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Chapter 5\The continuity 

  In this chapter, we recall the definition of continuity in of a function define on a 

metric space into another one and some its properties. 

Definition 

Let (𝑋, 𝑑1) 𝑎𝑛𝑑 (𝑌, 𝑑2) be two metric spaces. Suppose that 𝑆 ⊆ 𝑋, 𝑝 ∈ 𝑆 

 𝑎𝑛𝑑 𝑓: 𝑆 → 𝑌. We say that 𝑓 continuous at 𝑥 = 𝑝 𝑖𝑓𝑓 ∀𝜀 > 0, ∃𝛿 > 0 ∋

𝑑2(𝑓(𝑥), 𝑓(𝑝)) < 𝜀 whenever 𝑑1(𝑥, 𝑝) < 𝛿. 

 If 𝑓 is continuous at x,∀𝑥 ∈ 𝑆 then 𝑓 is continuous on S. 

Notation  

By definition, if 𝑓 continuous at 𝑝, then:-  

1.∀𝑥 ∈ 𝑆, 𝑑1(𝑥, 𝑝) < 𝛿 ⇨ 𝑥 ∈ 𝐵(𝑝, 𝛿)  

                                     ⇨ 𝑓(𝑥) ∈ 𝑓(𝐵(𝑝, 𝛿)) 

2.∀𝜀 > 0, 𝑑2(𝑓(𝑥), 𝑓(𝑝)) < 𝜀 ⇨ 𝑓(𝑥) ∈ 𝐵(𝑓(𝑝), 𝜀) 

                                                     ⇨𝑓(𝐵(𝑝, 𝛿)) ⊆ 𝐵(𝑓(𝑝), 𝜀) 

By 1 and 2 ⇒ 

𝑓𝑖𝑠 continuous at 𝑥 = 𝑝 ⇔ ∀𝜀 > 0, ∃𝛿 > 0 ∋ 𝑓(𝐵(𝑝, 𝛿)) ⊆ 𝐵(𝑓(𝑝), 𝜀) 

 

Examples 

Prove that 𝑓: 𝑅 → 𝑅, 𝑓(𝑥) = 𝑥2 𝑖𝑠 𝑐𝑜𝑛𝑡. ∀𝑥 ∈ 𝑋, 𝑋 = 𝑌 = 𝑅, 𝑑1 = 𝑑2 = |𝑥 − 𝑦|. 

Solution 
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Let 𝜀 > 0and  𝑝 ∈ 𝑅 to prove that 𝑓 continuous at 𝑥 = 𝑝? 

To find 𝛿 > 0 ∋ |𝑓(𝑥) − 𝑓(𝑝)| < 𝜀 𝑖𝑓 |𝑥 − 𝑝| < 𝛿. Start with 

|𝑓(𝑥) − 𝑓(𝑝)| = |𝑥2 − 𝑝2| 

= |(𝑥 − 𝑝)(𝑥 + 𝑝)| 

= |𝑥 − 𝑝||𝑥 + 𝑝| 

                                                          ≤ |𝑥 − 𝑝|(|x| + |p|)        … (1) 

since ||𝑥| − |𝑝|| ≤ |x − 𝑝| < 𝛿, then ||𝑥| − |𝑝|| < 𝛿 

⇒ −𝛿 < |𝑥| − |𝑝| < 𝛿 ⇒ |𝑥| − |𝑝| < 𝛿 

⇒ |𝑥| < 𝛿 + |𝑝| … (2) 

Substitution (2) in (1) 

|𝑓(𝑥) − 𝑓(𝑝)| ≤ |𝑥 − 𝑝|(|x| + |p|) 

< |𝑥 − 𝑝|(|𝑝| + |𝑝| + 𝛿) 

< 𝛿(2|𝑝| + 𝛿) 

 ≤ 𝛿(2|𝑝| + 1)       (since 0<δ<1) 

Choose 𝛿 = 𝑚𝑖𝑛 {1,
𝜀

2|𝑝|+1
} 

⇒|𝑓(𝑥) − 𝑓(𝑝)| <
𝜀

2|𝑝|+1
∙ (2|𝑝| + 1) = 𝜀  

∴ 𝑓 is continuous at 𝑥 = 𝑝       ∀𝑝 ∈ 𝑅 ⇒ 𝑓continuous on 𝑅. 

 

Exercise  

1. 𝐿𝑒𝑡 𝑓: 𝑅 → 𝑅 ∋ 𝑓(𝑥) = 𝑥2. Prove that 𝑓 𝑐𝑜𝑛𝑡𝑠. 𝑎𝑡 𝑥 = 3(𝑏𝑦 𝑑𝑒𝑓. )? 

 2. 𝐿𝑒𝑡 𝑓: 𝑅 → 𝑅 ∋ 𝑓(𝑥) = {
𝑥𝑠𝑖𝑛 (

1

𝑥
)     𝑖𝑓 𝑥 ≠ 0

0                 𝑖𝑓 𝑥 = 0 
. 𝑃𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑓 𝑐𝑜𝑛𝑡𝑠. 𝑎𝑡 
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 𝑥 = 0(𝑏𝑦 𝑑𝑒𝑓. )? 

3. 𝑓(𝑥) = {
𝑥𝑠𝑖𝑛 (

1

𝑥
)   , 𝑖𝑓𝑥 ≠ 0

0         , 𝑖𝑓 𝑥 = 0
 Show that f cont. at x= 0. 

𝑖𝑓|𝑥 − 𝑎| < 𝛿 𝑡ℎ𝑒𝑛 |𝑓(𝑥) − 𝑓(0)| = |𝑥𝑠𝑖𝑛 (
1

𝑥
) − 0| ≤ |𝑥| < 𝛿 = 𝜀, 𝑡𝑎𝑘𝑒 𝛿 = 𝜀 

4. 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑓 𝑐𝑜𝑛𝑡. 𝑎𝑡 𝑥 = 1, 𝑤ℎ𝑒𝑟𝑒 𝑓(𝑥) = 𝑥2 − 5𝑥 + 7 

𝑖𝑓|𝑥 − 1| < 𝛿    𝑡ℎ𝑒𝑛 |𝑓(𝑥) − 𝑓(1)| = |𝑥2 − 5𝑥 + 7 − 3| 

                                                                   = |𝑥2 − 5𝑥 + 4| 

                                                                   ≤ |𝑥 − 1|2 + 3|𝑥 − 1| 

                                       < |𝑥 − 1| + 3|𝑥 − 1|,       𝑐ℎ𝑜𝑜𝑠𝑒 0 < 𝛿 < 1 

                                                                                        → |𝑥 − 1| < 𝛿  

                                                                                         → |𝑥 − 1|2 

= 4|𝑥 − 1| 

                                                                 < 4𝛿     , 𝑡𝑎𝑘𝑒 𝛿 =
𝜀

4
 

5. If 𝑓: 𝑅 → 𝑅 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 |𝑓(𝑥)| ≤ 𝑀|𝑥|, ∀𝑥 ∈ 𝑅 𝑎𝑛𝑑 𝑀 𝑖𝑠 𝑓𝑖𝑥𝑒𝑑. 𝑆ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑓 𝑖𝑠 

𝑐𝑜𝑛𝑡. 𝑎𝑡 0. 

