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Sol. 1-
1) d is real, finite & d=| x-y | =0

2) d(x,)=0 & | x-v | =0 > x-3=0 > x=y ¥ x yelR
3) dxy)= | x-y | = %) = | yx | = d(y, %) v x, yelR

Ydxy)=|xylF|x—z+z-y<|x—z|+|z—y|=d(x, z)td(z,y) Vx yzelR
Then (IR, d) is a metric space.

* A norm on a vector space is a way of measuring distance between vectors.

Definition 1.11.: A norm on a linear vector space V over F is a function || . || : V — R with
the properties that :

(D) [[x[|20 & || x || =0 «> x = 0 (positive definite);

@) || x+yl|<|x]|+]y]| forallx, y € V (triangle inequality);

(3) |lox|| = |ex| |Ix|| for all x € V and a.eF.

In Definition 1.11(3) we are assuming that F is R or C and | . | denotes the usual absolute

value. If ||. || is a function with properties (2) and (3) only it is called a semi-norm.
Definition 1.12. A normed linear space is a linear space V with a norm || . || (sometimes we
write || . [|v ).

Theorem 1.13. If V is a normed space then:
D[ 0]=0
2) |[x|| =] -x|| for every xeV.
3) || 2=y || = || y-x || for every xe V.
A [Ix] -y II£] x|l for every xeV.
Proof :
Properties (1), (2) and (3) conclude directly from the definition, to prove property (4):

x=(xep )ty

Ixl =Nty <llxp+ly = 0xl-lyl<lx-yll -...(1)
Similarly:

(RS BB

Cx -y leyl = ix -1y z- eyl -2

7

From (1) & (2), we get:
Alxylislix-My =yl = Hx -1y is

Examples 1.14.:- [H.W.6,7]

“actor space V is normed v.s. with the norm || x || = | x| for all xe V.

% Hx|Z0- x| =0.

=0 |x|=0cx=0

3) LetxeV, oeF | then




v:¢3 Il oY =l
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From (1) & (2), we get:
ALyl lix -y < lxy = el -1y l< eyl
Examples 1.14.:- [H.W.6,7]
[1] The vector space V is normed v.s. with the norm || x || =| x| for all xe V.
Proof.
1) Since |x [0 x|=0.
2) | x||=0¢|x|=0x=0
3) LetxeV, aeF, then
oo || =J oo |[=laf[x|=]al]x]
4) Letx,yeV, then:
I x+yll=lxty[<lx[+[y[=]x[+]y]
[2] Let V = R" with the usual Euclidean norm

xll=lxl2=Clx )
=]
proof:
1) Since x* 2 0forall j=1,2,..n = || x ]| =0

2) [[xll=06 G x,H)*=06 3 |x, =0
J=1 J=l

> xj=0forall j=1,2....n > x, =0forall j=1.2....n <> x=0
3) LetxelR", o € IR:

oax = (x1, ..., xn) = (0x1, ..., OLXn)

lhox Il = (Xlax, )= e L, "= el x|l

el =

4) Letx,yelR™

X+ y=(xs, o, xn) Hn o, Ye) =Xty Xt Yn)

[ty ll= Xl +y, )

I=]

By using MinKowski's inquality where p=2, we have:
x4y 1=l + 2, Y2 <l Y2+ Y2 S x|+
i=l i=l i=l

€re are many other norms on , calle e p-norms. For | < p <o define B
3] Th y oth R", called the p For | < p <= defined by

a
V‘,' X ‘P)”P

?/ s anorm on V ( to check the triangle inequality use MinKowski's Inequality)
D
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[3] There are many other norms on R", called the p-norms. For 1 < p <o defined by:

lxll= G Jx, 1M

Vel

Then || . ||p is a norm on V ( to check the triangle inequality use MinKowski's Inequality)

Qolx, +y, 1N < Oolx, 1N+ y, 1)
J=t J=l J=l

[4] There is another norm corresponding to p = oo, defined by:

1l = max{| x, I

< j<n

where || . |: IR" > IR and x = (xi, ..., x»).
proof:

1) Since |xi| >0 foralli=l, ..., n— | x| =0.

2) [lx]|= 0 <> max {[xi], ..., | x [}=0 <> | xi| = 0 forall i=1, ...

o e x=0
3) Letx € IR” and & € IR, then

< xi =0 foralli=1, .

ox =l X1, ..., X)) = (01, ...y QX))

[ ox || = max {[oxi], .

oo oo [}
=max {|o||xi|,...,[o||xa]}
=lofmax {{xi] ... %[}

=lolllx|l
4) Letx, y € IR"
xAy=(x1, 0 x) (v ) =0 )
[lx ¥l = max { | xityl, ..oy [ xotyn|
smax { x|+ [yl ooy [0 [H yn |}
smax { | xf, ..., [xa | }+ max { |y, .

oyl
=Nl +

[5] Let X = C[a; b], and put || f|| = sup | £(¢)|. This is called the uniform or supremum norm.
telab]

proof:
1) Since | f(#)| =0 forallf € [a, b] = | f||=0.
2) I/11=0<> sup | f®)[=0 <> [ /(1) |=0 forall ¢ € [a, b]
tefah]

1) =0foralls e [a,b] & /=0
? e X, ae IR, then:
Z 2N
(=supt |af (1) |: t € [a, b]}
=sup{ |allf(0)]:t < [a b]}
=l |sup{|f(t)]:t € [a, b]}



