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Definition

If (x,) be areal sequence, then x, +x, +x, +... is called infinite, and it is written as ) x, .

n=1

If the series of the form x, +x, +x, +...+ x,, then it is called a finite series and written as

n
2%
k=1

Definition

Let ) a, be an infinite series, the sequence (s,) is called the sequence of partial sums

n=1

of > a,, where:

n=1

S =4a
S2 :Cll'|'Cl2

S5 :a1+a2+a3

s,=a,+a,+a,+..+a,

Definition

1. An infinite series ) a, is said to be: -

n=1

i. Convergent if (s,) is convergent
ii. Divergent if (s,) is divergent

2.1If (s,) converges to s, then ian =s.

n=1

Examples
Check the convergence of the following series: -

a,=1,Yn=>a,=1+1+1+..
1. Let n=!

s,=a, =1

s,=a,+a,=1+1=2

ss;=a;+a,+ta;=1+1+1=3

So, s, =a; +a, +az+...+ta, =1+1+1+...+41=n

= The sequence of partial sums is (s,)=(n) iinfiniteinfinites divergent, since it is
unbounded
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= > a, is divergent.

n=1

(00]

2. LetY®,a, = Z L

n=1 n(n+1)
1 1 1

a, = = =
Y1+ 1) 2
1 111

“T50+) 23) 2 3
I o1

a = = —--
33+1) 3(4) 3 4
1 1 1 1

“Ta@r) 45) 4 s

1 1 1

1 1 1 1
52=a1+a2=(1—5)+(5—§)=1—§
1 1 1 1 1 1
S3=a+taptaz;=(1-3)+C-)+G-)=1—
1 1 1 1 1 1 1 1
Ss=atatazt+a,=0-)+G-)D+G-)D+G—)=1—-¢

Therefore, s,, = a; +a, +az+...+a, =1 — ﬁ

. i =1 . 1 .
= the sequence of partial sums of » a = 1s (s y=(1-——) convergent, since
q P ; " ,,Z::‘n(n+l) < "> < n+1> &

. . 1 . 2 .
lims, = 11m(1——1) =1= (s,) is a convergent sequence= » a, is convergent.
X—>0 X—>00 n + =l
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3. Harmonic series

. ® 1 11 . .

Let) —q,a, = E - =1+-+c+.. divergent series
n=

Proof:

s,=a, =1

S, =a,+a —1+1
2 — 2 = .
2

s, =a,+a +a—-1+1+1
3~ % 2 3 P,
2 3

I 1 1
s, =a,ta,+a;+..+ta,=l+—+—+...+—
2

n
1 1 1
Sy =l+=—+=—+. . +—+—
3 n n+l
1 1 1 1
S, =l+—+=—+.+—+ +
3 n n+l n+2

I 1 1 1 1 1
S, =8, =l+—+—+. . +—+ + +..+—
2 n n+l n+2 2n
Let m=2n
1 1 1 1 1 1 1 1 1
ls,, =s,|=|A+=+=+...4—+—+ tot—)—(+=+=+..+>)
2 3 n n+l n+2 2n 2 3 n
1 1 1
=—+ ot —
n+l n+2 2n
1 1 1
>—4+—+.4+—
2n  2n 2n
1 1
=n—=—
2n 2
Hsz%:%%—%>e

So (s,) is not a Cauchy sequence=> (s,) is not a convergent sequence

= >a, is divergent.

n=l1
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4. Geometric Series

Zar”‘1 =a+ar+ar’ +ar’ +.., where a > 0, r is called the base of the series. The sequence

n=1

of partial sums is

s, =a+ar+ar’ +ar’ +..+ar"

. if |r| = 1thens,, = ta t a...+ta = tna = (s,) = (xna) is a divergent sequence.
@ n-1 :

= ) _,ar divergent.

1

Jf Irl<1=>s,=a+ar+ar?+...+ar™?
=>rs, =ar+ar?+ard+...+ar™
=S, —rs, =a—ar"
=25, (1=-r)y=a(l-1")

g — a(1-r™)

n (1-7)

Then when n —» o0 = lims, = lim ad-r) _e-09)_ _a
n—oo n-ooco (1-7) (1-r) 1-r

o n-1 _ @ .
= ), _,ar"™' =— s convergent

a(1-r™)
(1-7)
. o - .
= s, divergent= ), _ ar"™' divergent.
, . -

Zoo - ={ diverget, \ N\ if Ir]=1

=1 n=1 - _—_ I

n converget, ), _ ar — iflrl<1

if Ir|>1=s, =

.Whenn -0 =1r"=+40=s5, > .

