103
Assuming that (a = % = Pr(reject Hy: HO)), find the BCR.

. . 6 . . .
Solution: since (a = E) we have four critical regions which are:

C; = {x;x = 0,1}, C, = {x;x = 0,4}' C; = {x;x — 1’5}’ and C, = {x; x = 4,5}
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6
Pr(x€C,|Hy) =Pr(x€C,|Hy) =Pr(x € C;|Hy) =Pr(x€C,|Hy) =33

31 N 15 16
~4) T 1024 1024 1024

Pr(x e C,|Hy) =Pr(x

3
=2) = 1024 T 1024 1024

_ 15 s 243 258
1024 1024 1024

(=0
Pr(x € C, | Hy) = Pr (x ) 1 405 406
( )

3
Pr(x € C3|Hy) = Pr|«x =7

3) 405 243 648

Prix € Cy [ Ho) = Pr <x =4519=9)= 1022t 1022~ 1024

~ C, is Best Critical Region (BCR)
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Chapter Four Solving of Exercises

Solving of Exercises (1)

1. Given X~Ber( ) find the following:
iii. The p.m.f of x?
iv. M,(t),02 and p,?

Solution: since X~Ber( ) then

RO REORO

i. M()=1-p+p-e=1--+ t=§+§

, 1/ 1y 12 2
% =p(-p)=3(1-3)=3'3=3

1
ﬂx=p=§

9
2. hem.g.fofarvxis M,(t) = (g + get) , find the following:
iv. The p.mf of x?

V. 0Z,and u,?

. 1\X /2 9—x
vi. Show that Pr(u, — 20, < x < Uy + 20,) = X1, x° (g) (g) ?

Solution: since M,.(t) = G + iet)9 = X~b (9, i),&n =9

ro=(ra-m==0)E) (-3 -06 6
=01,-,9
ii.
U, =E(x)=np=9- %=3
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, 1 2
0x=np(1—p)=3-(1—§)=3-§=2

3. Let X~b(2,p) and Y~b(4,p),if Pr(X = 1) = g,ﬁnd Pr(Y = 1)?
Solution: X~b(2,p),n = 2

2
PriX=1)=1-Pr(X<1)=1-Pr(X=0)=1-f(0) = 1—<0>p°(1—p)2‘°

=1-(1-p)?
Andsince Pr(X > 1) = g, then we have:

I-(-pP=o@-pi=l-2o@-pi=tol-p=s p=3
9 9 9 3 3

PrY>1)=1-Pr(Y¥<1)=1-Pr(Y =1) =1 - g(0)

-1-(Q)6) (-3) =1-() =1-g-q
0/\3 3 3 81 81
4. Let X; and X, are independent r.vs such that X; ~P(4) and X,~P(6),ifY = X;+X,
find the following:
Iv. The p.m.fof Y?
v. gy, and p,?
vVi. Pr(Y <1)?
Solution:
My (t) = E(e?) = E(et(X1+X2,)) = E(et®1 - etX2) = E(etX1) - E(eX2)
— p4lef-1) . p6(e'-1) — p4a(e’-1)+6(e‘-1) — p(4+6)(e~1) = p10(e"-1)

. Y~P(10)

C =012,

L fO) =

i. wu,=0f=10

e101
y!

e—10 100 e—10 101

Prif <1)=PrY=0)+Pr(Y=1)=f0)+f1) = T + 1
=e 10+ 10e710 = 11710
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5. Given X~P(2) find the value of (), if you Know that f(x) = - f(x — 1), x € N?

) e 1 10% e *10%1
Solution: X~P(1) = f(x) = ~ &f(x—1) = oy , then we have:
4
f(x) =;'f(x—1)
L S N L Oy VR SO
x!'  x (x—1)! x! x! B Q-1 B

6. LetX;~Nb(r;,p),i=12,-,n,showthat ), X;~Nb(Qi- 1i,p)?
Solution: letY = Y, X;

My (t) = E(ety) = E(etz?=1xi) = E(et(Xl'XZ"”'Xn)) = E(etX1 . ptX2 ...etXn)
= E(e™) E(e™2) - E(e™™) = My, (t) - M, (t) - My, (t)