𝐼𝑓 |𝑥 − 0| < 𝛿 𝑡ℎ𝑒𝑛 |𝑓(0)| ≤ 𝑀|0| → 𝑓(0) = 0 

|𝑓(𝑥) − 𝑓(0)| ≤ 𝑀|𝑥| ≤ 𝛿 < 𝜀    , 𝑡𝑎𝑘𝑒 𝛿 =
𝜀

𝑀
 

 

 

Theorem (1) 

Let (𝑋, 𝑑1) 𝑎𝑛𝑑 (𝑌, 𝑑2) are two metric spaces 𝑓: 𝑋 → 𝑌 𝑏𝑒 function, then:- 

𝑓 is continuous at 𝑝 ∈ 𝑋 ⇔ lim
𝑛→∞

𝑓(𝑥𝑛) = 𝑓(𝑝), for each seqence 〈𝑥𝑛〉𝑖𝑛 𝑋 
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 where 𝑥𝑛 → 𝑝 

Proof  

(⇒)𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑡ℎ𝑎𝑡 𝑓 𝑖𝑠 𝑐𝑜𝑛𝑡. 𝑎𝑡 𝑝 𝑎𝑛𝑑 〈𝑥𝑛〉 𝑠𝑒𝑞. 𝑖𝑛 𝑋 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑥𝑛 → 𝑝 

lim
𝑛→∞

𝑓(𝑥𝑛) = 𝑓(𝑝)? 

𝑖. 𝑒. , to prove that ∃𝑘 ∈ 𝑁 ∋ 𝑑2(𝑓(𝑥𝑛), 𝑓(𝑝)) < 𝜀    ∀𝑛 > 𝑘? 

since 𝑓 is cont. at 𝑝 , then ∀𝜀 > 0 ∃𝑘 ∈ 𝑁 ∋ 𝑑2(𝑓(𝑥𝑛), 𝑓(𝑝)) < 𝜀.  

[by hypothesis] 

Now, 𝑖𝑓 𝑑1(𝑥, 𝑝) < 𝛿, ∀𝑥. And,  Since 𝑥𝑛 → 𝑝 

then ∃𝑘 ∈ 𝑁 ∋ 𝑑1(𝑥𝑛, 𝑝) < 𝛿    ∀𝑛 > 𝑘 

𝑆𝑖𝑛𝑐𝑒 𝑓 𝑖s cont. ⇒ at this 𝑘 we get:  

𝑑2(𝑓(𝑥𝑛), 𝑓(𝑝)) < 𝜀   ∀𝑛 > 𝑘 ⇒ lim
𝑛→∞

𝑓(𝑥𝑛) = 𝑓(𝑝) 

(⇐) 

Suppose that 𝑓(𝑥𝑛) → 𝑓(𝑝)𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑥𝑛 → 𝑝. To prove that 𝑓 is cont. at 𝑝? 

If not, mean, we suppose that 𝑓 is not cont. at 𝑝. Given 𝜀 > 0 

⇒ ∃𝑥 ∈ 𝑋 ∋ 𝑑2(𝑓(𝑥), 𝑓(𝑝)) ≥ 𝜀  and  𝑑1(𝑥, 𝑝) < 𝛿    

𝑐ℎ𝑜𝑜𝑠𝑒 𝛿1 = 1 ⇒ ∃𝑥1 ∈ 𝑋 ∋ 𝑑2(𝑓(𝑥1), 𝑓(𝑝)) ≥ 𝜀 and   𝑑1(𝑥1, 𝑝) < 𝛿1 = 1 

𝑐ℎ𝑜𝑜𝑠𝑒 𝛿2 =
1

2
⇒ ∃𝑥2 ∈ 𝑋 ∋ 𝑑2(𝑓(𝑥2), 𝑓(𝑝)) ≥ 𝜀 and   𝑑1(𝑥2, 𝑝) < 𝛿2 =

1

2
 

𝑐ℎ𝑜𝑜𝑠𝑒 𝛿3 =
1

3
⇒ ∃𝑥3 ∈ 𝑋 ∋ 𝑑2(𝑓(𝑥3), 𝑓(𝑝)) ≥ 𝜀 and   𝑑1(𝑥3, 𝑝) < 𝛿3 =

1

3
 

. 

. 

𝑐ℎ𝑜𝑜𝑠𝑒 𝛿𝑛 =
1

𝑛
⇒ ∃𝑥𝑛 ∈ 𝑋 ∋ 𝑑2(𝑓(𝑥𝑛), 𝑓(𝑝)) ≥ 𝜀 and   𝑑1(𝑥𝑛, 𝑝) < 𝛿𝑛 =

1

𝑛
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𝑠𝑖𝑛𝑐𝑒 
1

𝑛
→ 0 𝑎𝑠 𝑛 → ∞ ⇒ 𝑑1(𝑥𝑛, 𝑝) <

1

𝑛
→ 0 

⇒〈𝑥𝑛〉 → 𝑝, but 𝑑2(𝑓(𝑥𝑛), 𝑓(𝑝)) ≥ 𝜀 ⇒ 〈𝑓(𝑥𝑛)〉 doesnot  convergent to 𝑓(𝑝) 

⇒ 𝐶! 

⇒𝑓 𝑐𝑜𝑛𝑡. 𝑎𝑡 𝑝. 

 

Examples  

1. Let 𝑓: 𝑅 → 𝑅 ∋ 𝑓(𝑥) = {

1  𝑖𝑓 𝑥 > 0
0  𝑖𝑓 𝑥 = 0

−1  𝑖𝑓 𝑥 < 0
 

Use Theorem (1)to prove that 𝑓 is not cont. at p=0? 