Examples
- 7 (7Y (7Y o
I.Zan:l+—+ — |+ =]+ Geometric series
o 3 13 3
a=1, r:Z, r|: Z =Z>1
3 31 3

0
z a,is diverge

n=1
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9 2 4 1
2.2 a,=l-—+— —i+ 16 —.. Geometric series

el 3 9 27 81
0 2 2 2 2 3 2 4
Z‘”HzH(——}r(——j +(——j +(——] +...
n=1 3 3 3 3
a=1, r:—z, r|: —z :z<l
3 3] 3
.'.Zan is converge and Z:ar"_1 =L:L=l:—
n=1 n=1 1—1" 1 2 5
+i —
3 3

28 The relation between the convergence of the series )} a,, and the sequence(a,,):

Theorem (1)
If ¥ a, convergent, then lima, =0 (ie.,V&>0,3ke N >

n=1

a,—0|<& Vn>k)

Proof
Suppose the s, =a, +a, +a,+...+a,

Zan convergent = <sn> convergent = <sn> cauchy sequence

n=1

=>Ve>0,3keN>|s, —s,|<& Va,m>k
letm=n+1
=ls, —s,|<e=s,. —s.|=|a,.|<e Vn>k

=la,|<e Vn>k=la,-0/<e Vn>k

= lima, =0

n—0

Remark (1)
The converse of Theorem (1) is not necessarily true. For example:

Corollary (1)
If lima, # 0, then Zan is diverge

n—o0
n=1

Proof: Suppose that ian converge

n=1

— lima, =0 by Th.(l)

n—>0

=C!
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Remark (2)
The converse of Corollary (1) is not necessarily true. For example, let

e =) (A-VAD)
Weseethata; =vV1i—-V1-1=1
@, =VZ-VZ—T1=vZ-1

0 =V3-V3=1=+3-12
Therefore, s; = a; =1

S, =a;+a,=14+V2—-1=+2
53=a1+a2+a3=1+\/§_1+\/§_\/§=\/§

So, s, = v/n,Vn = (s,) = (v/n) unbounded = (s,,) is divergent

= z (vn —+n —1) isdivergent, but lima, = lim(vVn—+vVn—1) isa
n=1 n—oo n—oo

: : Vn+vn-1 . 1 _
convergent sequence since lim (Vn—vn—1). s = Aim e = 0
Theorem (2)

If Zan and an are convergent series and k € R, then :

n=1 n=1

I.Zw: (a, +b,) convergent and i (a,+b)= Zw: a,+ Zw: b,
n=l1 n=l1

n=1 n=1

2. i ka, convergent and Zw: ka, = ki a,

n=1 n=1 n=1

Proof (1)

Let (s,) be a sequence of partial sums of ian and (¢,) be a sequence of partial sums of

n=l
o0
2.,
n=1

Since Zan convergent, then 3seR > Zan =s and <sn> —s=lims, =s.

n—w
n=1 n=1

Since ) b, convergent, then 3reR>> b, =t and(t,)—>t = limt, =1.

n—o
n=l1 n=1
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lim(s, +¢,)— s+t, but <sn +1, > isthe sequence of partial sums of Z (a,+b,)
n—>0

n=1
= i(an +bn)=§:an +ibn =S5+t
n=1 n=1

n=1

Proof (2)

Let (s,) be a sequence of partial sums of > 4, . Since > a, convergent, then

n=1 n=1

dseR aian =s and<Sn>—>s:>limsn =5.
n=l1

n—>0

limks, =klims, = ks =(ks,) — ks

n—>0 n—>0

= ikan =ks = kian
n=1

n=1

= i ka, = ki a,
n=1 n=1

Exercise
Give an example of two divergent series, but their sum is a convergent series.
Suppose that

o0 0

Zan :Zl andibﬂ :i_—l
n pucl !