- (1 — (1p— p)et>r1 . (1 — (lp— Io)et>r2 (1 — (1p— p)et)rn

p r1+1++r, p it
B (1 - (1- p)et> B (1 —(1- p)et>

n n
Y = le ~Nb (Zn,p)
i=1

=1

7. Let X~Nb(4,0.3), find the following:
iv. P.m.f of x?
V. M,(t),02,and u,?
vi. Lety = 4 + 5x, find o, and u,,?

Solution:

i =TT P -P)* = (*Y) (03)* (1-0.3)* = (*1°) (0.3)* (0.7)*

M0 = (= (1p— p)et)r ) (%>
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r(l—-p) 4-0.7 28
- - =2 - 9333
Ha » 03 3

r(l—p) 4-0.7 280
p2  (03)2 9

2

02 = =31.111

iii.
ny =E(y)=E(M4+5x)=E4)+E(5x)=4+5E(x)=4+5 -, =4+5-9.333
= 50.665

aj = var(y) = var(4 + 5x) = var(4) + var(5x) = 0 + 25var(x) = 25-31.111
=777.778

Solving Exercises (2)

1. Let X~u(0,1), use the transformation method to find the distribution of

y = —2In(x),then find y,, and gy ?

Solution: f(x) = ﬁ =1 a<x<b

Assuming that the space of X denoted by A and the space of Y denoted by B and are

defined as follows:
A={X;a<x<b}and B={YV;—0 < Z < o}

Y =u(x) = —2In(x) is (1 — 1) transformation maps A onto B

-y
X=u"1(y) =e2 is(1—1) transformation maps B onto A

d 1 =
1=l =7e7 =900 =raon U
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gy)=1- |7€ 2

Then Y distributed as Exponential distribution with parameter A = %

1
s Y~Exp (E)

2. Given that X;, X,, -+, X,, are independent random variables where
Xi~G (x;,B8), i=1,2,---,n,showthatY =Y, X;~G iz, «;,B)?

_X
Solution: X;~G (x;,B) = f(x) = xi e /B i=12,-,n

rﬁ“

My (t) = E(ety) = E(etz?=1xi) = E(et(Xl'XZ""'Xn)) = E(etX1 cetX2 ... etXn)
= E(e™) - E(e™?) - E(e™n) = My, (t) - My, (t) -+ My, (t)

= (1= pO™ - (1= f)™% - (1 = )™
= (1 — Bt)~Careetten) = (1 — Bt)~ Ziza%i

n n
=Y K~ (z . )
i=1 i=1

4. LetX~B(cx,B)andY = In (%) find My (t) ?

Solution: f(x) = £ x*~1 (1 - x)f1,0 <x < 1
«I'g

w0 = 5 (o550)) = 5 () ) = 5 ((25) )

_ [rp «—1 (1 _ 1
f(l—x)t (1—x)F1dx

Il
1
_ Fo(+t I—[')’—t F0(+ﬁ (<+t)—1 A B-H-1 _ F0(+t I-b—l
= X (1-x) dx = ———
Lelp ) Lee Tpe I I
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5. Let X be ar. v. that follow the Beta distribution, find the constant C in each

following cases:
) f(x)=Cx%(1—x)°?
i) f(x)=C(x—x2)%57?
Solution:
i, X~B(x,B) = f(x) = I’;(“—;’; 1 (1—x)F10<x<1

since f(x) = C x?(1 — x)°

I
—F:Jé x1(1—x)f1=Cx*(1—x)°

X—1=22x=3&[—-1=5=> =6

o Lep _ D 8  8x7X6

- - - = = 168
LIy L3I, 2!-5! 2

8. let Xy, X, -, X, are independent r. vs. where X;~ N(u;, 6?),i = 1,2,-++,n, show

thaty = X, X, ~N(Xh i, X 07) ?
Solution:

MY(t) = E(etY) = E(etZ:l:le) = E(et(Xl,Xz,”‘,Xn)) = E(etxl . etXZ ...etXn)
= E(e™1) - E(e™?) - E(e™m) = My, (t) - My, (t) - My, (t)

t? 5 t? 5 t? 5 t? 2. 2 2

— ot Ol | ptha+505 | Sthn+50R _ et(ﬂ1+ﬂ2+'“+ﬂn)+7(01+02+"'+Un)
n t?en 2
— et2i=1ﬂi+7zi=1 oi

n n n
LY =) Xi~N (Zui,Zaf)
i=1 i=1

i=1
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10. LetX~X2(n)and X + Y~X?(n + m), where X and Y are independent r. vs. use

m.g.f to find the distribution of Y ?
Solution: X~X?(n) = M,(t) = (1 — Zt)_z_n and since X + Y~X?(n + m), then
- n+m) -n-m -n -m
My @) =(1—-2t) 2 =0-2t) 2 =0-2t)2 -(1—-2t)2
= M, (¢t) - My(t)

AMy () =(1-26)F
Y~X2(m)

11. Let X~N(0,2), find E (xk/Z), where k is even positive number, then find E(X?%)?

2

Solution: X~N(0,2) = f(x) = \/%_n e 1, —00 < x < oo,

k k O
Ex/zzjx/z-—e4 dx
()= [

2dz

2
Letz=x7:>x2:4z=>x=2\/5:>dx=ﬁ:>dx \/_,thenwehave

%) , d )
E(e2) = = [ e 2o f Gy
Z
zk/z‘l k 1 k/z‘l -
- 177 0% dz = 2 -z g
\/E _[oZ e Z = J‘Z Z
2"/2
T VT i

Now, to find E(X?) =>§= 2ok =4
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4
2/ 22 4 4
EX)=-—T 1=—T — B=——=2
R A N A
E(Xz)zvar(x)+(E(x))2=2+0=2

-3
13. Let (t) bear.v.withpd.ff(t) = (1+3 ¢2) , find the value of (C) such that

the r. v. follows t distribution?
Solution: t~t(n — 1)

—(r+1)

1—'(r+1)/2 t2 2
t) = 14— ,—00 <t < oo
. 1 -3
Since f(t) =C (1 +2 tz) = r =5, then
1 , -3 ['(5+1)/2 +2 _(52+1)
C(1+—t> =—-<1+—>
5 V5m I, 5
2
Cll1+— =—— 1+ —
(1+5) ~@s, (5)
2
I 2! 2 8

Vs Iy, \/57%5/ \/—HS\/_ 3mV/5

14. Let= % , where W~N(0,1) and V~X2(2), show that (t2) has F distribution with
v
/2

parametersn, = l1and n, =27?

Solution: since w~N(0,1) = w?~X?(1), (by theorem (2))
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2

w
~ w2 ~ /1
Y Y/

t2~f(1,2), by the definition of f distribution

t? ,where w?~X?(1) & V~X?(2)

19. Let x4, x,, -+, x,, be random samples from G (, 8), show that X~G (n X, %) then
X) = %) = <&
show that E(X) =« g and var(X) = ——?

use Mx(t) = E (eff) =F (e%(xl,xz.---.xn))

Solution: if X~G(x,B) = My(t) = (1 —Bt)™%, t >%

_ t txy tx, | txy
M}(t) =F (etX) =E (eﬁ(xl+x2+-..+xn)) _E (e nlI nz' = )

X,  txp txn txq txy txn
:E(en -en--'en>=E<en)-E(en)~-E(en>

e 5 () 2

- —X

Solving of Exercises (3)

1. Letxq, x,,,x, bear.s. from distribution has p.d.f.

1 —x
—e 0
f(x,g)zge 0<x <000 <0l < oo
0 o.w
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Show that X = % * 1 x; is unbiased statistic for (6)?

Solution: since x~G(x, B),where x=1, f = 6 and E(x) =x 8 = 6, then

E(X)=E (%i xi> = %E (i xl-) = %E (; E(xl-)> = %E <; 9)

i=1 i=1

~ X is an unbiased statistic for 0.

2. Let y; <y, <y; be the order statistics of a r. s. of size 3 from the uniform

distribution having pdf. f(x,6) =5,0 < x < 6,0 < 6 < . Show

that (4y,), (2y,) and Gyg) are all unbiased statistics for (6) and find the

variance of each of these unbiased statistics?