Solution: let 〈𝑥𝑛〉 = 〈
1

𝑛
〉 ⇒

1

𝑛
→ 0 𝑎𝑠 𝑛 → ∞ ⇒ 

∀𝑛, 𝑓(𝑥𝑛) = 𝑓 (
1

𝑛
) = 1 ⇒ 𝑓(𝑥𝑛) = 𝑓 (

1

𝑛
) = 1,1,1, … converges to 1 ≠ 𝑓(0) = 0 

∴ 𝑏𝑦 𝑇ℎ. (1) 𝑓 is not conts. at 𝑝 = 0 

 

2. Let 𝑓: [𝑎, 𝑏] → 𝑅 ∋ 𝑓(𝑥) = {
1  𝑖𝑓 𝑥 ∈ 𝑄′

2  𝑖𝑓 𝑥 ∈ 𝑄
 

Use Th. (1) to prove that 𝑓 is not cont. ? 

Solution:  let 𝑝 ∈ [𝑎, 𝑏] ⇒ 𝑝 ∈ 𝑄 𝑜𝑟 𝑝 ∈ 𝑄′ 

𝒊. 𝑖𝑓 𝑝 ∈ 𝑄 𝑠ince(between any two reals there are infinetly rationals and 

irrationals) 

and (for every real p other is rational(or irrational) a irrational (or rational) 

sequence converges to 𝑝) 

⇒there is an irrational seq. 〈𝑥𝑛〉and 𝑥𝑛 → 𝑝 

⇒ 𝑓(𝑥𝑛) = 2 ⇒ 〈𝑓(𝑥𝑛)〉 = 2,2,2, … 𝑐𝑜𝑛𝑣. 𝑡𝑜 2 ≠ 𝑓(𝑝) = 1 
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So, by Th. (2) ⇒ 𝑓is not cont. at 𝑝, ∀𝑝 ∋ 𝑝 ∈ 𝑄. 

 

𝒊𝒊. 𝑖𝑓 𝑝 ∈ 𝑄′ 

𝑏y similar way we can show that 𝑓 is not conts. at 𝑝, ∀𝑝 ∋ 𝑝 ∈ 𝑄′ 

Then 𝑓 is not cont. at 𝑝, ∀𝑝 ∋ 𝑝 ∈ [𝑎, 𝑏].  

 

Theorem (2) 

Let (𝑋, 𝑑1) 𝑎𝑛𝑑 (𝑌, 𝑑2) are two metric spaces 𝑓: 𝑋 → 𝑌 𝑏𝑒 a function, then:- 

𝑓 continuous on 𝑋 ⟺ 𝑓−1(𝑉) is open set in 𝑋, ∀𝑉 is open set in 𝑌 

Proof(⇒)Suppose that 𝑓 is cont. on 𝑋. Let 𝑉 be open set in 𝑌. To prove that 

 𝑓−1(𝑉) is open in 𝑋? 

let 𝑥 ∈ 𝑓−1(𝑉) ⇒ 𝑓(𝑥) ∈ 𝑉. Since 𝑉 is open set [by hypothesis] 

⇒ ∃𝜀 > 0 ∋ 𝐵(𝑓(𝑥), 𝜀) ⊂ 𝑉 

Since 𝑓 is cont. on 𝑋 ⇒ ∃𝛿 > 0 ∋ 𝑓(𝐵(𝑥, 𝛿)) ⊂ 𝐵(𝑓(𝑥), 𝜀) ⊂ 𝑉

⇒ 𝑓−1(𝑓(𝐵(𝑥, 𝛿) )) ⊂ 𝑓−1(𝑉) 

⇒ 𝐵(𝑥, 𝛿) ⊂ 𝑓−1(𝑉).This is true for all 𝑥 ∈ 𝑓−1(𝑉) ⇒ 𝑓−1(𝑉) is open set 

(⇐)Suppose that 𝑓−1(𝑉)is open set in 𝑋, for each 𝑉 be open set in 𝑌. 

 To prove that 𝑓 is cont. on 𝑋? 

Let  𝜀 > 0, 𝑥 ∈ 𝑋 ⇒ 𝐵(𝑓(𝑥), 𝜀) is open set in 𝑌 (every ball is open set) 

⇒ 𝑓−1(𝐵(𝑓(𝑥), 𝜀))is open set in X[by hyp.] 

⇒ ∀𝑥 ∈ 𝑓−1(𝐵(𝑓(𝑥), 𝜀)) ⇒ ∃𝛿 > 0 ∋ 𝐵(𝑥, 𝛿) ⊂ 𝑓−1(𝐵(𝑓(𝑥), 𝜀))By def. of open 

set 

⇒∃𝛿 > 0 ∋ 𝑓(𝐵(𝑥, 𝛿)) ⊂ 𝐵(𝑓(𝑥), 𝜀) 

⇒ 𝑓(𝐵(𝑥, 𝛿)) ⊂ 𝐵(𝑓(𝑥), 𝜀) ⇒ 𝑓 is cont.at x and this true for all 𝑥 ∈ 𝑋 (by 

Remark) 



 

111 
 

⇒ 𝑓 is conts.on 𝑋. 

Examples  

1. Let 𝑓: 𝑅 → 𝑅 ∋ 𝑓(𝑥) = 𝑥2, 𝑢𝑠𝑒 𝑇ℎ. (2) 𝑡𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑓 𝑖𝑠 𝑐𝑜𝑛𝑡. 𝑜𝑛 𝑅? 

Solution  

𝑙𝑒𝑡 𝑉 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 𝑖𝑛 𝑅 ⇒ 𝑉 = (𝑎, 𝑏), 𝑡ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 𝑡ℎ𝑟𝑒𝑒 𝑐𝑎𝑠𝑒𝑠: 

𝑖. 𝑖𝑓 𝑎, 𝑏 > 0 ⇒ 𝑓−1(𝑉) = (√𝑎, √𝑏) ∪ (−√𝑏, −√𝑎)𝑜𝑝𝑒𝑛 ⇒ 𝑓−1(𝑉)𝑖𝑠 𝑜𝑝𝑒𝑛 𝑖𝑛 𝑋 

𝑖𝑖. 𝑖𝑓 𝑎 < 0, 𝑏 > 0 ⇒ 𝑓−1(𝑉) = (−√𝑏, √𝑏)𝑜𝑝𝑒𝑛 ⇒ 𝑓−1(𝑉) 𝑖𝑠 𝑜𝑝𝑒𝑛 𝑖𝑛 𝑋 

𝑖𝑖𝑖. 𝑎, 𝑏 < 0 ⇒ 𝑓−1(𝑉) = ∅ 𝑜𝑝𝑒𝑛 ⇒ 𝑓−1(𝑉) 𝑖𝑠 𝑜𝑝𝑒𝑛 𝑖𝑛 𝑋 

∴ ∀ 𝑉 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 𝑖𝑛 𝑌 ⇒ 𝑓−1(𝑉) 𝑖𝑠 𝑜𝑝𝑒𝑛 𝑖𝑛 𝑋 ⇒ 𝑓 𝑖𝑠 𝑐𝑜𝑛𝑡. 𝑜𝑛 𝑋 𝑏𝑦 𝑇ℎ. (2). 