n=1 n=1 n=1

(a,+b,) :Z(l—l) = ZO:O convergent — 0

n=1 n=1

M

n

Tests for series with positive terms

Theorem (3) Comparison test

If0 < a, <b, foralln € N, then
a. Z:Zl b,, convergent = Y.;°_; a,, convergent.
b. 2:):1 a, divergent = Y1 b,, divergent.
Proof (a)

Let (s,) be a sequence of partial sums of ian and (¢,) be a sequence of partial sums of
n=l1

o]

S,

n
n=1
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w0<a, <b =5 =a,+a,+a,+..+a,
<b+b,+b,+...4+D,
:z‘n

=s5,<t, Vn

n’

ibn convergent = (t,) —> 1t as n — .

n=1

+b, 20=(z ) increasing seq. and ¢, <t,Vn
s, <t,Vn=s, <t,Yn=(s,)is bounded

= (sn ) is bounded and increasin g (monoton)
= (s, )is convergent seq.

0
= Zan convergent series.

n=1

Proof (b)
Suppose that > b, convergent series= By (a) > a, convergent series= C!
n=1 n=1

Theorem (4) P-Series

Ezm 1 MY 11
—,p>0 — = — 4+ —

n=1m P ’ zn=1 np 1+ 2P g 3P "
There arethree cases : —

=1 &1
i. p=1 :>Z— :Z— Harmonic = diverge
n
e : !
iiif o < p <1wecomparsion with Z—
n=l1 n

1 .
wn’ <nVn=>—>— (sincep<l)
n’ n

by Thm(3):>2ipdivergent if0<p<l.
n=1 n
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<N | 1 1 1 1 1 1 1
sl — b ——F—+
— nP 21’ 317 417 5P 617 717 8P
( lj (1 1 1 lj
<l+| —+— |+| —+—+—+—
p 2[’ 4P 4P 4P 4P
2 4 8 16
=l+—+—+—+—
2747 87 16”7
2 4 8 16

+ - - -

2277 44y 887 16(1677")
LY (Y Yy
=1+(—) +(—j +(—) +(—j +...
2 4 8 16

1 p-1 1 p-1 1 p-1 1 p-1
:1+(5J +(?) +(?j +(Fj +...
oY (Y
OpEOap™ | -
2 2 This is a geometric series with
AN
a= 1,r=(—j
2

wp>1=p-1>0=r= <1 = It is convergent.

27!
: . : 1
Since each term in it is larger than the corresponding term of Y54 —

By Theorem (3), iip convergent, if p>1.
n

n=1

| converge if p>1
= p —series
diverge if 0<p<l1

Examples

= 1 I &1
IZW—Egn—z,p—2>l

n=1

= p —series, p =2 >1= convergent.

. 1 .
= p—series,p = 5 < 1= divergent.
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Theorem (5) Comparison Limit Test

Let Y a and ) b be positive—term series suchthat: —
n , 0€ P

n=1 n=1

lim& =1 %0,

n—w b
n

then Z a, convergent < an convergent.

n=1 n=1

Without proof

Theorem (6) Ratio Test

0
. ._a
Let Zan beaseries,a, >0,Yn and lim—=* =p,
n=1 n—o0 an

lLifb<l= Zan convergent,

2ifb>1=> Z a, divergent, and

3.if b=1= no inf ormations
Without proof

Theorem (7) Root Test

LetZan beaseries,a, >0,Vn if 3b e R alim(/a7n=b,

n—»o
n=1

lLifb<l= Z a, convergent,

2ifb>1= Zan divergent, and

3.if b =1= no inf ormations
Without proof

Remark: Is there a convergent series in one test but not in another test?
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The Number e ol 1 1 1
n:On! 1' 2‘ 3' 4'

- :
Remark: The series Z—' 1S a convergent series.

n=0n'
Since
1 1 1
s, =l+—+—+—+—+..—
n o2t 3 4 n
1 1 1
=1+1+ + + +..—
2x1 3x2x1 4x3x2x1 n!
=1+1+—+—+i+ l
24 n!
<1+1+l+—+1 L
g 20
1 1
=1+1+—+ 2+§ W

1
and its sum is 1:é

2

This is a geometric series with a = r=

|~

1
2)
s, <l+1+1=3

. . 1
=s5,<3=> <Sn >b0unded and increasin g = <Sn > converge = Z; converge.

Theorem (8) e = lim(1+ %)”

n—-oo

Proof:

Lets, =Zl:1+1+l+l+_._+l
im0 k! 2 3 n!

and[n :(1.{.1)” :1+nl+M(lj +M[lj +_'_+(l]n
n

n 2! n 3! n n

.t :1+1+%(n(’1_l)j+l(n(n_l)(n_z)}r..ﬁi

2
n 3! n’ n"

:HIJF%((H—_I)}Ll(w)+...+L

n 3! n’ n"

:1+1+l 1—l +l 1—l 1—z +...+i
2! n) 3! n n n"

<S1414—F—+t— [since each term from the previous step t,, is multiplied
21 3 n!
by a number less than 1, therefore
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St Ss,
when n - o= lim¢, <lims, =e= limz, <e....(1)

n—»o n—»00 n—0
ifn>m

tn=1+1+l 1—l +l 1—l 1—% +..+L 1—l
2! n) 2! n n m! n

21+1+l 1—l +l 1—l 1—% +..+L 1—l I—— ...
2! n) 2! n n m! n

Since we cut the terms at the term m.
Now, fix mand let n >«

= lim ¢, 21+1+i+l+..+L:sm
= lim¢, >2e when m — ..(2)

n—0

by (1)and (2) = lim¢ =e

= e=Ilim(1+ l)"

n—o0 n

Example: Prove that e is an irrational number.

Solution:
Suppose that e is a rational number

m
=dmn>03e=—
n

'.'e=zi:>sn ESTS TN B §
= n! 2! 3! n!
1 1 1
s, = + + +...
(n+1)! (n+2)! (n+3)!
1 1 1
= + - +...
(n+1)! (n+2)(n+1D)! (n+3)n+2)(n+1)!
= ! [T+ / + ! . ]
(n+)!" (n+2) (n+3)(n+2)

1 1 1
< [1+ + st ]
(n+D)! (n+1) (n+1)
1 n+l 1 n+l 1

i) 7 (neba! n nnl

1
=>0<e-s5, <—
n-n!

:>(e—sn)n!<l ..... 1))
n
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We can see that (n!)ee N since:

n!e:nlﬂ:n(n—l)!ﬂ:(n—l)!meN
n n

and n!s, :n!(1+1+l+l+...+l)
21 3! n!

n! n!
=nl+nl+—+—+..+1
21 3!

Since n>1= 3 natural number (e-s,)n! such that0<e—s, < 1 <1l (by(1))=C!
n

= ¢ 1s irrational number.

Example Is the series convergent or divergent?

22 2\ (3 3) (4 4’
el IR B e B
’ 1 2 2 33

. oY ons1] a1y a1 [
limy/a, =limy — =lim —
n—oo n—>0 n n n—oo n n
-1
_im (n+1 n+l_n+1
el \n n
-1
:hm[(nﬂj((nﬂ) _IH
n—> n n
-1 n -
=lim(n+lj [(nﬂj _1]
n—»0 n n
-1 n -
:lim(ﬁ+lj {(ﬁ+l) —1]
o\ pn o on n on
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-1 n =
= lim(1+lj [lim(l+l] —lim(l)j
n—>0 n n—>0 n n—0

=(1+0)" (e~1)" =1(e~1)"
1

=——x<l1
e—1

= Z a, convergent.

Alternating Series

Z(—l)”’lan =a,—a,+a,—a,+..

n=1

or

Z(—l)"“an =a,—a,+a,—a,+..

n=1

Theorem (9) (Alternating Series Test)
The Series Z:zl(—l)n'lan is convergent if:
l. a, >0,Vn

2. Apyq < ap, VN
3. lima, =0
n—-oo

Proof
2 D" lay =a; —a; +az —agt...
let n = 2m (even)

Sp = Som = (a1 — ap) + (a3 — ag)+... +(Azm—1 — dom)
Vlp41 S Ay D Ap — A 202 (ai - ai+1) =0

= (s,) non-increasing series  ......... (1)
Since
s, =a,—(a, +ay)—(a,—as)—...—a,,

=a,—((a, +ay)+(a, —a;) +...+a,,)

<aq
= <sn> isbounded ........ (2)
By (1) and (2) = (s,) is a monotone and bounded sequence [by Theorem 3 in Chapter 3]
= (s,)=(s,,) convergent sequence andlims, =

Similarly, if n=2m+1 (odd)

93



= (s,,.,) convergent to t.

ws—t=lims,, —lims,,
m—>0

m-—>o0
= hm (SZm - S2m+l)
m—>0

= hm a2m+1 = O(by hyp (3))

m—»o0

:>S:t:><sn>—>sandi(—1)"_lan =s.

n=1

Examples
Is the following series convergent?