Solution: n = 3

Y1 y
1 1 1 Y1
F(y,) = 5du=5-u| —5(3’1_0)—3
0
0

900 = Gy FO0) T (= FO) 1 f 0w

3!

0 2 Y1
g(yl)zﬁ(l:()ﬁ)) (1-FOn) 'f(Y1)=3(1—§)-
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6

— _ 3 Y1) 12 20

E(4y1)—4E(y1)—4f5y1(1—§) =g [ (1_7+92 iy,
0 0

6
=_2f y1 4 ZEy_f_nyerf?
0 to2 | =g\ 7 T35 T2
0

(92 26° 94>_12<92 20% 67

0

2 " 38 T262

=~ (4y,) is unbiased statistics for 0.

1 y|2=1 Vs
9 o

Y2
1
F(y,) =j5du=—-u
0

g(yz) = EIRT! (F(YZ)) (1 - F()’z)) f(y2)

o096 (5)-(-5) 5= (-5
0

6
2 5 3
E(2y,) = 2E(y,) =2f63’2 <&—y—2>d3’2 = 12J<y—2—y—2>dy2
0

62 @3 62 @3
0
3 a4\ 0 3 4
Y2 Y2 0 0
=12——-—— =12|——— | =46 — =
<392 493)(|) <392 493> 0 =30

= (2y,) is unbiased statistics for 6.

0
(v3) = (F( )" (1= F()° - f(r3) = —(ﬁ) 3
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3y2 1,0 1

4 4 4 .
(33/3) sE) =5 | ys—+ e dys ngyg dya—ggy 3| = —9 =0
0
0

G y3) 1s unbiased statistics for 0.

Now, to find the variance of (4y;).

o

0
E(4y,) =0 = 4E(y;) =0 = E(y1) =7

var(4y,) = 16 var(y,) = 16 (E(y ) — (E(Y1)) ) - 16 (9_2 _ 9_2>
10 16

862 — 50% 307
=16 —

80 5

Now, to find the variance of (2y,).
0

7]

2 3 4 4 5 6

st =09 = [0 (- ) (- )= 25 25)]
0 0

e 9+ 95 e 92 @2 _602_392
— \40%2 53] B B

0
E(2y;) =0 = 2E(y;) =6 = E(y;) =5
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Solving of Exercises
2 302 /6\* 30 67
var(2y) = 4var(v) = 4 (B0 - (E0)°) = 45— (5) )= #
10 2
4 602 — 502 _492 Gk
= 20 20 5

Now, to find the variance of G yg).

10 4

0
2

3y3 3 ( . 3
E(y)—E(y)—jyg FE dys—e—fygdyf@yg
0 0

o—
Il
Sa)
vl
Il
I
o)
N

4 4 3
E(37:)=0 > 5E0m) =02 E(;) =20

var <§y3) = g var(ys) = ?(E(ys?) - (E()’3))2) _ E(Egz _ <3 g>z>

9 \4 5

_16(39 99) 4(92 1692_92
9 \4 25 3 25 15

3. Letxy,xy, -+, x, bear.s. from P(6). Show that }1*, x; is a sufficient statistics for 6?

Solution: since (x4, x5, -

—6 xi
,x,)~P(8),then f(x;,0) = i =12,-,n.

n

n e_gexi e—eexl e—@gxz e—Gan
L(xl,xz,...,xn, 9) = Hf(xi, 9) = 1_[ — .
i=1

L] x;! xq! x5! Xp!

e—M0 92{;1 X;

n . 1
= W = (e_n092i=1xl) . ( - '>

i:1 xi.

Now applying The Factorization Theorem

L(x1'x2' X 9) = KI(T; 9) ’ KZ(xl'xZ; "';xn)

Ky (T,0) = e 0 gZiz i
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1

KZ(xlleJ "'an) = "—x'
i=1""L"

=~ Y4 X; is a sufficient statistics for 0.

4. Show that the (nt") order statistic of a r. s. of size n from the uniform distribution

having p.d.f. f(x, 8) =%,O < x < 0,0 < 6 < oo, issufficient statistic for (6)?