 

𝟐. 𝐿𝑒𝑡 𝑓: 𝑅 → 𝑅 ∋ 𝑓(𝑥) = |𝑥| 𝑢𝑠𝑒 𝑇ℎ. (3)𝑡𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑓 𝑖𝑠 𝑐𝑜𝑛𝑡𝑠. ? 

𝟑. 𝐿𝑒𝑡 𝑓: 𝑅 → 𝑅 ∋ 𝑓(𝑥) = 𝑥 + 1 𝑢𝑠𝑒 𝑇ℎ. (3)𝑡𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑓 𝑖𝑠 𝑐𝑜𝑛𝑡𝑠. ?  

4. 𝐿𝑒𝑡 𝑓: 𝑅 → 𝑅 ∋ 𝑓(𝑥) = {

1  𝑖𝑓 𝑥 > 0
0  𝑖𝑓 𝑥 = 0

−1  𝑖𝑓 𝑥 < 0
 

𝑈𝑠𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 (2) 𝑡𝑜 𝑝𝑟𝑜𝑣𝑒 𝑓𝑖𝑠 𝑛𝑜𝑡 𝑐𝑜𝑛𝑡. 𝑎𝑡0? 

Solution  

Let 𝑉 = (−
1

2
,

1

2
) 𝑖𝑠 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 𝑖𝑛 𝑌 ⇒ 𝑓−1(𝑉) = {0}𝑖𝑠 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡 𝑖𝑛 𝑋 

∴ 𝑏𝑦 𝑇ℎ. (2) 𝑓 𝑖𝑠 𝑛𝑜𝑡 𝑐𝑜𝑛𝑡. 𝑎𝑡 𝑝 = 0. 
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Theorem (3) 

Let (𝑋, 𝑑)𝑏𝑒 𝑎 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 𝑎𝑛𝑑 𝑓, 𝑔 𝑎𝑟𝑒 𝑡𝑤𝑜 𝑟𝑒𝑎𝑙 𝑣𝑎𝑙𝑢𝑒𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 

𝑖𝑓 𝑓 𝑎𝑛𝑑 𝑔 𝑎𝑟𝑒 𝑐𝑜𝑛𝑡. 𝑡ℎ𝑒𝑛: 

𝑓 ± 𝑔,     𝑓 ∙ 𝑔,    𝑟𝑓, 𝑟 ∈ 𝑅  𝑎𝑛𝑑 
𝑓

𝑔
, 𝑔 ≠ 0      𝑎𝑟𝑒 𝑐𝑜𝑛𝑡. 

Corollary  

Every polynomial 𝑝(𝑥) = 𝑎0𝑥𝑛 + 𝑎1𝑥𝑛−1 + ⋯ + 𝑎𝑛−1𝑥 + 𝑎𝑛 is cont., where 𝑎𝑖  

are constants, 𝑖 = 1,2, … , 𝑛 

Proof: 𝑆𝑖𝑛𝑐𝑒 𝑓(𝑥) = 𝑥𝑛 𝑖𝑠 𝑐𝑜𝑛𝑡𝑠. 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 ∀𝑛 𝑎𝑛𝑑 𝑟𝑓 𝑖𝑠 𝑐𝑜𝑛𝑡𝑠. (𝑏𝑦 𝑇ℎ. (3)) 

⇒ 𝑇ℎ𝑒 𝑠𝑢𝑚 𝑜𝑓 𝑐𝑜𝑛𝑡𝑠. 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑐𝑜𝑛𝑡𝑠. (𝑏𝑦 𝑇ℎ. (3)) 

 

Definition 

(𝑉, +,∙)𝑖𝑠 𝑎 𝑣𝑒𝑐𝑡𝑜𝑟 𝑠𝑝𝑎𝑐𝑒 𝑜𝑣𝑒𝑟 𝑡ℎ𝑒 𝑓𝑖𝑒𝑙𝑑 𝑅, 𝑖𝑓 

𝑉 ≠ ∅,  (𝑉, +) commutative group and • is scalar product such that 

(𝑟 + 𝑠)𝑣 = 𝑟𝑣 + 𝑠𝑣     𝑟, 𝑠 ∈ 𝑅, 𝑣 ∈ 𝑉 

𝑟(𝑣 + 𝑤) = 𝑟𝑣 + 𝑟𝑤     𝑟 ∈ 𝑅, 𝑣, 𝑤 ∈ 𝑉 

(𝑟𝑠)𝑣 = 𝑟(𝑠𝑣)              𝑟, 𝑠 ∈ 𝑅, 𝑣 ∈ 𝑉 

1. 𝑣 = 𝑣 

Examples about vector spaces 

1. (𝑅2, +,∙) is vector space over R, where if 𝑥 = (𝑥1, 𝑥2), 𝑦 = (𝑦1, 𝑦2) 

𝑥 + 𝑦 = (𝑥1 + 𝑦1`, 𝑥2 + 𝑦2),       𝑟𝑥 = (𝑟𝑥1, 𝑟𝑥2) 
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2. (𝑀, +,∙)𝑖𝑠 𝑣𝑒𝑐𝑡𝑜𝑟 𝑠𝑝𝑎𝑐𝑒 𝑜𝑣𝑒𝑟 𝑅, 𝑤ℎ𝑒𝑟𝑒 𝑖𝑓 𝐴 = [
𝑎1 𝑏1

𝑐1 𝑑1
] , 𝐵 = [

𝑎2 𝑏2

𝑐2 𝑑2
] 

𝐴 + 𝐵 = [
𝑎1 + 𝑎2 𝑏1 + 𝑏2

𝑐1 + 𝑐2 𝑑1 + 𝑑2
] , 𝑟𝐴 = [

𝑟𝑎1 𝑟𝑏1

𝑟𝑐1 𝑟𝑑1
] , 𝐼 = [

1 0
0 1

] ,0 = [
0 0
0 0

] 

 

 

Theorem (4) 

Let (𝑋, 𝑑) be a metric space, define the following set 

∁(𝑋) = {
𝑓

𝑓⁄ : 𝑋 → 𝑅 𝑐𝑜𝑛𝑡. }Then C(X) is vector space over R, where 

(𝑓 + 𝑔)(𝑥) = 𝑓(𝑥) + 𝑔(𝑥),   (𝑟𝑓)(𝑥) = 𝑟𝑓(𝑥). 

