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Chapter 5\The continuity

In this chapter, we recall the definition of continuity in of a function define on a
metric space into another one and some its properties.

Definition
Let (X,d;) and (Y, d,) be two metric spaces. Suppose thatS € X,p € S

and f:S = Y. We say that f continuousatx =p iff Ve > 0,36 > 03
d, (f(x),f(p)) < &£ whenever d, (x,p) < 6.

If f is continuous at x,Vx € S then f is continuous on S.
Notation
By definition, if f continuous at p, then:-
1.Vvx € S,d,(x,p) <d = x € B(p,9)
= f(x) € f(B(p,5))

2.Ve > 0,d,(f(x), f(p)) <& = f(x) € B(f(p), €)

=f(B(p,8)) € B(f(p), )
Byland2 =

fis continuousatx =p © Ve > 0,36 >0>3 f(B(p, 6)) C B(f(p),¢)

Examples
Prove that f:R - R, f(x) = x%?iscont.Vx € X,X =Y =R,d, =d, = |x — y|.

Solution
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Let e > Oand p € R to prove that f continuous at x = p?

Tofindd > 03 |f(x) — f(p)| < €if |x —p| < §. Start with

If ) = f()] = |x* — p?|

= [(x —p)(x + p)|
=[x —pllx + p|
<lx—pllxl+IpDh ..(D

since ||x| — |p|| < |x — p| < §,then ||x| — |p|| <6
= =0 <|x[-Ipl<é=Ix|-Ipl <&

= |x| <&+ |p|...(2)

Substitution (2) in (1)

lf(x) = f(p)] < |x = pl(x] + [pD

< |x =pl(pl +Ipl + &)

< 6Q2|pl +96)

<§Q2|p]|+1) (since 0<86<1)

Choose § = min {1, 2|:|+1}

£
2|p|+1

=|f(x) - fP)I < Clpl+ 1) =¢

~ fis continuousatx =p  Vp € R = fcontinuous on R.

Exercise

1.Let f:R - R 3 f(x) = x?. Prove that f conts.at x = 3(by def.)?

ifx+0
ifx=0

.Prove that f conts. at

52 L _ _{xsin(l)
Letf:R—>R 3 f(x)= A x
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x = 0(by def.)?

xsin G) Jifx #0
0 Jif x=0

Show that f cont. at x= 0.

YOR

1
iflx —al <éthen|f(x)—f(0)| = |xsin(;> —0| <|x|<8§=¢taked =¢

4. show that f cont.at x = 1,where f(x) = x> —5x + 7
iflx—1| <8 then|f(x)—f(1)|=|x?—-5x+7— 3|
= |x? — 5x + 4|
< |x—1J%? +3|x — 1]
<|lx—1|+3|x—1|, (choose0<§<1
S lx—1| <6
- |x—1]|2
= 4|x — 1|
<48 ,taked =-
5.If f:R = R such that |f(x)| < M|x|,Vx € R and M is fixed.Show that f is

cont.at 0.

If |x — 0] <6 then|f(0)| <M|0] - f(0)=0

IfG) = FO)| < Mlx| <8 <e ,takes =%

Theorem (1)

Let (X,d,) and (Y, d,) are two metric spaces f: X = Y be function, then:-

f is continuous atp € X & lim f(x,) = f(p), for each seqgence (x,,)in X
n—oo
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where x,, = p

Proof

(=)Suppose that f is cont.at p and (x,,) seq.in X such that x,, - p
lim £(x,) = F()?

i.e.,toprovethat3k € N 3 dz(f(xn),f(p)) <& vVn>k?

since f is cont.atp,then Ve > 03k € N 3 d,(f (%), f(p)) < .

[by hypothesis]

Now, if d,(x,p) < 6,Vx. And, Since x,, = p

then3dk e N3 d,(x,,p) <8 vYyn>k

Since f is cont. = at this k we get:

dy(f (), f(P)) < & Yn >k = lim f(x,) = f(p)

(<)
Suppose that f(x,) = f(p)for each x,, » p.To prove that f is cont. at p?

If not, mean, we suppose that f is not cont. at p. Given € > 0
=>3x € X 3dy(f(x), f(p)) = ¢ and dy(x,p) <§

choose6; =1=>3Ix; €X 3 dz(f(xl),f(p)) >¢and di(x,p) <6; =1

1
choose §, = 5= Ax, € X 3dy(f(xy), f(P)) = eand dy(xy,p) <6, =

W= N =

1
choose §; = 3 dx; €X 3 dz(f(x3),f(p)) >¢and di(x3,p) <83 =

1 1
choose 6,, = == Ax, €X 3dy(f(x), f(p)) = eand d;(xp,p) <8, = -
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1 1
since E—>0asn—>oo:,~d1(xn,'p) <£—>0

=(x,) = p,butd, (f(xn),f(p)) > ¢ = (f(x,,)) doesnot convergentto f(p)
= (C!