Solution: n = k

Yn J’nl . y
" Yn
F(Yn)=Judu=jEdu=5u(|) =
0 0
n! e -
R e T T GLS) M CRC) RV
_n(n—l)! Vi n—11_ n .
_W(F) g=gn

n n

1 1

L(xlleJ'“;xn; 9) = I_If(xl,g) = 1_[5 = ﬁ
i=1 i=1

Now, applying Fisher Neyman Theorem

1
L(x{, %5, ,%,,0 an 1 en 1
H(xl,xz,---,xn,9)= (1 2 n ): Hnn

Yn

n
9(yn, 6) -
& H(xq, x5, , x5, 0) dose not depend upon (8).

=y, Is sufficient statistic for ().

Solving of Exercises (4)

1. Letxq, xy -, x, bear.s. from P(8), find MLE estimator for Pr(x > 0)?

e~90%i
x;!
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Chapter Four Solving of Exercises

n
l—le“gQ"i e 99%1 e 09%2 -0

n
L(xl,xz,---,xn, 9) = l_lf(xb 9) =
i=1

=M=(e—n932?ﬂx1).< 1 )

n K n 1
i=1Xi: i=1Xi-

, x;! xq! x5! X!
=1

g0 gTit1 X . n
In(L) = In <"—x'> = In(e™) + In(92i=1%) — In (1_[ xl-!>

i=1 i

i=1
n n
= —nf + Z x; " In(0) — In(x;)
i=1 i=1
din(L) N 12":
Y
=1
o) _ +1z": ) 12": . 12”: 5_7
= = — —_ = = — . = — = — = =
30 n 7. X; 7. Xi=n - X;
i=1 i=1 i=1
e—e 0
Pr(x>0)=1-Pr(x<0)=1—-Pr(x=0)=1- =1—¢7"

MLE for Pr(x > 0) is given as:

Prix>0)=1—-ef=1—¢%
2. Letxy, x,, -+, x, bear.s. from the following p.d.f.

—(x=64)
f(x,91,92)=9—€ 92 ,91<x<00,—00<91<00,&0<62<00
2

Find the MLE for 8, and 6,?

Solution: to find MLE for 6., we have:
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n
L(Xl, X2, Xn, 01! 92) = l_lf(xb 911 92)

1 —(x1-601) 1 —(xp—61) 1 =(xn=61) 1 1

n 5 —
—e B —¢ 6 ..—p O =—¢f i=1(Xi=01)

We can't use the differentiation method because the range of (x) depend upon (6,), but
it is clear that (L) has maximum value at the largest value of (8,) which coincide with

the smallest value of (x). Hence, 8; = min(x;) the smallest order statistic of the
sample.

Now, to find the MLE for (8,).

ln<L>-zn<e n o8 B0 ):m(e;")ﬂn( 5o St Crim 1)>

n

= —nin(8) — 5 ¥ (x~ 6)

i=1

n
dln(L) —n+ 1 Z( 6.)
00 0, ezl

=1 =1 =1
02 1w 1w A
5= n| Q)2 8=1) X,

i=1 =1

«. B, is MLE estimator for 6,.

3. Letxy,x,, -, x, bear.s. from N(u,c?), find the moment estimator for u & o2?

Solution: M; = E(x') = E(x) =pand m, = % =X
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M1=m1':>‘[2=X

M, = E(x?) = var(x) + (E(x))2 =0?+p* > M, =0%+ (Y)z

— 1 1 —
M, =m, = g +(X)2 ——inz = g2 ——Exlz —(X)2
ni=1 i=1
1 n
—\2
0'2 =EZ(X1' —X)

4, Letxq, x,, -+, x, bear.s. from G(x, B), find the moment estimator for < & 5?

Solution: M; = E(x') = E(x) =x Band m; = % nox =X

K| I

Mi=m2xf=Xpf=

M, = E(x?) = var(x) + (E(x))2 =x B2 42 % =x B2(14+x)

n

M2=m2=>0<,632(1+oc)—ﬁzx ':>°C( ) (1+oc)—%2xi2

®) 14a) ix = (X)2+(X) Z%ix‘zw ()22 li ()
nR= ()_()2
% n1(xl X)

Asst. Prof. Dr. Ali T. M., Asst. Prof. Dr. Bayda A., & Asst. Prof. Alaa M.
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Solving Exercises (5)

1. Ifitis knownthatn = 17 is the size of r.s. from N(u, 0%) with X = 5.3, §% = 6.2,
Find 95% C.1. for both u & o2. The tabulated values are:
to.ozs(16) = 2.120,X24,:(16) = 28.8, X2 ,5(16) = 6.91.

