FIRST DERIVATIVE . NOTATIONS
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of a function or rate of change. dx
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= Beginning: Explain the geometric meaning of differentiation.

Definition
A function f: A = R, A € R is called differentiable at c if and only if
lim f(x)—f(c)

X—C X—C

denoted by f'(c)

exists. The value of this limit is called the derivative of f at ¢ and

Theorem (1)
If f is differentiable at the point c, then f is cont. at c.

Proof: Let € > 0, to prove that |f(x) — f(c)| < €?

Since f is diff. = f'(c) = lim% exists

X—C

Now
lim(£(x) - £(©)) = lim (£() = () - =—)

= limw- lim(x—c)=f'(c)-0=0

x>¢  X—C x—c
=~ lim(f(0) — £(©)) = 0= |f(x) = f(©)] <& (by def.of lim)

= f conts.at c.

Remark: The converse of Theorem (1) is not true, see the example below:
Examples

1.f:R - R, f(x) = |x| conts.but not diff.at ¢ = 0.

x—-0 x—0 x-0 x —0 x-0 X

X
= i; = 11 not exists
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=f'(0) is not exists =fis not diff.atc = 0

14+ Vx ifx=0
Vx ifx<0

V—x ifx <0
Vx if x =0

cont. but not diff.at c = 0.

2.f;R > R, f(x) ={

cont. but not diff. at c = 0.

3.f:R > R, f(x) ={

Exercise. Give an example for conts. function but not diff. at each point.

Theorem (2) Rules of derivatives: (without proof)
Let f, g be two diff. functions at ¢

1.(f + g) is dif f-at c and (f + g)'(c) = f'(c) + g'(c)

2.(f - @)is diff.at cand (f - g)'(c) = f'(c) - g(c) + g'(c) - f(c)

3.if f(c) # 0,then — is dif f.at c and ( > (c) = —]C'(C)2
f( ) f (F©)

4.if g(c) # 0, then I diff.at ¢ and (f) © _1'(©g() —g;(c)f(c)
? (9(0))

5.if Yn € N, f(x) = x™, then f'(x) = nx™1
Theorem (3) (Chain Rule)

Let f be diff. function at ¢ and g diff. at b = f(c), then g o f is diff. at ¢c and
(g°f)(©)=g'(fO)f'(©

Proof
f)—f(c)
Define F.(x) ={ e 7€
f'le) x=c

= F, is conts. function at c since:

123



lim(7.Go) ~ Fo(e) = i 2D i 10y = 1) - 10 = 0

= |E.(x) —F.(c)|]<e Ve>0

Now,

9(y) —g(b)
DefineGb(y):{ y—>b #b
gm) y=b

= G} is conts. function at b

Vx;Fc(X)—M = fx) = flo) = (x = )F(x) we... (%)

gy) —g(b)
y—>b

vy, Gp(y) = =gy =gb)+ Y —b)G,(y)

=g N = g(f(x) = g(y) = g(b) + (y — b)G, ()

= g(f(©) + (fC) = f(0))Gr ()

2 (ge ) = (g )+ (x — EX)G, () (by())
L g N@=(g°N©)

X—C

= F. ()G, (f(x))

Since F.(x) is cont.at c and f(x)is dif f.at c
= f(x) cont.at c and G, cont.at b = f(c)

= G, o f(x) conts.at c

= F,(Gy o f(x))conts.at ¢ = G°f) (xj)c : E‘g ° () exists and then

(g f)x)—(g°f))

lim — = E()- Go(f(©) = £(©)- Go(B) = f'()g'(B)
= F(©g'(F(©)

~ gofdiff.atc

124



Theorem (4) (Inverse Function Theorem)

Suppose that f: A = B is bijective function, where A and B are intervals. If f is
diff. a € Aand f'(a) # 0 then f~tis diffat f(a) = b

and (f~1)’ —m ( Proof: exercise)

Examples

Explain Th. (4) by the following example
1.f:[0,0) - [0,) 3 f(x) = x*?

Solution: since f is (1 — 1)and onto, then f~! exists and

y=x*=sx=Jy =f"[0,0)>[0,0)3f () =,ly
_ ' 11

vy, (') = =

2x 2y
Zf[ ]—>( 1,1) 3 f(x) = sin(x)?

3.f:R > [0,0) 3 f(x) = e*?

Definition:

1. lim fx)-f() .

xX—=>Cc~ X—C

f()f()
X—

is called the left-hand derivative of f at ¢ and denoted by f_"(c).

2. lim is called the right-hand derivative of fat ¢ and denoted by £, (c).

x—cTt

If f.'(c) = f£."(¢) exists, then f is diff. at c.