=f cont.at p.

Examples
1ifx>0
1. Let ffR>R 3f(x) =5 0ifx=0
-1ifx<0

Use Theorem (1)to prove that f is not cont. at p=07?

Solution: let (x,,) = (%) = % - 0asn—-»> o=

1 1
vn, f(x,) =f (E) =1=f(x,)=f (E) =1,1,1,...convergesto 1 # f(0) =0

=~ by Th.(1) f isnot conts.atp = 0

1ifxeqQ’
2 ifxeq

Use Th. (1) to prove that f is not cont.?

2.Letf:[a,b] > R 3 f(x) ={

Solution: letp € [a,b] > p € Qorp € Q’

i.if p € Q since(between any two reals there are infinetly rationals and
irrationals)

and (for every real p other is rational(or irrational) a irrational (or rational)
sequence converges to p)

=there is an irrational seq. (x,;)and x,, = p

= flxn) =2>(f(xy)) =222, ..conv.to 2 # f(p) = 1
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So, by Th. (2) = fisnotcont.atp,Vp 3 p € Q.

ii.ifpeqQ’
by similar way we can show that f is not conts.atp,Vp 3 p € Q'

Then f is not cont.at p,Vp 3 p € [a, b].

Theorem (2)

Let (X,d,) and (Y, d,) are two metric spaces f: X — Y be a function, then:-
f continuous on X < f~1(V) is open set in X, VV is open setin Y
Proof(=)Suppose that f is cont.on X. Let V be open set in Y. To prove that
f~1(V) is open in X?
letx € f~1(V) = f(x) € V.Since V is open set [by hypothesis]
= 3e>0 3B(f(x),e) cV
Since f iscont.on X = 3§ > 03 f(B(x, 6)) Cc B(f(x),e) cV

= f(fBx,8)) cfV)
= B(x,8) c f~1(V).This is true forall x € f~1(V) = f~1(V) is open set
(<)Suppose that f~1(V)is open set in X, for each V be open setin'.
To prove that f is cont. on X?
Let € > 0,x € X = B(f(x),¢) isopensetinY (every ball is open set)
= f~Y(B(f(x),€))is open set in X[by hyp.]

= Vx € f‘l(B(f(x), s)) =36 >03B(x,9) c f‘l(B(f(x),s))By def. of open
set

=38 > 03 f(B(x,8)) € B(f(x),¢)

= f(B(x, 6)) c B(f(x),e) = f is cont.at x and this true for all x € X (by
Remark)
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= f is conts.on X.

Examples
1.Letf:R > R 3 f(x) = x2,use Th. (2) to prove that f is cont.on R?

Solution

let V opensetinR =V = (a,b),there are three cases:

i.if a,b > 0= f1(V) = (Va,vb) U (—Vb,—Va)open = f~1(V)is open in X
ii.if a<0,b>0= f1(V) = (—Vb,Vb)open = f~1(V) is open in X
ili.a,b< 0= f1(V)=0open= f1(V)isopeninX

~VVopensetinY = f~1(V)isopeninX = f is cont.on X by Th. (2).

2.Let f:R - R 3 f(x) = |x| use Th. (3)to prove that f is conts.?
3.Let f:R > R 3 f(x) =x+ 1useTh.(3)to prove that f is conts.?

1ifx>0
4. Let f:R>R3f(x)=5 0ifx=0
-1ifx<0

Use Theorem (2) to prove fis not cont.at0?

Solution
1 1). . -1 . .
LetV = (— E’E) isopensetinY = f~+(V) = {0}is closed set in X

~ by Th.(2) f is not cont.at p = 0.
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Theorem (3)

Let (X, d)be a metric space and f, g are two real valued functions

if f and g are cont.then:
f
f+tg, f-g9 rf,T€ER and E,gth are cont.