Solution: n < 30

Find C.1I. for (1), when (a2) is unknown

We have 1—a=0.95:>a=0.05:>%=0.025 :>1—§=0.975

— — S
Pr(X—tg(n—l)- <u< X+tg(n—1)-—)=1—af
2 2

S
Vn—1 Vn—1

C.1.forbothu = X F ta(16) - S 5.3 F (2.120) -@ =53F1.32
z Vn—1 V16
C.1.for both u = (3.98,6.62)
Lower bound (CL = 3.98) and upper bound (CU = 6.62).
Now, we find C.1. for (¢2), when( ) is unknown.
(n—1) 52 , (m—-1)s? 1y

. <ol<——_
2 2

16)(6.2) ., (16)(6.2)
Pr( 288~ ~ 691

> = 0.95 = Pr(3.444 < 0% < 14.356) = 0.95

n—1S8%* (n—-1)S?

C.Iforo? =| —; —
2 2

= (3.444,14.356)

Lower bound (CL = 3.444) and upper bound (CU = 14.356)
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2. Given X = 18, is the mean of ar. s. of size 20 from N (u, 6%). Find 99% C.1I. for p if
it is known that Z; o5 = 2.58.

Solution: wehave 1 —a = 0.99 = a = 0.01 = % = 0.005

— o — o
Pr(X—Za-—<,u< X+Za-—)=1—a
2 Vn 7z \n

5 5
Pr (18 — (2.58) g <K< 18 + (2.58) '\/ﬁ) =0.99

= Pr(18 — 2.885 < u < 18 + 2.885) = 0.99
= Pr(15.115 < ¢ < 20.885) = 0.99

C.I for u = (15.115,20.885)
Lower bound (CL = 15.115) and upper bound (CU = 20.885).

3. Ar.s.of size 10 is drawn from N (u, 02). The values of individuals are 10.7, 12.6,
9.3,9.5,11.3,12.2,11.5, 11.1, 10.4 and 10.2. Find 95% C.I. for both u & o2,
t0.025(9) = 2.262, X§.975(9) =19 &Xg.ozs(g) =27

Solution: we haven < 30, 1 —a = 0.95 = a = 0.05 = % = 0.025 = % = 0.975

l

n

— 1 1

X = - X; = E(10.7 +12.64+93+95+11.3+ 122+ 115+ 11.1+10.4 + 10.2)
=1

_1088 oo
10 0 T
1¢ 1¢ 1¢ 1 1 1
—\ 2 — 2 — 2 — 2
§* = EZ(%‘ -X) = ;Z x;® — EZ(X) = ;Z X - gn(X) = ;Z xi? = (X)
i=1 i=1 i=1 i=1 i=1
1194.18
= EET 118.3744 = 119.418 — 118.3744 = 1.0436
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S =1.0216

Find C.I. for (1) when (a2)is unknown

_ S — S
Pr(X—ta- <u< X+ta- )=1—a
2 Vvn—1 # 2 vn—1

6 1.0216
Pr (10.88 — (2.262) - <pu< 10.88 + (2.262) T) = 0.95

1.0216 1.0216
<< 10.88 + (2.262) )

= Pr (10.88 —(2.262) -

= Pr(10.88 — 0.77 < u < 10.88 + 0.77) = 0.95
Pr(10.11 < u < 11.65) = 0.95
C.1foru=(10.11,11.65)
Lower bound (CL = 10.11) and upper bound (CU = 11.65).

Now, to find C.1I. for (¢2) when (w) is unknown

(n—1)S? Py (n—1) S?
Xlz_g(n - 1) Xi(n—1)
2

Pr

. ((9)(11.2436) s (9)(12..(;436)> _oos

Pr(0.4943 < 02 < 3.4787) = 0.95
C.1for 02 = (0.4943,3.4787)

Lower bound (CL = 0.4943) and upper bound (CU = 3.4787).

