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= [l xn-yall- 1 xe-yo [ =0 = [[xn -3 || = || xo-yo |
4- JJotaaxxo][={|e X —x0)[| = |a] || X —xdl|

since || xn-xs| >0 where n—00 = ||axn-oxe| where n—ow = oxs — oo

Theorem 1.22.: If the sequence (xa) is convergent in the normed space X then its convergent
point is unique.
proof:
suppose that x,—x and x,—y s.t.xzy andlet|[x-y||=e¢—> £>0
since xr—>x = JkieZ st ||x—x||<e2 , Vn>ki
and x,—~y = 3keZ'st || x,—y|<e2 , Vn>k
put k=max{ ki, ka}. Then || x, —x||<&/2 , ||x.—)||<e2 Vn>k
=[xy [|=1 G- xn) + G =3 ([ S 1| (nx) [ +]] xn—p) || < &/2 +e/2=¢ !
and this contradiction then x=y,
Definition 1.23. A sequence (xy) in a normed space X is a Cauchy convergent sequence if:
Ve>0 Jk(e) €eZ' such that || x,-xm|| <& Vnm>k(e)
Theorem 1.24.: Every convergent sequence 1s a Cauchy convergent sequence.
proof:
Suppose that (xx) is a convergent sequence in the normed space X, then 3 xeX s.t. xp—x
Let £>0, since x,—x = JkeZ" st ||x,—x || <e/2 Vn>k
If n,m =k then || x, - xm ||=]] (0 =x)H(x- X I || X0 =] H]| X- Xm ||< €/2+€/2=¢
Then (x,) is a Cauchy sequence.
Remark:
The converse to above theorem may not be true. For example:
Let X=IR-{0}, (x») =( I/n)
(xx) Cauchy convergent sequence in IR
Since IR complete = (x») = ( 1/n ) — 0 convergent in IR
But (x,) not convergent in IR-{0} , since 0 ¢ IR-{0}.
Definition 1.25.: Let X be a normed space, xpe X, a function f is said to be continuous at xo
if:
WV e>0,38(xa €)>0s.t. || fix) — flxg) || < € whenever || x - xp|| <& .
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Theorem 1.26. : Let X, Y be two Normed space, a function /: X — Y continuous at xp € X iff
for each sequence (x,) in X such that x, — xg, then fix,) — flxo).
Definition 1.27.: Let X be a normed space, a function f: X — IR is called bounded if:
IM>0s.t || flx) [ =M, Vx eX.
Definition 1.28.: Let (x,) be a sequence in a normed space X, say (x,) is bounded sequence in
>0s.t || x| <M, YneZ'.
?/ :29.: If (x,) is Cauchy convergent sequence in a normed space X then it is bounded.
)

a Cauchy sequence in X

Giveng=1, I keZ' st. || xn—xm || < 1, Vi, m > k.
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Theorem 1.26. : Let X, Y be two Normed space, a function f: X — Y continuous at xo X iff
for each sequence (x;) in X such that x, — xg, then fix,) — flxo).
Definition 1.27.: Let X be a normed space, a function f: X — IR is called bounded if:
IM>0st || fx) [[ =M, Vx eX.
Definition 1.28.: Let (x,) be a sequence in a normed space X, say (x,) is bounded sequence in
Xif:IM>0st || x| =M, VneZ'.
Theorem 1.29.: If (x,) is Cauchy convergent sequence in a normed space X then it is bounded.
proof:
Let (x») be a Cauchy sequence in X
Given g=1, IkeZ" s.t. || xn—xu || < 1, Vo, m > k.
Let m = k+1 = || x0 — k1 || <1
Since | || xal| = || xx1 [ [ S | X —xp1 | <1
= xall = (| Xk [ | < U= || oenl| < 1A+ || 2w ||, Y=k
Put M =max { || x|, [| x2|l, ..., || xkll, [ xktl[} = [|xa || <M, VneZ".
Theorem1.30. : Every convergent sequence in the normed space X is bounded.
proof:
Let (xn) be a convergent sequence in X = (x») a Cauchy convergent sequence in X (by 1.24)
= () bounded (by 1.29).
Definition 1.31. : Let X is a normed space, xpe X, r >0, define:
1) Bixo)={ xeX:||x-xo|| <r} is called open ball of center xo and radius r.
2) Dixo)={ xeX: || x - xo || <r} is called closed ball of center xp and radius r.
3) Bi(0)={ xeX: || x| <1} is called open unite of center 0 and radius 1.