Exercises: Check f_'(c) andby £, (c) atx = 0, if f: R — R such that

_ [ x% x<0
L fx) = {2x+1 x>0
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2 (%) :{\/—_x, x<0

x, x>0
xsin(%), x<0

> f(X):{ x, x>0

Definition:

1. A function f has a local maximum value at ¢, if 3/(J is an open interval) ¢ € |
such that f(x) < f(c)Vx €]

2.A function f has a local minimum value at ¢, if 3J/(J is an open interval) ¢ €
J suchthat f(c) < f(x)Vx €] .

Theorem (5) (Local Extreme Value)

If f is diff. at ¢ and f has a local max.(or min.) value at c, then f'(c) = 0
Proof

Suppose that f has min.value at c = by def.3](J is open interval)c € |
suchthat f(c) < f(x)Vx €] = f(x)—f(c)=0

There are two cases:

lL.Ifx>c=>x—c>0>

FO=T@ | o ey o ym FO=TE
X—C x—-ct X—C

0= f£.'(c) = lim M <

x—c~ X—C

2.Ifx<c:>x—c<0=>wﬁ 0

Since fisdiff.atc,then0 < f,'"(c)=f'(c)=f"(c)<0=>f'(c)=0
Remark

The converse of Th. (5) is not necessarily true. As example

f:R->R 3 f(x)=x3diff.onR, f'(x) =3x*=>x=0

Exercise

Determine the max. and min. value of f(x) = x(x — 1)(x — 2)on [0,3].
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Theorem (6) (Roll’s Theorem)

If f is diff.on (a, b)and conts.on [a, b]and f(a) = f(b), then there exists ¢
a<c<b>f'(c)=0.

Proof: Since [a, b]is compact and f conts.on|a, b], then:

f has max.and min.= 3cy, c, € [a, b] 3 f(c;)max.value, f (c,)min. value.
xIf f(c;) = f(cy) = fis constant Vx € [a,b] = f'(x) = 0 Vx € [a, b]

x If f(c;) # f(cy) = at least one of ¢, and c, is not equal to a or b

= f has a local max.or min.(or both) in (a, b).

By Th.(5) f'(c;) = Oor f'(c,) = 0 (or both=0).

Example

Find the value ofc, which satisfy Roll’s Th., f:[-1,1] » R 3 f(x) = V1 — x2
Solution: 1 —x?2>0=> —x*>-1=>x*<1=>-1<x<1

= fisdiff.on (—1,1)and conts.on[—1,1]
a=-1,b=1=f(-1)=f1)=0

by Roll"s Th.=>3c.—1<c<13f'(c)=0

—2x

2:V1-x?

Since f'(x) = and f'(c)=0=>c=0

Theorem (7) (Mean Value Theorem) [M.V.T]

If f is diff. on (a, b)and conts. on[a, b],then there exists ¢,a < ¢ < b such that

/ _ f(b)—-f(a)
£(e) = L@

Proof: Define g(x) = f(x) — Ax, where 4 = f(b;:z(a)

Since f conts.on [a, b] and Ax conts. on [a, b] = g is conts.on [a, b]
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v fdiff.on (a,b) and Ax dif f.on (a,b) = gis diff.on (a, b).

To prove g(a) = g(b).

g(a) = f(a) Aa g(b) = f(b) lb
— f(a)b f(a)a f(b)a+f(a)a — _ f(b)b- f(b)a f(b)b+f(a)b
b-a b-a
_fl@)b—f(b)a _ fl@)b—f(b)a
B b—a B b—a

Therefore gis diff.on (a,b) and g(a) = g(b) = 3c € (a,b) 3 g'(c) =0.
Example
f:[0,1] = R, f(x) = Vx. find the value of c,which satisfy M.V.T.

Solution: f is conts.on [0,1]and dif f.on (0,1),f'(x) = -

2Vx
fO-f@ 1-0 1 1 1
Py —1_0—1:>f(c)—1:>2\/z—1=>\/z—2:>c—4
Collorary (1)

If fis conts.on,diff.on (a,b)and f'(x) = 0Vx € (a,b),then f is constant
Proof
Let x1,%, € [a,b] and x; < x,, Since f is conts.on [a, b] = f conts.on[xy, x,]
and f diff.on (a,b)
= f diff.on (xq,x,).

f(x2) = f(x1)

ByM.V.T.= 3c;c € (xq,x,) 3 f'(c) = . —x
2 — X1

= f(x;) = f(xy), for any x4, x, in [a, b] = fis constant.
Definition: Let f/: S € R = R be a function, f is called

1. increasing if (x; < x, = f(x1) < f(x2)).
2. decreasing if (x; < x, = f(x3) < f(x71)).
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Examples:

Collorary (2) If f is conts.on [a, b],diff.on (a,b)and f'(x) = 0Vx €
(a,b),then f is an

increasing

Collorary (3) If f is conts.on [a, b],diff.on (a,b)and f'(x) < 0Vx €
(a,b),then f is

decreasing
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