0 _1 n
Zu convergent.
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Absolute and Conditional Convergence
Definition (Absolutely Convergent)

A series ) a, is called absolutely convergent if the associated series ) |a,| convergent.

Definition (Conditionally Convergent)

A series Y a, is called conditionally if the associated series > a, convergent but

2.a,

Examples

1 LeZZa = z ( 21”)’1
= la,

0

=2

n=0

1 =1 1
u = Z? Geometric seriesr =—,a =1= con.
n=0

0 _1 n
= Z ( 23 absolutely convergent.

1 n o0 1
(&) | = Z . Harmonic series = div.
+

z( D" not absolutely convergent.

= n+1
(="
Now,
nZ:(; n+l1
1 1 1
an:_’anJr]: <_:an
n+1 n+2 n+l

lima, = limL =0
n—w n—o p 41

z (-1 condtitionally convergent.
n=0 I’l+
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Theorem (10) If > 4, is absolutely convergent then ) a, is convergent.

Proof:

Since ) a, is absolutely convergent=> > |a,| is convergent.

= the seq. of partial sums (s,) of ) |a,| is convergent.

= (s,) is Cauchy seq.

Sy = |ay|+|ay |+ |as]+ ..+

= s, =|a|+|a,|+|a;|+...+]a, a,

<sn> caushy sequence = V¢ > 0,3k e N > |Sn —sm| <&, Va,m>k

+la + +...+ <&

letm=n+t,t>21= HanH ol Tl a,,,

=la,, +a + +

n+l n+2

a

+...+an+t|S|a

@, +.ta,,|<e (%)

n+l n+2 n+t

If <tn>isaseq.0fpartialsums onan =t =a,+a,+..+a, and

=190 + a,.o

t —t

n m

+..+a

<& Vn>k (by (%))

= <tn > cauchy seq.

= (tn ) convergent

= z a, convergent.

General Test of Series
Since R is complete, this test states that the series is convergent if and only if the partial
sums s, is a Cauchy sequence. Also, it is used for complex series € is complete

Theorem (11) (General Principle of Convergence)
The necessary and sufficient condition for the convergence of an infinite series

Y a,&Ve>0,3keN>

an+l + an+2 ot an+p

<e,vn>k,p=>0.

Proof: without proof

Product of series
If > a,,> b, convergent series. Is > a,-> b, convergent?

We see that:
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>a, Db, =(a,+a,+..)- (b +b,+..)

=a,(b+b,+..)+a,(b+b,+..)+..
In this form, the product series is difficult.

Definition (Cauchy product of series)

Let Zan,Zb be two series and ¢, = > a, b, , =a,b, +ab, , +..+a,b,. We say that ) ¢, is
k=0 —

n—k
n=1

the product of » a,and ) b, .

Here, we compute some terms of the product:

n=20
:E:‘Zk —k aO
n—l

1
¢ = Zak b, , =a,b +ab,
n=2

2
c, = Zak b, =ab, +ab, +a,b,
Then
Zan -an =c,+c +c, +
n=0 n=0

=a,b, +(a,b, +ab,)+(ab, +ab, +a,b,)+...

We will give an example of two series that are conditionally convergent but whose
product is a divergent series.

Example
o0 o0 o0 _ 1)" 0 o0
Let Y a,=>b,= ( .Is ) a,-)» b, convergent?
nzz;' nzz(; nzzc; Vn+1 ; ;
Solution

Gl ST S S
P e R oA
is condltlonally convergent and not absolutely convergent (check).

Suppose that > ¢, (Cauchy product) convergent
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= ch =a,b, +(a,b, +a,by) + (azh, +ab, +a,b,)+...

sy ey Attt
V2 20 B 2 N2 BN BV 2B 4
1
=a=C )Z\/(n ke +1)(k +1)

)+...