Corollary

Every polynomial p(x) = agx™ + a;x™ ! + --- + a,,_1x + a, is cont,, where a;
are constants,i = 1,2, ...,n

Proof: Since f(x) = x" is conts. function Vn and rf is conts. (by Th.(3))

= The sum of conts. function is conts. (by Th.(3))

Definition

(V,4+,)is a vector space over the field R, if

V #+ @, (V,+) commutative group and e is scalar product such that
(r+s)v=rv+sv r,seRvVEV

ro+w)=rv+rw reRrRv,wevV

(rs)v =r(sv) rnSERUVEV

l.v=vw

Examples about vector spaces

1. (R?, +,) is vector space over R, where if x = (x1,x,),y = (y1,V3)

x+y=0q+yr,x,+y,), 1x=(rx,rxy)
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b b
2.(M, +,)is vector space over R,where if A = [al 1] B = [az 2]
C1 d1 C2

_ a1+a2 b1+b2] _[ral rbl] _ 1 0 _ 0 0
A+B= c,+c, dy+d, TA = rc; rd, ’I_[O 1]’0_[0 ]

Theorem (4)

Let (X, d) be a metric space, define the following set

(X)) = {f/f :X = R cont. }Then C(X) is vector space over R, where
F+9) =) +gk), (rf)x) =rfx).

The Properties of Real Valued Function Defined on a Compact Spaces

Theorem (5)

Let (X,d,), (Y,d,) are two metric spaces and f: X = Y continuous function. If
X is compact, then f(X) is compact.

Proof: define f(X) as f(X) = {f (x): x € X}.

Let {V,:V,open subset of Y, € A} be an open cover for f(X)

= f(X) < UVA

AEA

Since V, is open set inY,VA € A,and f is cont.,then f~1(V,)is openin X
vA € A (by Th.(2))

Since f(X) € U V,,then X € f1 (U V,1> = U(f‘l(Va))

AEA A€EA A€EA

= {f~1(V;}): 1 € A} is open cover for X
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=there is finite subcover f~{f~1(V), f~1(V,), ..., f "1 (V) }for X(X is
compact)

n n n
sxe| Jrron=f (U Vi> SXef (U VL-)
i=1 i=1 i=1
= f(X) c UL, V; = {V,V,, ..., V,,} is finite subcover for f(X).
= f(X)is compact
Definition

Let (X, d) be a metric space and f: X — R. we say that f is bounded if IM >
03 |f(x)| <M, vx € X.

On other hand f(X) = {f(x): x € X} is bounded set if it has upper and lower
bounds.i.e., f is bounded < f(X) is bounded set.

Theorem (6)

Let (X, d) be a metric spaces and f: X — R. continuous function if X is compact,
then f is bounded

Proof
Since f is continuous and X compact = f(X)is compact(by Th. (5))

= f(X)is closed and bounded = f is bounded.

Exercise: Give example for bounded function and its domain not compact.
Solution let X = (0,1) isnot compact, f: X = R, f(x) = 3x

if M=3=|f(x)|] <3 = f bounded

Remark: The condition of compactness in Th. (6) is necessary. To explain this

we give the following example:
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Let X = (0, ) isnot compact, f(x) = % cont.,x > 0. (check)

1
f is not bounded sinceVm > 0,3k e N3 M < = f(k)(by Arch.prop.)

Definition

Let (X, d) be a metric space and f: X = R bounded function. A point a is
called:

-Maximum extreme point of f if f(x) < f(a)Vx € X

-Minimum extreme point of f if f(a) = f(x)Vx € X

Example Let f:R = R, f(x) = sin(x).Find Max. Min. extreme points?
Solution

sin(x) is bounded function,—1 < sin(x) < 1,Vx
s
ifa=E+2nn, n=0+1,+2,..

then f(a) = sin(a) =1
= a is Max.extreme point and f has infinite max. extreme points

-7
if a= 7+ 2nm, n=0,+1,+2, ..

then f(a) = sin(a) = —1
= a is min.extreme point and f has infinite min. extreme points
Example

Give example for a function f which has an unique max. and min. extreme
points.
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Theorem (7)

Let f: X — R be a cont. function. If X is compact, then 3a, bX such that
fla) < f(x) < f(b),Vx € X.

i.e.f has min.extreme point at a and f has max. extreme point at b
Proof: To prove that3db € X 5 f(x) < f(b)?

Since f is cont. function on compact space X

= f(X) is compact. (by Th(5))

=f(X)is closed and bounded

Since f(X)is bounded in R, then f(X)is bounded above

= (by completeness axiom)f (X)has supremum, say sup( fx )) =M
= f(x) < M,Vx € X.

To prove thatM is an accumlation point of f(X)?

i.e.,to prove thatVe > 0,(M — e, M + e)\{M} n f(X) = @?
ifnot=>3e>0,(M—eM+e)\{M}INnf(X) =0

= M — ¢ is upper bound of f(X) = C!

=M is accumlation point for f(X)

Sincef (X)isclosed > M€ f(X)=3Ibe X3 f(b)=Mand f(x) <M = f(b)
= f has a max.extreme point at b.

By similar way prove that 3a € X 3 f(a) < f(x),Vx € X
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Uniformly continuous

Definition
Let (X, d) be a metric space and f: X — R. f is called uniformly continuous if:-
Ve> 0,36 >03 |f(x) — f(y)| < e wheneverd(x,y) < §,Vx,y € X

Remark: The chosen of § in the definition of uniform continuity is depending
on ¢ only.

Theorem (8) Every uniformly continuous function is continuous.

Proof

Let f be uniformly cont.on X

=>Ve>0,36 >03 |f(x) — f(y)| < e whenever d(x,y) < §,Vx,y € X
takey =p =>Ve > 0,36 > 03 |[f(x) — f(p)| < e whenever

d(x,y) <6,Vx,p€eX

=f is conts.at p, Vp.

Remark: The converse of theorem (8) is not true, for example:

Let f:R - R, f(x) = x? is cont function. (Check) to show it is not uniformly.

1
letx=n,y=n+g,nEN
d(x,y) = |x -yl = ‘n—n——

1
by Arch.prop.any real ,an € N 3 - <6
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2
takee =1 = |f(x) = fI =

1
n2—<n+—)
n

=2 +ﬁ > e =1 = f is not uniformly conts.

Theorem (9)

Let f: X — R be a cont. function If X is compact, then f is uniformly cont.
Example
Let f:[a,b] = R, f(x) = 3x cont.= f is uniformly conts.

e Prove f is uniformly by definition.

Theorem (10) (Intermediate Value property (L.V.P.))

Let f be a cont. function on [a,b].If f(a) = «, f(b) = B then forally,a <
y<pB,3dc,ca<c<bandf(c)=y

Proof:LetS = {x:x € [a,b], f(x) <y}. S + @ sincea € S.
S is bounded above (since b is upper bound of S)

=by completeness axiom ,S has a sup.say sup(S) = ¢
There are three casesf(c) =y or f(c) < yor f(c) >y

if fle) <y

Since f is conts.at c andf(c) <y

>Ve>03f(x) <y, Vxe(c—¢c+e)Nn]a,b]
Forthisxjif c<x<b=>x€Sandc <x = (!

=f(c) « y(Since sup(S) = c)

if fe)>y

by similar way f(c) »y=f(c)=y=>3c,a<c<b3 f(c) =y.
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Exercise Give example for discontinuous function for all elements of its
domain?

Theorem (11) (Interval Theorem)

If f is continuous onl = [a, b], then f(I)is closed bounded interval.
Proof: Since I is closed and bounded = I compact

Since f is conts.on I, then f has max. extreme point

= 3¢, d, f(c)m, f(d) = M suchthatm < f(x) < M,Vx €

There aretwo cases : c <dord<c

if c<d.Apply (1.V.P.)on f and [c,d]

=>Vy,ye(mM),3x € (c,d) 3 f(x) =y = f() = [m, M].

Theorem (12) (fixed point theorem)

Let f:[0,1] - [0,1] conts., then there is at least one number c [c is called
fixed point of f]13 f(c) =c

Proof: suppose that g:[0,1] - R 3 g(x) = f(x) — x conts.on [0,1]

(Since the identity functioni:X — X is conts.and f conts.)
= g is conts.on[0,1]

if f(0)=0o0rf(1) =1= theproof is complete

Suppose that f(0) # Oand f(1) # 1

since f is onto (f:[0,1] = [0,1]) = g(0) = £(0) — 0 = £(0) > Oand
g =f1)-1<0=9(1)<0<g(0)
=by(I.V.P.)3c,0<c<13g(c)=0=f(c)—c=0= f(c) =c
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= f has a fixed point.

Theorem (13)

Suppose that f:1 — ] is bijective,wherel, ] are closed intervals . if f cont.
then f~1 conts.

Theorem (14)

Any polynomial of odd degree has at least one real root.

Exercise

1.show that f discont.and bounded and no max. min.,where f:[0,2] = R,
fx) =x—[x]

2.show that f disconts.and does not satisfy (I.V.P.),f:[—1,1] = R,

_(—2ifx<0
f(x)_{ZifXZO
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