 

The Properties of Real Valued Function Defined on a Compact Spaces 

Theorem (5) 

Let (𝑋, 𝑑1), (𝑌, 𝑑2) are two metric spaces and 𝑓: 𝑋 → 𝑌 continuous function. If 

X is compact, then 𝑓(𝑋) is compact. 

Proof: define 𝑓(𝑋) as 𝑓(𝑋) = {𝑓(𝑥): 𝑥 ∈ 𝑋}. 

𝐿𝑒𝑡 {𝑉𝜆: 𝑉𝜆𝑜𝑝𝑒𝑛 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑌, 𝜆 ∈ Ʌ} 𝑏𝑒 𝑎𝑛 𝑜𝑝𝑒𝑛 𝑐𝑜𝑣𝑒𝑟 𝑓𝑜𝑟 𝑓(𝑋) 

⇒ 𝑓(𝑋) ⊆ ⋃ 𝑉𝜆

𝜆∈Ʌ

 

𝑆𝑖𝑛𝑐𝑒 𝑉𝜆 𝑖𝑠 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 𝑖𝑛 𝑌, ∀𝝀 ∈ Ʌ, 𝑎𝑛𝑑 𝑓 𝑖𝑠 𝑐𝑜𝑛𝑡. , 𝑡ℎ𝑒𝑛 𝑓−1(𝑉𝜆)𝑖𝑠 𝑜𝑝𝑒𝑛 𝑖𝑛 𝑋 

∀𝜆 ∈ Ʌ (𝑏𝑦 𝑇ℎ. (2)) 

𝑆𝑖𝑛𝑐𝑒 𝑓(𝑋) ⊆ ⋃ 𝑉𝜆

𝜆∈Ʌ

, 𝑡ℎ𝑒𝑛 𝑋 ⊆ 𝑓−1 (⋃ 𝑉𝜆

𝜆∈Ʌ

) = ⋃(𝑓−1(𝑉𝜆))

𝜆∈Ʌ

 

⇒ {𝑓−1(𝑉𝜆): 𝜆 ∈ Ʌ} is open cover for 𝑋 
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⇒there is finite subcover 𝑓−1{𝑓−1(𝑉1), 𝑓−1(𝑉2), … , 𝑓−1(𝑉𝑛)}for 𝑋(X is 

compact) 

⇒ 𝑋 ⊆ ⋃ 𝑓−1(𝑉𝑖) = 𝑓−1 (⋃ 𝑉𝑖

𝑛

𝑖=1

)

𝑛

𝑖=1

⇒ 𝑋 ⊆ 𝑓−1 (⋃ 𝑉𝑖

𝑛

𝑖=1

) 

⇒ 𝑓(𝑋) ⊆ ⋃ 𝑉𝑖
𝑛
𝑖=1 ⇒ {𝑉1, 𝑉2, … , 𝑉𝑛} is finite subcover for 𝑓(𝑋). 

⇒ 𝑓(𝑋)is compact 

Definition  

Let (𝑋, 𝑑) be a metric space and 𝑓: 𝑋 → 𝑅. we say that 𝑓 is bounded if ∃𝑀 >

0 ∋ |𝑓(𝑥)| ≤ 𝑀, ∀𝑥 ∈ 𝑋. 

On other hand 𝑓(𝑋) = {𝑓(𝑥): 𝑥 ∈ 𝑋} is bounded set if it has upper and lower 

bounds.𝑖. 𝑒. , 𝑓 𝑖𝑠 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 ⟺ 𝑓(𝑋) 𝑖𝑠 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑠𝑒𝑡. 

 

Theorem (6) 

Let (𝑋, 𝑑) be a metric spaces and 𝑓: 𝑋 → 𝑅. continuous function if X is compact, 

then 𝑓 is bounded 

Proof 

𝑆𝑖𝑛𝑐𝑒 𝑓 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑎𝑛𝑑 𝑋 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 ⇒ 𝑓(𝑋)𝑖𝑠 𝑐𝑜𝑚𝑝𝑎𝑐𝑡(𝑏𝑦 𝑇ℎ. (5)) 

⇒ 𝑓(𝑋)𝑖𝑠 𝑐𝑙𝑜𝑠𝑒𝑑 𝑎𝑛𝑑 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 ⇒ 𝑓 𝑖𝑠 𝑏𝑜𝑢𝑛𝑑𝑒𝑑. 

 

Exercise: Give example for bounded function and its domain not compact. 

Solution let 𝑋 = (0,1) 𝑖𝑠𝑛𝑜𝑡 𝑐𝑜𝑚𝑝𝑎𝑐𝑡, 𝑓: 𝑋 → 𝑅, 𝑓(𝑥) = 3𝑥 

𝑖𝑓 𝑀 = 3 ⇒ |𝑓(𝑥)| ≤ 3 ⇒ 𝑓 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 

Remark: The condition of compactness in Th. (6) is necessary. To explain this 

we give the following example: 
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Let 𝑋 = (0, ∞) 𝑖𝑠𝑛𝑜𝑡 𝑐𝑜𝑚𝑝𝑎𝑐𝑡, 𝑓(𝑥) =
1

𝑥
 𝑐𝑜𝑛𝑡. , 𝑥 > 0. (check) 

𝑓 𝑖𝑠 𝑛𝑜𝑡 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑠𝑖𝑛𝑐𝑒 ∀𝑚 > 0, ∃𝑘 ∈ 𝑁 ∋ 𝑀 <
1

𝑘
= 𝑓(𝑘)(𝑏𝑦 𝐴𝑟𝑐ℎ. 𝑝𝑟𝑜𝑝. ) 

 

 

 

Definition  

Let (𝑋, 𝑑) be a metric space and 𝑓: 𝑋 → 𝑅 bounded function. A point 𝑎 is 

called: 

-Maximum extreme point of  𝑓 𝑖𝑓 𝑓(𝑥) ≤ 𝑓(𝑎)∀𝑥 ∈ 𝑋 

-Minimum extreme point of 𝑓 𝑖𝑓 𝑓(𝑎) ≥ 𝑓(𝑥)∀𝑥 ∈ 𝑋 

Example  Let 𝑓: 𝑅 → 𝑅, 𝑓(𝑥) = sin(𝑥) . 𝐹𝑖𝑛𝑑 𝑀𝑎𝑥. 𝑀𝑖𝑛. 𝑒𝑥𝑡𝑟𝑒𝑚𝑒 𝑝𝑜𝑖𝑛𝑡𝑠? 