4) Di(0)={ xeX: || x| <1} is called closed unite of center 0 and radius 1.

Definition 1.32.: Let||. |1, || . |2 be two norms on vector space X, || . || is said to be equivalent
toll.Jl2(l[- |1~ . |l2) if there exist a and b positive real numbers such that:
all- 2=l h=bi-l

Example: Let X=IR",
Ix]1= 3%, ¥xeIR”
i=l
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1
Lo
[ x[le=3Ix [, VxelR”
iml

Then || x|~ [| x [|e

no Lo 1
?/ Y, Vx, yie IR ( by using Cauchy — Schwars inquality)
p) =1

i=12,...,n

n n 1 a1
= Y < G’
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1
" 2
Ix[le=¥Ix* , VxelR"

i=l
Then [[x ||~ |l x e
proof:

P ] L oa L

Ylxy =D L Yx pie IR ( by using Cauchy — Schwars inquality)
i=l i=l i=1
Puty=1,Vi=1,2,....,n

= Yy X

f=1
Il <lxlle. vn
‘ ; 1
— x| = || x [l iLe.a= —=)....(1
‘/;” =1l ( JE) (1)
But|[x[e<|x]|  (ie b=1)
From (1) & (2), we have:

1
—l x| =l x fle = ][ ]
J;H =11 fle < I x|

Then [ x ||~ x [l
Theorem 1.33.: On a finite dimensional normed space, all norms are equivalent.
Examples:

1- X=IR%, || . |[es || - []2s || - ||s are equivalent.

2- X=1IR" || . |les || - ]Iz, || - ||3 are equivalent.
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Chapter Two: Banach spaces
Definition 2.1. A normed linear space X is said to be complete if all Cauchy convergent

sequences in X are convergent in X. The complete normed space is called Banach space.
Examples 2.2.
n L
ace F" with the norm || x || = (3| x,[*)?, Vx=(x1.x2...,x,) € F"is a Banach space.
=1
? is a normed space ,
Cauchy sequence in F" = xn€ F"' = Xu=(X1m.X2m, ....Xnm)

ceve v =>3keZ" st |xwx||<e  VYml>k

= || xw-xi]* <€ Vm.l>k (1
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Chapter Two: Banach spaces

Definition 2.1. A normed linear space X is said to be complete if all Cauchy convergent

sequences in X are convergent in X. The complete normed space is called Banach space.

Examples 2.2.

] B
[1] The space F” with the norm || x || = (3| x,[*)?, Vx=(x1.x2....,x,) € F" is a Banach space.

=
Proof': F" is a normed space ,

let { x,} is Cauchy sequence in F" = xue F"= Xu=(xX1mX2m, ... Xnm)
lete>0= 3 keZ' st |lxpx|<e VYml>k

= | xwex? <€ Vmil>k (D

X = X0 = (XIm=X11 ,X2mX21 , ..., Xnm=Xnl)

.
% = 35 - 3, )

i=l

from (1) & (2) , we get:

2|xm—x,, F<g? v mlzk

=
then

| Xim= xi? < €2 Vmlzk = | xm-xi| <€ Y ml=k
= Vi, {xin} is a Cauchy sequence in F

Since F is complete ( because F is IR or C)

= Vi, dxie Fs.t. xpm—> x;

Put x=(x1x2, ... ,.xa) = xeF |, T.P. xu—>x.

Lete>0,V m>k, we get:
| x| * = i\ X, ~X <& =|xw-x| <& VYm>k = {xa} convergent = F" is complete
i=l
Since F" is normed space = F" is a Banach space
|2] H.W. The space /(1< p < o ) with the norm || x || = (il X, \")'I‘T,x= (x,x,,..)el” ,isa
=

Banach space.
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|3] The space /” with the norm || x || = sup; | x; | is a Banach space.
Proof:
/”is a normed space
Let { x» } is a Cauchy sequence in I" = Xn € I" = x,= (x/m.X2m, ... Xom, ...)
Jke Z" st

?/ e, Ymi>k o (1
D

= XUl ey XnmeXnl,...)

= supi | ximexa | (2)
From (1) and (2), we have:




