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The Definition of Riemann Integral

Let f be a bounded function defined on [a, b] = ] where |J| = b — a is the
length of ] if T = {a = x,, x4, X, ..., X, = b} is an ordered subset of | where
the first element is a and the last one is b, then m is called the partition of J.

And J; = [x;,x;41],1 = 0,1,2,...,n — 1 are called the subintervals of ]
Remark
We can write the elements of ras m:xg < x; < xp, < -+ < xp,
* Now, since f is a bounded function so that we can talk about:
M = sup{f(x):x € J} ,M; = sup{f(x):x € J;}
m=inf{f(x):x €]} ,m; =inf{f(x):x € J;}
Define the following sums:

1- Lower sum of f relative to 7 md il fJ SV g el
n-1 n-—1

R(f,m) = Z Omi|]i| = Z Omi(xi+1 —x;)
= 1=

2- Upper sum of f relative to 7 mdawill fJ JeVl e sandll
n—1 n—1

E(f» M) = M;|J;| = OMi(xi+1 — X;)

i=0 i=



Remark: Vi, m<m; <M; <M
Proof

IfA={f(x):x€J},B={f(x):x€]J;},Vi=>BcCcA

By the properties of {;Z]; = inf(4) < inf(B) > m <m;, Vi

and sup(B) < sup(4) = M; < M ,Vi
And since inf(B) < sup(B),thenm <m; < M; <M
Remark: by the above remark:
If f is a bounded function defined on [a, b] then
m(b—a) < R(f,m) < R(f,m) < M(b—a)
Proof

Since m < m <M, <M= m|]l| < miljil < Mlllll < Ml]ll,Vl

n-1 n—1 et -
= til = M;lJil = M|J;
Sy mAS)  mlls)  mlpi<) My
n-—1 . n—1
. R , < R ) < M i
:””Zizo Uil = R(f,m) <R(f,m) < Zizo Uil

= m(xn - xO) < B(fi T[) < ﬁ(f; T[) < M(xn - xo)
Definition

Let , m* be two partitions offa, b], we say that " is the refinement of w if m S

*

T

Example
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Remark (without proof)

If f is a bounded function on [a, b] and * is a refinement of 7 then:
DR(f,m) < R(f, ")

2)R(f, ") < R(f, ™)

)R(f,m) < R(f, )

By this remark, we define the following two nonempty sets:-

s22 3R (f) ={_R (f;n):7 fs a partition}# @ ] =

[a, b] Lemssio yidll a4

g (S g gane SN e gaaly el g gane SV e aa g adle

R(f) = {ﬁ(f,n):n is partiti}n} # Q43 Y Jo aa gaa¥ s e

Now, since R(f, ) < R(f, "), then any element in R(f) will be the upper
bound of R(f), also, any element in R(f) will be lower of R(f).

So, the upper Riemann integral of f is

[f=[Rf=mf(R()) 0 Gl ey ol
I f=JR() =sup(R(P) £ J N Gy dss
And it is clear that. [ f < [ f

Definition

Let f be a bounded function defined on the interval[a, b]. f is the Riemann
integral (R — 1) iff | f = J f . And denoted by [ Rf or [ f.

Example: find foz f(x),f(x) =3x

[a,b]=[02]=] ,l/l=b—a=2 45353 (51 Jand Al i 5L
=
b—a b—a b—a
ma<a-+ <a+2 <-<a+n =b
n n n
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R(f,m) = Z m;lJil = mo(xg —x0) + my(xz —x9) + -+ My (X — xp—1)
i=0

= fOo) 5+ fOr) + o+ f(tnn)
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« [ f = sup{R(f,m):m} = sup{6—£:n € N} =6

R(,m = ) Ml
i=0

= Mo(x; —x0) + My(xy; —x1) + -+ My (Xp—1 — Xp_3)
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- . 6 B
.-.ff:1nf{R(f,1T):1T}—1nf{6+£.n€N}— 6

- 2
~ff=lf=6=][ fkx)
+D0es there exist a bounded function that is not R-1?

Yes, for example: -

Let f:[a,b] = R, f(x) = {10 ll];fc E g

Suppose that m: xy < x; < -+ < x,, be a partition of [a, b] by density of
R = Vi, J; has infinitely rational and irrationals, so
vi,m; = inf{f (x):x € ;} = 0= R(f,m) = Zm;|J;| =0
Vi,M; = sup{f(x):x €} =b > R(f, M) = EM;|};| = Z|J;| =b—a # 0
#ff=0%[f=1= fisnotR-I
Example: Let f: [a,b] = R, f(x) = c, c is constant. Show that
[ f()dx = c(b - a).
R(f,m) = X5y milJil = ¢ XI5 il
= c[(xg = x0) + (xz = x1) + -+ (X = xp-1)] = ¢y, —x0) = c(b—a)

Which mean R(f, m) is constant =>:>f_f = sup{R(f,m): 7t} = c(b — a).

Also, [ f = [Rf = inf(R(f) ) = c(b — ). Then (by definition) f is R-I.

H.W. Find [ Rf
Df:[0,2] - R, f(x) = x?

2)f:[01] » R, f(x) =x
Theorem (1)

If f is a bounded function defined on [a, b] then

W
=N



fisRI & Ve >0, |§(f, ) — R(f, n)| < ¢ For any partition

Proof: =)Suppose f is R — I. Mean thatTf = f_f =[f

Let € > 0,since f isR — I = R(f, M) — Tf < % for some 1, (by properties of
inf)

Andm, 3 L f—R(f,my) < % (by properties of sup)

Let m = m; U m, refinement

= R(f,m) <R(f,m) =R, 10— [f < . (D)

And since R(f,m) < R(f,m,) = Lf —R(f,m) < 2 ..(2)

By (1) and (2)= R(f, ) — f_f + f_f —R(f,m) < % _|_§
= R(f,m) —R(f,m) < ¢
<)For the converse, if Ve > 0, 3m such that ﬁ(f, m™) — R(f,m) <¢,

To prove f isR — I?

Since R(f, ) SLfS | f <R(f,m),vn

Hence 0 Sf_f—if <R(f,m) —R(f,m) <e,Ve >0

Then [f—[f=0=[f=[f=fisRL

Theorem (2)

Let f be a continuous function on [a, b] then f is a Riemann integral.
Proof

Let € > 0, since f is cont. on [a, b] then fis uniformly continuous.

= 36 > 03 foranyx,yin[a,b],|f(x) — f(¥)| < ﬁ

We will construct a partition for [a, b] as follows by Arch-property

=



AIneN>Ind6>b—a=> <é

n
= = {a = x4, X, ..., X, = b} be a partition of [a, b]

a
3 il = ——,Ji = [xp Xi44]
n
= il = %41 —x3] < 8,Vi

Since f cont. on [a, b] = f is bounded and has min and max values in [a, b]
and in J;, Vi

= 3t;, t;"in J; 3 M; = sup{f(x):x € J;} = f(t;)
m; =inf{f (x):x € J;} = f (&)

Since |t; — t;'| <6 = |[f (&) — f(&;D] < ﬁ

Then R(f,m) = R(f,m) = XiLy MilJi| = XiLy milJ;]
= ZIf )~ fEOW < Y 5=l == > Il =—(b—a) = ¢
i=1 i=1

Thus f is R-1.
Remark: The converse is not necessarily true

3 ,ifx<0

7 ifx>0 f is Riemann integral but not

Example: f:[-5,5] 2 R, f(x) = {

continuous.

Solution:-Vn, T = {—5,_71,%, 5}
s = [l = ]
= = |— — = |—,— = |—
]O ) n 1]1 n 'n ;]2 Tl,
n—1

R(f,m) = Z m;[Jil = mo(x; — xp) + my(x; — x1) + my(x3 — x3)

= fxo) (21 — x0) + f(x)(x — x1) + f(x2)(x3 — x7)

W
=X



=3(_71—(—5)>+3<%—(_71)>+7<5—

-3 3 3 7 4
=—+4+15+—-+—-+35——=—=50——,vn
n n n n n

n—1

)

ff=sup(£(f)) =sup{50—%:nEN}= 50

R(,™ = > Millil = Moljol + Maljs| + My,
i=0

=3<_71—(—5)>+7(%—(%1)>+7(5—

-3 7 7 7 4
= — +12+—+—+35——=50+—
n n n n n

)

[f=mnf(R(H) = inf{SO + %:n e N} — 50

.-.f_fzf_f:j_ssf=50

Theorem (3)

If f is bounded monotonically (non-decreasing) on [a, b] then f is the

Riemann integral

8 yalua g Anli ) pé B yatua g 45 )

&j x>0 x?

B _yalua g 4t )

y=1

S

Byl & g 4w )

—e

—e

—e

Proof

Lete > 0,7 = {x; = a,x5,, ..., x, = b} be a partition on [a, b] such that J; =

b—a

[xi, %441 i = —

i




M. e .
Since f is non-decreasing{ 0 = f(Xis) Vi

m; = f(x;)

— b —
SRU™ - RU™ = D [fGied) = FEI = (F(0) — (@) —

i=1

By arch-property,3n € N 3 ne > (f(b) — f(a))b;—a

b —
= (D) - (@) —— <

~R(f, M) —R(f,m) <& = fisR-I

Negligible set dlagall A ganall

Definition: Let S € R, S is called a negligible set if there exists a countable

family of open intervals {I,} such that:(1)S S Uz, ,(2)Ve>

O)EIz;lJlkl <: &

e Ll skl & gena iy S 5 A gkl ol i) e ]} Ay § Aulari (Sl 13) Alaga e ganaS
il

Examples

1-Any finite set of real numbers is negligible:

LetS = {xy,x5, .., x,}, e >0,Vk, 1<k <n

Let I;, open interval with center x;, and |I;| = % =S c Uk Ik

& & & .
And}p_; || = 2:1% = . n= < €. Then S is neg.

2- Any countable set of real numbers is negligible:

&
2k+1

Let & > 0,Vk, I, open interval with center x;, and |I;| =

£ 1

&
=S5 C Ulc;o=1lk andz,?=1|lk| = Z?(o=1m = gZI?ZlW — E < €

3- Any subset of negligible in negligible

W
=N



4- The union of a family of negligible sets is negligible.

5- Qis neg.

6- Any interval [a, b], (a, b), [a, b) is not neg. since its length= b — a
7- R is not neg. since its length goes to o

8- Q' isnotneg.since R = Q U Q’, if Q neg.= R is neg. =C(!

9- There is an uncountable neg. set, which is the Cantor set.

Theorem (4) (Lebesgue’s Theorem for R-I)
Let f be a bounded function on[a, b], then:

f is the Riemann integral< the set of points of discontinuity off is neg. set.

Example

Use Lebesgue’s Theorem to show that f is R-1.f: [—4,7] = R,

x,if —3<x<0 ) -

)2 Jifo<x<2 :
) =3x+1,if2<x<5 s

5 Lif5<x<7 T

Clearly, f is bounded since |f(x)| < 6,Vx € [—4,7]. The set of
discontinuous points is {0,2,5} finite = {0,2,5} is neg.
By Theorem (4) = f is R-I




Some properties of Riemann integration

1-If f and g are Riemann integrals on [a, b]c € R then f + g, cf are R-]
Proof: To prove that f + g, cf are R-I we use Lebesgue’s theorem.(Th. 4)

Since f is R-I= the collection of points where there is a discontinuity of f is
neg.

And g is R-I= the collection of points where there is a discontinuity of g is
neg.

Then the collection of points where there is a discontinuity of f + g is neg.
=R-I.

2-1-If f and g are Riemann integrals on [a, b]c € R then f + g, cf are R-]
and

i— jb(f + g)dx = jbf(x)dx + fbg(x)dx

i — jb(cf)(x)dx = cjbf(x)dx
a a
Proof:(i) To prove f + g R-I,let ¢ > 0 and 7, 7, be a partition of [a, b] then
IR(f, ™) = R(f,m;)| < and |R(g, 1) = R(g,72)| <>
Lett = m; Um, = mis arefinement of m; and m,
Letm; = inf{f(x):x € J;},J; interval in
m;" = inf{g(x):x € J;},J; interval in 7
Similarly, we can prove that.
R(f,m) —R(g,m) 2 R(f + g,m)
Now R(f + g,m) = R(f + g,m) < R(f,m) + R(g,7) — [R(f, ™) + R(g,™)]

= R(f,m) —R(f,m) + R(g,m) — R(g,m) < §+§ =¢. Then f + g is R-1 by
Th.(1)

W
0



Toprovethat [f+g=[f+[g. f+gR-I

Forany € > 0, f_baf — e < R(f,m),R(f, M) < fa_bf + £ and
b . ~b

j g—€<ﬂ(g,7'[2),R(g,T[2)<f g+€

—-a a

> [° f+[° g—2¢e <R(f,m) +R(g,m;) <R(f +g,7) by (1)

AndR(f + g,m) < R(f,m;) + R(g,m,) < fa_bf + fa_b g + 2e by (2)

This is true foralle > 0 = It'strueate =0
Since (by def. ofT,f ):

b -b .
3<f+g,n>sj f+g j f+g<R(f+g.m)

Then we have

j_f+j_g<R(f+g,n)<j f+g<j_bf+g<R(f+g,7T)

<[ oo Lo

Lf+g=Tf+g=>f+gisR-I.

Remark: The integral [ is a linear transformationf

Let X = RI[a, b] =the set of all Riemann integral functions on[a, b]. Then,
by 2 — (i and ii), we get the transformation

T:X - RsuchthatT(f) = fabf (x)dx, is a linear.

2- If f is the Riemann integral on [a, b], f(x) = 0,Vxthen [ f > 0

Proof: Since f(x) = 0,Vx € [a,b] = R(f,m) = 0 and R(f,m) = 0

W
=N



[f=0and[f=>0=sincefisRI=[f=[f=[f=>0.
3-If fiand f, are R-1 on [a, b] and if f; = fothen [ f, = [ f»
Proof:letg=f; — f5

*f1(x) = fo(x) = f1(x) — fo(x) = 0,Vx € [a, b]

~ g(x) =20,Vx € [a,b]

By (2)[g(x)=0

=ng(x)=f:f1—fz20=>Lbf1+(—fz)20

:jbfl—j—fz 20,by(1),i,ii=>jf12fz

4-1f fisR-I, then |f| isR-land | [ f| < [|f] (HW)

5- If f is R-1, then f2 is R-I (HW)

5’-If f and g are R-I then the product f g is R-1 (H.W)

6- [ : RI[a,b] - R is not a (one-to-one) function, we must prove that for

some f,gand [f=[g

we define f, g as follows

f:[-1,1] - R
1

Proof (6):let f,g € RI[-1,1] = {g' [-1,1] = R

Fo)=xvx g0 =g hE 7]

1

=>j1f(x)dx=0 andj gx)=0 butf+g

7-1f f cont.on [a, b], f(x) = 0,Vxand [ f(x) =0thenf =0

Proof: Supposethatf # 0 > 3Ix € [a,b] 2 f(x) #0=>y=f(x) >0

3 : :
Let (%, 73/) be an open interval contains y

Since f is cont.= 3V openintervalinR 3 x € V and f(V N [a, b]) S (%,373/)

W
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23_y>

:Vﬂ[a,b]gf‘1<2, >

= 3] closed interval 3 x € I € [a, b] and f(x) > 0, Vx since I bounded and
closed= I compact

And since f cont = f has min. value in I say m

>m=min{f(x):x€l}=>m>0=f(x) =0
b :

= [ =/ f=ml|l|>a=C!since [f=0

8-If f, g are R-1on [a, b] then

[ fe)dx = [Cf()dx + [ f(x) dx,a < ¢ < b (HW).

Theorem (5): If f is R-1 on [a, b] and F(x) = f;f(t) dt then F is cont. on
[a, b]

Proof: Since f is R-I= f is bounded on [a, b]
= 3IM > 03 |f(t)]| < M,Vt € [a,b]

Letc € [a, b] and for any x € [a, b]

|F(x) = F(c)| =

fo(t)dt — ch(t)dt

X X X
= |/ f®Odt| < [TIf@®]dt < [ Mdt < M|x — c|
Now, for given € > 0, choose § = % =if|[x —c| < §

Then |F(x) —F(c)| < M|x—c|<M-6<¢

= Fiscont.atc,Vc € [a,b] = F is cont. on [a, b].

Theorem (6) (Fundamental Theorem of Calculus)

If fisR-Ion [a,b] and F(x) = f;f(t) dt and f is conts. on [a, b] then F is
diff.on (a,b) and F' = f

W
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Proof: Let ¢ € [a, b] for any x € [a, b]

To prove F is diff. at ¢

F(x) — F(c) [; f(©adt
— —f(c)‘= — —f(c)‘
fcxf(t)dt B xX—c
"= 19| F =
| f@ar [T f©| O = fldt
| x—¢  x—-c| X—cC |x — c|

Then f is continuous = Ve > 0,3§ > 03 |x —c|<d = |f(x) — f(c)| < ¢

fcxsdt

X—C

F(X) F(C) JAF®-f©lat <

lx—c|

__ &lx—c]|

Thus

SIGIE

= &.

lx—c|
So, F is differentiable and F' = f.

Exercise Let f be R-1on [a, b], if F(x) = f;f(t) dt and F is diff. on

(a,b) 3 F' = f. Show that [} f(t)dt = F(b) — F(a).

Theorem (7) (The integral Mean Value Theorem)

Let f and g be cont. on [a, b] with g(x) = 0 for x € [a, b] then thereisc,c €
(a, b) such that f;f(x)g(x)dx = f(c) ff g(x) dx

Proof: Since f is cont. on [a, b] = f is bounded
= Idm,M > 0 suchthat m < f(x) < M,Vx € [a, b]

since g(x) =2 0=>mg(x) < f(x)g(x) < Mg(x),Vx
b b b
= mf g(x)dx Sj f(x)g(x)dx < Mf g(x)dx

—If [P g dx =0 [0 FO)g(x) = 0= f(c) [2 g(x) dx

O



—If [} f)g0) # 0= m [} g(x) dx < [ f()g(x) dx < M [ g(x) dx

b
L L@@

= b
J, 9(x)dx
b
Apply the intermediate value property on f and [a, b] and k = fc} J;g
=>3c€(a,b)3f(c) =k
= f(C) — fffgdx = fbf(x) (X) dx = f(C) J‘b (x) dx
[ gdx a g a9 )

Corollary: If f is cont. on [a, b] then 3¢ € [a, b] such that fff(x) dx =
fe)b—-a)
Proof: In Theorem (7) take g(x) = 1, LM.V.T.