Solution  

sin(𝑥) 𝑖𝑠 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛, −1 ≤ sin(𝑥) ≤ 1, ∀𝑥 

𝑖𝑓 𝑎 =
𝜋

2
+ 2𝑛𝜋, 𝑛 = 0, ±1, ±2, …     

𝑡ℎ𝑒𝑛 𝑓(𝑎) = sin(𝑎) = 1

⇒ 𝑎 𝑖𝑠 𝑀𝑎𝑥. 𝑒𝑥𝑡𝑟𝑒𝑚𝑒 𝑝𝑜𝑖𝑛𝑡 𝑎𝑛𝑑 𝑓 ℎ𝑎𝑠 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒 𝑚𝑎𝑥. 𝑒𝑥𝑡𝑟𝑒𝑚𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 

𝑖𝑓 𝑎 =
−𝜋

2
+ 2𝑛𝜋,     𝑛 = 0, ±1, ±2, … 

𝑡ℎ𝑒𝑛 𝑓(𝑎) = sin(𝑎) = −1 

⇒ 𝑎 𝑖𝑠 𝑚𝑖𝑛. 𝑒𝑥𝑡𝑟𝑒𝑚𝑒 𝑝𝑜𝑖𝑛𝑡 𝑎𝑛𝑑 𝑓 ℎ𝑎𝑠 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒 𝑚𝑖𝑛. 𝑒𝑥𝑡𝑟𝑒𝑚𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 

Example  

Give example for a function 𝑓 which has an unique max. 𝑎𝑛𝑑 min. extreme 

points. 



 

116 
 

 

Theorem (7) 

Let 𝑓: 𝑋 → 𝑅 be a cont. function. If X is compact, then ∃𝑎, 𝑏𝑋 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  

𝑓(𝑎) ≤ 𝑓(𝑥) ≤ 𝑓(𝑏), ∀𝑥 ∈ 𝑋. 

𝑖. 𝑒. 𝑓 ℎ𝑎𝑠 𝑚𝑖𝑛. 𝑒𝑥𝑡𝑟𝑒𝑚𝑒 𝑝𝑜𝑖𝑛𝑡 𝑎𝑡 𝑎 𝑎𝑛𝑑 𝑓 ℎ𝑎𝑠 𝑚𝑎𝑥. 𝑒𝑥𝑡𝑟𝑒𝑚𝑒 𝑝𝑜𝑖𝑛𝑡 𝑎𝑡 𝑏 

Proof: To prove that ∃𝑏 ∈ 𝑋 ∋ 𝑓(𝑥) ≤ 𝑓(𝑏)? 

𝑆𝑖𝑛𝑐𝑒 𝑓 𝑖𝑠 𝑐𝑜𝑛𝑡. 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑛 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑠𝑝𝑎𝑐𝑒 𝑋 

 ⇒ 𝑓(𝑋) 𝑖𝑠 𝑐𝑜𝑚𝑝𝑎𝑐𝑡. (𝑏𝑦 𝑇ℎ(5)) 

⇒𝑓(𝑋)𝑖𝑠 𝑐𝑙𝑜𝑠𝑒𝑑 𝑎𝑛𝑑 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 

𝑆𝑖𝑛𝑐𝑒 𝑓(𝑋)𝑖𝑠 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑖𝑛 𝑅, 𝑡ℎ𝑒𝑛 𝑓(𝑋)𝑖𝑠 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑎𝑏𝑜𝑣𝑒 

⇒ (𝑏𝑦 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑛𝑒𝑠𝑠 𝑎𝑥𝑖𝑜𝑚)𝑓(𝑋)ℎ𝑎𝑠 𝑠𝑢𝑝𝑟𝑒𝑚𝑢𝑚, 𝑠𝑎𝑦 𝑠𝑢𝑝(𝑓(𝑋)) = 𝑀 

⇒ 𝑓(𝑥) ≤ 𝑀, ∀𝑥 ∈ 𝑋. 

To prove that𝑀 𝑖𝑠 𝑎𝑛 𝑎𝑐𝑐𝑢𝑚𝑙𝑎𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑓(𝑋)? 

𝑖. 𝑒. , 𝑡𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 ∀𝜀 > 0, (𝑀 − 𝜀, 𝑀 + 𝜀)\{𝑀} ∩ 𝑓(𝑋) ≠ ∅? 

𝑖𝑓 𝑛𝑜𝑡 ⇒ ∃𝜀 > 0, (𝑀 − 𝜀, 𝑀 + 𝜀)\{𝑀} ∩ 𝑓(𝑋) = ∅ 

⇒ 𝑀 − 𝜀 𝑖𝑠 𝑢𝑝𝑝𝑒𝑟 𝑏𝑜𝑢𝑛𝑑 𝑜𝑓 𝑓(𝑋) ⇒ 𝐶! 

⇒𝑀 𝑖𝑠 𝑎𝑐𝑐𝑢𝑚𝑙𝑎𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡 𝑓𝑜𝑟 𝑓(𝑋) 

𝑆𝑖𝑛𝑐𝑒𝑓(𝑋)𝑖𝑠 𝑐𝑙𝑜𝑠𝑒𝑑 ⇒ 𝑀 ∈ 𝑓(𝑋) ⇒ ∃𝑏 ∈ 𝑋 ∋ 𝑓(𝑏) = 𝑀 𝑎𝑛𝑑 𝑓(𝑥) ≤ 𝑀 = 𝑓(𝑏) 

⇒ 𝑓 ℎ𝑎𝑠 𝑎 𝑚𝑎𝑥. 𝑒𝑥𝑡𝑟𝑒𝑚𝑒 𝑝𝑜𝑖𝑛𝑡 𝑎𝑡 𝑏. 