4. Two random samples each of size 10 from N (uy, 02) and N (u,, 02) yield X; = 4.8,
X, = 5.6, S? = 8.64, S = 7.88, find 95% for C.I. (u; — u,) if it’s known
t0.025(18) = 2.101
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Solution: we have ny,n, <30, 1 —a = 0.95 = a = 0.05 = % = 0.025

ng—1)S¢+(n,—1)S? 9-864+9-7.88
S§=(1 zin(zz )5 _ 5 =826 =S, = 2.874
1 2

C.Lfor (m—p2) = (X1 — X;) F t%(nl +ny;—2)-5, '\/1/711 + 1/n2

= (4.8—5.6) F2.101-2.874- |1/c

C.I for (u; — uy) = (—3.5,1.9)
Lower bound (CL = —3.5) and upper bound (CU = 1.9).

5. letxy,x,,, %0 b€ ar. s. from normal population from N(u,c2), let 0 < a < b,

show that the mathematical expectation of the length of random interval

i1 (x; — p)? ?zl(x; - M)Zl is (b — a) <n aZ)

b ' ab
Solution:
lenath (L) — ?=1(xi - ‘u)Z _ ?=1(xi - ‘u)Z _ bZ?zl(xi — ’Ll)z — aZ?zl(xi — ‘u)z
J b ab
_ (b—a) Xt (i —w)?
ab
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E(L)=E<< a)Z 1(xl u)) (b_a)E<Z(xl )

i=1

(b—a) \ 2 2
= A E z(xl —2xipu+u )
i?ll n n
= (baba)E (2 x? — Z,uz x; + ZM)
i=1 i=1 i=1

b— - b—
:( aba)E(inz—Znu2+nu2) ( aba) (inz—nuz)
(b—a) C 2 C 2 (b—a) 2 2
B aba (ZE(x")_Z”>: aba (Z(E(xi)—ﬂ)>
- ,\ G-, , no
=— (l=10>_ 2 (no*) = (b—a)< b)

Solving Exercises (6)

1. Letxq,xy, -+, x, be arandom sample from P(8). The critical region for testing
(HO: 0 = 1—10) against (Hl: 0 > 1—10) ISC = {x1, %9, , X, Dt X; = 1}
a. Find the power of the test K (6).

b. Find the level of significant (a).

-4 9)x

Solution: since X~P (), then f(x) = =

x=012,- &1>0

x!
x;i~P(A),i =1,2,---,n,thenlety = }I*, x; ~P(Xj=; 1) = P(nd)
K(0) = Pr(reject Hy | Hy is true) = Pr(xy, x5, , %, € C | Hy)

1 1
—Pr(y>1|9>10)—1—Pr(y<1|9> )—1—Pr(y=0)

10
. e 420 _ 4 1 g 1
=1- =1-e"0>—
0! 10
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a = Pr(Type I Error) = Pr(reject Hy | Hy is true)

1 1
—_— cee T — —_ > = —
Pr(xl,xz, , X, €C |0 10) Pr(y_1|9 10)

1
e 10 )0 1

1
= — = — = = — = — 10
Pr<y<1|0>10> 1-Pr(y=0)=1 ol 1—e

2. Consider a normal distribution N (6, 4). The simple hypothesis (Hy: 6 = 0) is

1

rejected and the alternative composite hypothesis (Hl: 0 = 1—0) Is accepted if and

only if the observed mean (X) of a random sample of size 25 is greater than or

equal to(g), find the power of the test. now that Z; ;915 = %

—1/x—p\>2
Solution: since X~N(,02) = f(x) = = e (7 ) ,—m <x < oo

_ X —
X~N(i,02) & X~N(u,% /n) & Z = 7 N

Vn

- 5(X —0)
> ——~N(01) = Z=———=~N(0,1)

NG

K(0) = Pr(reject Hy | Hy is true) = Pr(xq, Xy, , %X, € C | Hy)

sx-0)_5G-0) 1
2 - 2 ’ 10

=p ()_(>39—1>—P
-\ =5 1) T

=P (z>3_590—1>—13 (z>1)—1 P<Z<1)
—fT\e=T o VT 1) T T\ =32) T r 2

=1-10.6915 = 0.3085
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