Zc convergent = limc, =0

n—0

Yy el

(n—k+0)k+)=nk—k>+k+n—k+1=nk—-k>+n+1

=lc

2 2 2 2

Y Sy S L L iy LA | Y Y
n (n 4 4) (4 n )(4 n )

1ERREUREORCS!

:>\/(n—k+1)(k+1)gn+2

1 1 .
:>\/(n—k+1)(k+1) 2 Z:\/(n k+1)(k+1)>k=0n+2_(n+l)T2
e 2t L

n+2

= Z C, hot convergent.

Theorem (12)
Suppose that > a, converges absolutely and > a, =4,> b, = B (O b, convergent). Then the

Cauchy product ) ¢, =AB.

Proof without

Exercise

letZan = z C 1) z i .Find ZCn and prove that ZCn converges

= on(n+1)

anchn = Zaann.

98



Power series
A power series (in one variable) is an infinite series of the form

Y ax"=a,+ax+ax’ +ax’ +... where x e R is called a power series in x
n=0

or

Zan(x—c)” =a,+a,(x—c)+a,(x—c) +a,(x—c)’ +... where x € R, ¢ constant.

n=0

Note: You studied the Maclaurin series and the Taylor series in the previous stage, and
their convergence.

Examples
Geometric series, exponential function and sine

The geometric series formula

1
1—=x

o0
:Z$":1+$+$2+$3+"‘,

n=0

which is valid for |.’L‘| < 1, is one of the most important examples of a power
series, as are the exponential function formula

oo

" m2 :L‘3
€f=) —=l+z+ -+ -+
— n 2! 3!
and the sine formula
00 (_1)713:2??.4-1 133 iL‘ﬁ 32‘7
sin(x) = - = — + — — — F -
(2) ; (2n + 1)! 31 57 ’

Definition: Interval of convergence
1. The interval of convergence of a power series Y., @, (x — ¢)™ is the interval of x-
values that can make a power series, a convergent series.

2. The center of the interval of convergence is always the center point ¢ of the power
series.

3. The radius of convergence is half of the length of the interval of convergence. If the
radius of convergence is L , then the interval of convergence:(c — L, c + L).
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Examples
Find the convergence intervals:

2 3
X X X
1. l”l =x——+——...
;( ) 53
Solution
n+l
e x" _’ X
=D v n+ll n+l
anrl/ xn+1 n
lim| 22| = im |—2H = [im —|=lim|x - —— —hm—|x|
n—w a n—w XV n—wo|pn 4+ 1 )C n—w n +1 n—o g 4 1
n
1
= 11m—|x| |x|
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_ [In the ratio test, for a series to be convergent, the limit
lim[— = x| < 1= -1<x<1

must be < 1.]

Now, check when x = +1
if‘x — 1 = Z(_l)n—l x_" — Z(_l)n—l l

but Z( D" 1— convergent (sin ceZ( " Alternatmg series)
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not absolute and not conditional convergent = divergent

= the convergent interval is x € (—1,1]
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In the root test, for a series to be convergent, the limit must be < 1.
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Now, check when x = +1
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it is convergent (sin ce Z -1 o1 Alternating series)
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= the convergent interval is x €[—1,1]

Exercise
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1.Prove that z —is cnvergent Vx?
n=0 n

2.Prove that Zn!~x" is cnvergent only x =07
n=0

3.Find the convergeceinterval for z @
n

n=1

?(by y=2x-5)
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Properties of Power series

* If the two power series

f(@) = Xnloan(z — )"

cnd

9(z) = Ein bn(z — )"

have same interval of convergence (-L, L) then

f(@) £ g(z) =377 o(an + by)z”
» If the two power series

fl@) =32 ean(z — )"

and

9(2) = X0 bulz — )"

have same interval of convergence (-L, L) then

f(z)g(z) = f(z)g(z) = 2o0"g cnt”

where

Cp = Ezi(] arbn i
* A power series is a continuous function of x within its interval of convergence.
* A power series can be integrated term by term within the limits of (-L, L).

* Uniqueness of power series: If two power series have same radius of convergence, and
converges to the same function then the power series are identical.
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