𝐵𝑦 𝑠𝑖𝑚𝑖𝑙𝑎𝑟 𝑤𝑎𝑦 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 ∃𝑎 ∈ 𝑋 ∋ 𝑓(𝑎) ≤ 𝑓(𝑥), ∀𝑥 ∈ 𝑋 
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Uniformly continuous  

Definition  

Let (𝑋, 𝑑) be a metric space and 𝑓: 𝑋 → 𝑅. 𝑓 is called uniformly continuous if:- 

∀𝜀 > 0, ∃𝛿 > 0 ∋ |𝑓(𝑥) − 𝑓(𝑦)| < 𝜀 whenever 𝑑(𝑥, 𝑦) < 𝛿, ∀𝑥, 𝑦 ∈ 𝑋 

Remark: The chosen of 𝛿 in the definition of uniform continuity is depending 

on 𝜀 only. 

Theorem (8) Every uniformly continuous function is continuous. 

Proof 

Let 𝑓 be uniformly cont. on 𝑋 

⇒ ∀𝜀 > 0, ∃𝛿 > 0 ∋ |𝑓(𝑥) − 𝑓(𝑦)| < 𝜀 𝑤ℎ𝑒𝑛𝑒𝑣𝑒𝑟 𝑑(𝑥, 𝑦) < 𝛿, ∀𝑥, 𝑦 ∈ 𝑋  

𝑡𝑎𝑘𝑒𝑦 = 𝑝 ⇒ ∀𝜀 > 0, ∃𝛿 > 0 ∋ |𝑓(𝑥) − 𝑓(𝑝)| < 𝜀 𝑤ℎ𝑒𝑛𝑒𝑣𝑒𝑟 

𝑑(𝑥, 𝑦) < 𝛿, ∀𝑥, 𝑝 ∈ 𝑋  

⇒𝑓 𝑖𝑠 𝑐𝑜𝑛𝑡𝑠. 𝑎𝑡 𝑝, ∀𝑝. 

 

Remark: The converse of theorem (8) is not true, for example:  

𝐿𝑒𝑡 𝑓: 𝑅 → 𝑅, 𝑓(𝑥) = 𝑥2 𝑖𝑠 𝑐𝑜𝑛𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛. (Check) to show it is not uniformly. 

𝑙𝑒𝑡 𝑥 = 𝑛, 𝑦 = 𝑛 +
1

𝑛
, 𝑛 ∈ 𝑁 

𝑑(𝑥, 𝑦) = |𝑥 − 𝑦| = |𝑛 − 𝑛 −
1

𝑛
| = |−

1

𝑛
| =

1

𝑛
< 𝛿 

𝑏𝑦 𝐴𝑟𝑐ℎ. 𝑝𝑟𝑜𝑝. 𝑎𝑛𝑦 𝑟𝑒𝑎𝑙 𝛿, ∃𝑛 ∈ 𝑁 ∋
1

𝑛
< 𝛿 
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𝑡𝑎𝑘𝑒 𝜀 = 1 ⇒ |𝑓(𝑥) − 𝑓(𝑦)| = |𝑛2 − (𝑛 +
1

𝑛
)

2

| = |𝑛2 − 𝑛2 − 2 −
1

𝑛2
| 

= 2 +
1

𝑛2
> 𝜀 = 1 ⇒ 𝑓 𝑖𝑠 𝑛𝑜𝑡 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑐𝑜𝑛𝑡𝑠. 

Theorem (9) 

𝐿𝑒𝑡 𝑓: 𝑋 → 𝑅 be a cont. 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 If X is compact, then 𝑓 is uniformly cont. 

Example  

𝐿𝑒𝑡 𝑓: [𝑎, 𝑏] → 𝑅, 𝑓(𝑥) = 3𝑥 𝑐𝑜𝑛𝑡. ⇒ 𝑓 𝑖𝑠 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑐𝑜𝑛𝑡𝑠. 

• Prove 𝑓 is uniformly by definition. 

Theorem (10) (Intermediate Value property (I.V.P.)) 

𝐿𝑒𝑡 𝑓 𝑏𝑒 𝑎 𝑐𝑜𝑛𝑡. 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑛 [𝑎, 𝑏] . If 𝑓(𝑎) = 𝛼, 𝑓(𝑏) = 𝛽 𝑡ℎ𝑒𝑛 𝑓𝑜𝑟 𝑎𝑙𝑙 𝛾, 𝛼 <

𝛾 < 𝛽, ∃𝑐, 𝑎 < 𝑐 < 𝑏 𝑎𝑛𝑑 𝑓(𝑐) = 𝛾 

Proof : Let 𝑆 = {𝑥: 𝑥 ∈ [𝑎, 𝑏], 𝑓(𝑥) ≤ 𝛾}.  𝑆 ≠ ∅ 𝑠𝑖𝑛𝑐𝑒 𝑎 ∈ 𝑆. 

𝑆 𝑖𝑠 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑎𝑏𝑜𝑣𝑒 (𝑠𝑖𝑛𝑐𝑒 𝑏 𝑖𝑠 𝑢𝑝𝑝𝑒𝑟 𝑏𝑜𝑢𝑛𝑑 𝑜𝑓 𝑆) 

⇒𝑏𝑦 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑛𝑒𝑠𝑠 𝑎𝑥𝑖𝑜𝑚 , 𝑆 ℎ𝑎𝑠 𝑎 𝑠𝑢𝑝. 𝑠𝑎𝑦 sup(𝑆) = 𝑐 

There are three cases𝑓(𝑐) = 𝛾 𝑜𝑟 𝑓(𝑐) < 𝛾𝑜𝑟 𝑓(𝑐) > 𝛾 

 𝑖𝑓 𝑓(𝑐) < 𝛾 

𝑆𝑖𝑛𝑐𝑒 𝑓 𝑖𝑠 𝑐𝑜𝑛𝑡𝑠. 𝑎𝑡 𝑐 𝑎𝑛𝑑𝑓(𝑐) < 𝛾 

⇒ ∀𝜀 > 0 ∋ 𝑓(𝑥) < 𝛾, ∀𝑥 ∈ (𝑐 − 𝜀, 𝑐 + 𝜀) ∩ [𝑎, 𝑏] 

𝐹𝑜𝑟 𝑡ℎ𝑖𝑠 𝑥,𝑖𝑓 𝑐 < 𝑥 < 𝑏 ⇒ 𝑥 ∈ 𝑆 𝑎𝑛𝑑 𝑐 < 𝑥 ⇒ 𝐶! 

