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proof :
1) Since |f(1)| =0 forallr € [a, b] = | f||=0.
2) || fl=0< sup|f(6)|=0 <> |f(f) |=0 forall ¢ € [a, b]
tela h)

< f(f)=0foralls € [a,b] & f=0.
3) Letf e X, ae IR, then:
| of |l = sup{ | o/ (1) |: t & [a, b]}
=sup{[allf ()] te[ab]}
=la|sup{|[f(t)[:t<[a b]}
=lalllsl.
4 |If+gll=supt|(f+eht)|: t € [a,bl}=sup{ [ (f(t) + g (}|: t  [a, b]}
Ssup{ [/ +]g@®]:t € [a,b]}
<sup{ |f()]:te(ab]i+sup{|g@®|te[abl}=|/l+]gl
[6] Let X = C[a; b], and choose 1 < p < . Then (using the integral form of Minkowski's

inequality) we have the p-norm
b
1A= C[1rPye
[7] Let V be the set of Riemann-integrable functions f : (0; 1) — R which are square-

1
integrable. Let || £l = (J'If(x) [ dx)% <. Then V is a normed linear space.
o

Definition 1.15. A set C in a linear space is convex if for any two points x, y € C,

tx+ (1 -t)y e Cforallt e [0; 1].

Definition 1.16. A norm || . || is strictly convex if || x || = 1, || y || =1, || x+y || = 2 together imply
that x = y.

Definition 1.17. :If (X; || . [|x) and (Y || . ||v ) are normed linear spaces, then the product
XxY={(x»'\xeX;yeY}

is a linear space which may be made into a normed space in many different ways, a few of
which follow.

Example 1.18.

(17 1[0xe, p)lI= max {[| x [|x [[ 2 Iy }-
10

proof:
DI ) [| =0 > max{|| x [Ix, [| ¥ [I¥}=0 <> [ x [|x=0, [| ¥ [¥=0 <> x=0, y=0 <> (x, »)=0
2) let (x1,y1), (x2,2) € XxY , then
(e yn) + Ceay2)=(xit x, yit y2)
o *yrt p2)ll= max {ffxet xell vt yallv)y< max{|| xolseH] el yillv e+ v2lv)
< max{f| x| [ yrlly Hmaxt ] x2flx. | yaAv=ICxs yolHICx, y2)|

% € XxY and a €F, then

(o o) = maxt [jow|x, [log[v}= max {lee] [[xl]x, |t [lv}

=letf max {[fx(|x, [vllv}=lal [|Ix. »)ll

= 1p.
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proof:
DI Gep) | =0 > max{[[x [[x, [| ¥ [[v}=0 <> [| x [[x=0, [| ¥ [v=0 > x=0, =0 > (x, )=0
2) let (xp,y1), (x2,y2) € XxY , then
(xr.yn) + (eay2=( X0+ x2, yr+ y2)
| Cxrt xz, yot y2)|= max ] xot xzlfx ]| v yollv) y< max ] x| x| villy ] p2lv)
< max {|| x| yrlly FHmax ] xallx, | vl =[Cen yOlHICe, y2)l
3) let (x, ») € XxY and o €F, then
[l o, =N o, o)l = max{ [loce||x, flollv= max {lof [lxllx, o [y}
=Jotf max {[[x{|x, [DAlvi=lal |G, »Il
(2] HW. [IGes )= (el o+ (vl
Theorem 1.19. Every normed linear space is metric space.
proof:
let ( X, ||.|]) is a normed space. We define the function d: XxX — IR as:
d(x,y)=|x-y|| for all x,ye X, since this function satisfies all the conditions of metric :
Dlet x,yeX — x-yeX (since X is vector space) — || x-y || =0 — d(x, y) = 0.
2)d(x, ) =06 || x-y || =0 > x-y=0< x=y
3)d(x, y) =[xy | = |l y=x | = d(y, x)
4) letx,yzeX:
lx-y [ = | e=2)+ ) | < N x-z |1+ [ 29 || = dlx, y) S dlx, 2)+ d(z, y)
Remark : The converse may be not true, for example:
If X be a v.s., define d: X x X — IR as:

0 B
d(x’y)={2 i#i}

And define || . ||: X — IR as || x [|= d(x, 0)

(X, || . ||y fails to be normed space.

Since if x£0 — || x || = d(x, 0) =2

[[2x|=d(2x,0) = 2| || x || =2 > 2.2=2 > 4=2 C!

Definition 1.20.: Let X = (X || . ||x) be a normed linear space. A sequence of vectors (x5) in X

is said to convergent if:

11

JxeX st,Ve>0 Tk(e)eZ" st ||xa—x]<e Vn>k

And we say x is the convergent point for the sequence (x,,) and write x,—»x when n—o0, this

means x,—x <> || xs- x|| = 0. If (xn) not convergent is called divergent.

74

3= |[ X0 = yn || = || X0 yo |

'.21.: Let X be a normed space, ( x, ), ( y, ) be a sequence in X such that x,—xq,

> X0t Yo

|l = [ xoll
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FxeX st,Ve>0 Jk(e)eZ' st |w—x||<e Vn>k
And we say x is the convergent point for the sequence (x,) and write x,—x when n—0, this
means x,—x <> || x,- x|| = 0. If (x,) not convergent is called divergent.
Theorem 1.21.: Let X be a normed space, ( x, ), ( y» ) be a sequence in X such that x,—xo,
yn—>Y, then:
1- xntyn—>x02yo
2 | %[l = || xal|
3+ Ml xw =yl = Ml %o yo |
4- axy > axy  VaeF
Proof:
1- Since x,—xp, yn—>y, then:
ife>0
Jki(e) e Z" st || xp-x0]|<e/2,V n>ki(g)
Jka(e) € Z' sit. ||yw-yol||<e/2,Y n>kae)
Define ki(g)= max { ki(e).ka(g)}
Il Gent ym) = Geot yo) || = || xat 0 — 0= o || =|( - x0) + (3= yo )|
=l X xofl + 1| ya- yoll

<g/2+e/2=¢,V n>ksg)

= Xp+ Yn—> X0+ Vo
2- Since xu—x0 T.P. || xn || - || x0]] i.e. T.P. [||xa]| - || x0][| >0
By Theorem (1.13.)-4 : | || xa || - || x0|| | £ || X - x0]| ..... (1)

Since xp—x0—> || X0 -x0[| =0 .....(2)
By (1) & (2) we get: ||l x|l - || xoll | =0
Then | | - | x|
3= TP A[xu-yull = [l xo-yoll s ice. TP 0 = yu |l = || x0- yoll | 0
Since xp—x0 = ||xn—x0|| =0
& yrsyo = || yn—y0| >0
1[0 =y || = [ x0- yoll | < | xn - yn - x0+ yo|

< |l xn—xo[+ [y yoll
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= [l xn-yall- | xo-yo [0 = [[xn-3n || = || xo-yo|
4- [lootaaxxe][=l|e X —x0)[| = |a] || X —xd]|

since || xn-xo[ >0 where n—0 = ||axn-oxe| where n—ow = ox» — oo

? 222.: If the sequence (xx) is convergent in the normed space X then its convergent
74

suppose that x,—x and x,—y s.t.xzy andlet|[x-y||=e—> £>0
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