⇒𝑓(𝑐) ≮ 𝛾(𝑆𝑖𝑛𝑐𝑒 𝑠𝑢𝑝(𝑆) = 𝑐) 

𝑖𝑓 𝑓(𝑐) > 𝛾 

𝑏𝑦 𝑠𝑖𝑚𝑖𝑙𝑎𝑟 𝑤𝑎𝑦 𝑓(𝑐) ≯ 𝛾 ⇒ 𝑓(𝑐) = 𝛾 ⇒ ∃𝑐, 𝑎 < 𝑐 < 𝑏 ∋ 𝑓(𝑐) = 𝛾. 
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Exercise   Give example for discontinuous function for all elements of its 

domain?  

Theorem (11) (Interval Theorem) 

𝐼𝑓 𝑓 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑜𝑛 𝐼 = [𝑎, 𝑏], 𝑡ℎ𝑒𝑛 𝑓(𝐼)𝑖𝑠 𝑐𝑙𝑜𝑠𝑒𝑑 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙. 

Proof: 𝑆𝑖𝑛𝑐𝑒 𝐼 𝑖𝑠 𝑐𝑙𝑜𝑠𝑒𝑑 𝑎𝑛𝑑 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 ⇒ 𝐼 𝑐𝑜𝑚𝑝𝑎𝑐𝑡  

𝑆𝑖𝑛𝑐𝑒 𝑓 𝑖𝑠 𝑐𝑜𝑛𝑡𝑠. 𝑜𝑛 𝐼, 𝑡ℎ𝑒𝑛 𝑓 ℎ𝑎𝑠 𝑚𝑎𝑥. 𝑒𝑥𝑡𝑟𝑒𝑚𝑒 𝑝𝑜𝑖𝑛𝑡  

⇒ ∃𝑐, 𝑑, 𝑓(𝑐)𝑚, 𝑓(𝑑) = 𝑀 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑚 ≤ 𝑓(𝑥) ≤ 𝑀, ∀𝑥 ∈ 

𝑇ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 𝑡𝑤𝑜 𝑐𝑎𝑠𝑒𝑠 ∶ 𝑐 < 𝑑 𝑜𝑟 𝑑 < 𝑐 

 𝑖𝑓 𝑐 < 𝑑. 𝐴𝑝𝑝𝑙𝑦 (𝐼. 𝑉. 𝑃. )𝑜𝑛 𝑓 𝑎𝑛𝑑 [𝑐, 𝑑] 

⇒ ∀𝑦, 𝑦 ∈ (𝑚, 𝑀), ∃𝑥 ∈ (𝑐, 𝑑) ∋ 𝑓(𝑥) = 𝑦 ⇒ 𝑓(𝐼) = [𝑚, 𝑀]. 

 

Theorem (12) (fixed point theorem) 

𝐿𝑒𝑡 𝑓: [0,1] → [0,1] 𝑐𝑜𝑛𝑡𝑠. , 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑎𝑡 𝑙𝑒𝑎𝑠𝑡 𝑜𝑛𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑐 [𝑐 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 

𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑓] ∋ 𝑓(𝑐) = 𝑐 

Proof: 𝑠𝑢𝑝𝑝𝑜𝑠𝑒 𝑡ℎ𝑎𝑡 𝑔: [0,1] → 𝑅 ∋ 𝑔(𝑥) = 𝑓(𝑥) − 𝑥 𝑐𝑜𝑛𝑡𝑠. 𝑜𝑛 [0,1] 

(𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖: 𝑋 → 𝑋 𝑖𝑠 𝑐𝑜𝑛𝑡𝑠. 𝑎𝑛𝑑 𝑓 𝑐𝑜𝑛𝑡𝑠. )

⇒ 𝑔 𝑖𝑠 𝑐𝑜𝑛𝑡𝑠. 𝑜𝑛[0,1] 

𝑖𝑓 𝑓(0) = 0 𝑜𝑟 𝑓(1) = 1 ⇒  𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 

𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑡ℎ𝑎𝑡 𝑓(0) ≠ 0𝑎𝑛𝑑 𝑓(1) ≠ 1 

𝑠𝑖𝑛𝑐𝑒 𝑓 𝑖𝑠 𝑜𝑛𝑡𝑜 (𝑓: [0,1] → [0,1]) ⇒ 𝑔(0) = 𝑓(0) − 0 = 𝑓(0) > 0𝑎𝑛𝑑  

𝑔(1) = 𝑓(1) − 1 < 0 ⇒ 𝑔(1) < 0 < 𝑔(0) 

⇒𝑏𝑦(𝐼. 𝑉. 𝑃. )∃𝑐, 0 < 𝑐 < 1 ∋ 𝑔(𝑐) = 0 ⇒ 𝑓(𝑐) − 𝑐 = 0 ⇒ 𝑓(𝑐) = 𝑐 



 

120 
 

⇒ 𝑓 ℎ𝑎𝑠 𝑎 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡. 

Theorem (13) 

𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑡ℎ𝑎𝑡 𝑓: 𝐼 → 𝐽 𝑖𝑠 𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑣𝑒, 𝑤ℎ𝑒𝑟𝑒𝐼, 𝐽 𝑎𝑟𝑒 𝑐𝑙𝑜𝑠𝑒𝑑 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠 . 𝑖𝑓 𝑓 𝑐𝑜𝑛𝑡. 

𝑡ℎ𝑒𝑛 𝑓−1 𝑐𝑜𝑛𝑡𝑠. 

Theorem (14) 

𝐴𝑛𝑦 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑜𝑓 𝑜𝑑𝑑 𝑑𝑒𝑔𝑟𝑒𝑒 ℎ𝑎𝑠 𝑎𝑡 𝑙𝑒𝑎𝑠𝑡 𝑜𝑛𝑒 𝑟𝑒𝑎𝑙 𝑟𝑜𝑜𝑡. 

 

Exercise 

1. 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑓 𝑑𝑖𝑠𝑐𝑜𝑛𝑡. 𝑎𝑛𝑑 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑎𝑛𝑑 𝑛𝑜 𝑚𝑎𝑥. 𝑚𝑖𝑛. , 𝑤ℎ𝑒𝑟𝑒 𝑓: [0,2] → 𝑅, 

𝑓(𝑥) = 𝑥 − [𝑥] 

2. 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑓 𝑑𝑖𝑠𝑐𝑜𝑛𝑡𝑠. 𝑎𝑛𝑑 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑠𝑎𝑡𝑖𝑠𝑓𝑦 (𝐼. 𝑉. 𝑃. ), 𝑓: [−1,1] → 𝑅, 

𝑓(𝑥) = {
−2  𝑖𝑓 𝑥 < 0
2  𝑖𝑓 𝑥 ≥ 0

 


