
■ Plane Curves and Parametric Equations
We can think of a curve as the path of a point moving in the plane; the x- and  
y-coordinates of the point are then functions of time. This idea leads to the following 
definition.

PlaNE CurvEs aND ParaMETriC EquaTioNs

If f and g are functions defined on an interval I, then the set of points 
1f 1 t 2 , g1 t 22  is a plane curve. The equations

x  f 1 t 2   y  g1 t 2
where t  I, are parametric equations for the curve, with parameter t.

ExaMPlE 1 ■ sketching a Plane Curve
Sketch the curve defined by the parametric equations

x  t2  3t   y  t  1

soluTioN  For every value of t we get a point on the curve. For example, if t  0, 
then x  0 and y  1, so the corresponding point is 10, 1 2 . In Figure 1 we plot 
the points 1x, y 2  determined by the values of t shown in the following table.
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FiGurE 1

t x y

2 10 3
1 4 2

0 0 1
1 2 0
2 2 1
3 0 2
4 4 3
5 10 4

As t increases, a particle whose position is given by the parametric equations 
moves along the curve in the direction of the arrows.

■ Plane Curves and Parametric Equations ■ Eliminating the Parameter 
■ Finding  Parametric Equations for a Curve 

3.1 PlaNE CurvEs aND ParaMETriC EquaTioNs
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If we replace t by t in Example 1, we obtain the parametric equations

x  t2  3t   y  t  1

The graph of these parametric equations (see Figure 2) is the same as the curve in Fig-
ure 1 but traced out in the opposite direction. On the other hand, if we replace t by 2t 
in Example 1, we obtain the parametric equations

x  4t2  6t   y  2t  1

The graph of these parametric equations (see Figure 3) is again the same but is traced 
out “twice as fast.” Thus a parametrization contains more information than just the 
shape of the curve; it also indicates how the curve is being traced out.
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FiGurE 2 x  t2  3t, y  t  1
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FiGurE 3 x  4t2  6t, y  2t  1

■ Eliminating the Parameter
Often a curve given by parametric equations can also be represented by a single rect-
angular equation in x and y. The process of finding this equation is called eliminating 
the parameter. One way to do this is to solve for t in one equation, then substitute into 
the other.

ExaMPlE 2 ■ Eliminating the Parameter
Eliminate the parameter in the parametric equations of Example 1.

soluTioN  First we solve for t in the simpler equation, then we substitute into the 
other equation. From the equation y  t  1 we get t  y  1. Substituting into the 
equation for x, we get

x  t2  3t  1y  1 2 2  31y  1 2  y2  y  2

Thus the curve in Example 1 has the rectangular equation x  y2  y  2, so it is a 
parabola.
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ExaMPlE 3 ■ Modeling Circular Motion
The following parametric equations model the position of a moving object at time t 
(in seconds): 

x  cos t   y  sin t   t  0

Describe and graph the path of the object.

soluTioN  To identify the curve, we eliminate the parameter. Since cos2t  sin2t  1 
and since x  cos t and y  sin t for every point 1x, y 2  on the curve, we have

x2  y2  1cos t 2 2  1sin t 2 2  1

This means that all points on the curve satisfy the equation x2  y2  1, so the graph is 
a circle of radius 1 centered at the origin. As t increases from 0 to 2p, the point given 
by the parametric equations starts at 11, 0 2  and moves counterclockwise once around 
the circle, as shown in Figure 4. So the object completes one revolution around the cir-
cle in 2p seconds. Notice that the parameter t can be interpreted as the angle shown in 
the figure.

FiGurE 4
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ExaMPlE 4 ■ sketching a Parametric Curve
Eliminate the parameter, and sketch the graph of the parametric equations

x  sin t   y  2  cos2 t

soluTioN  To eliminate the parameter, we first use the trigonometric identity  
cos2t  1  sin2t to change the second equation:

y  2  cos2 t  2  11  sin2t 2  1  sin2 t

Now we can substitute sin t  x from the first equation to get

y  1  x2

so the point 1x, y 2  moves along the parabola y  1  x2. However, since  
1  sin t  1, we have 1  x  1, so the parametric equations represent only  
the part of the parabola between x  1 and x  1. Since sin t is periodic, the point 
1x, y 2  1sin t, 2  cos2 t 2  moves back and forth infinitely often along the parabola 
between the points 11, 2 2  and 11, 2 2 , as shown in Figure 5.FiGurE 5
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y
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■ Finding Parametric Equations for a Curve
It is often possible to find parametric equations for a curve by using some geometric 
properties that define the curve, as in the next two examples.

ExaMPlE 5 ■ Finding Parametric Equations for a Graph
Find parametric equations for the line of slope 3 that passes through the point 12, 6 2 .
soluTioN  Let’s start at the point 12, 6 2  and move up and to the right along this 
line. Because the line has slope 3, for every 1 unit we move to the right, we must 
move up 3 units. In other words, if we increase the x-coordinate by t units, we must 
correspondingly increase the y-coordinate by 3t units. This leads to the parametric 
equations

x  2  t   y  6  3t

To confirm that these equations give the desired line, we eliminate the parameter. We 
solve for t in the first equation and substitute into the second to get

y  6  31x  2 2  3x

Thus the slope-intercept form of the equation of this line is y  3x, which is a line of 
slope 3 that does pass through 12, 6 2  as required. The graph is shown in Figure 6.
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3.2 VECTors in Two DiMEnsions

■ Geometric Description of Vectors
A vector in the plane is a line segment with an assigned direction. We sketch a vector 
as shown in Figure 1 with an arrow to specify the direction. We denote this vector by 
AB

>
. Point A is the initial point, and B is the terminal point of the vector AB

>
. The 

length of the line segment AB is called the magnitude or length of the vector and is 
denoted by 0  AB

>
 0 . We use boldface letters to denote vectors. Thus we write u  AB

>
.

Two vectors are considered equal if they have equal magnitude and the same direction. 
Thus all the vectors in Figure 2 are equal. This definition of equality makes sense if we 
think of a vector as representing a displacement. Two such displacements are the same if 
they have equal magnitudes and the same direction. So the vectors in Figure 2 can be 
thought of as the same displacement applied to objects in different locations in the plane.

If the displacement u  AB
>
 is followed by the displacement v  BC

>
, then the result-

ing displacement is AC
>
 as shown in Figure 3. In other words, the single displacement 

represented by the vector AC
>
 has the same effect as the other two displacements together. 

We call the vector AC
>
 the sum of the vectors AB

>
 and BC

>
, and we write AC

>
 AB

>
 BC

>
. 

(The zero vector, denoted by 0, represents no displacement.) Thus to find the sum of 
any two vectors u and v, we sketch vectors equal to u and v with the initial point of one 
at the terminal point of the other (see Figure 4(a)). If we draw u and v starting at the 
same point, then u  v is the vector that is the diagonal of the parallelogram formed by 
u and v shown in Figure 4(b).

FiGurE 4 Addition of vectors

v

u

u+v

v

u

u+v

(a) (b)

If c is a real number and v is a vector, we define a new vector cv as follows: The 
vector cv has magnitude 0  c 0  0  v 0  and has the same direction as v if c  0 and the op-
posite direction if c  0. If c  0, then cv  0, the zero vector. This process is called 
multiplication of a vector by a scalar. Multiplying a vector by a scalar has the effect 
of stretching or shrinking the vector. Figure 5 shows graphs of the vector cv for differ-
ent values of c. We write the vector 11 2 v as v. Thus v is the vector with the same 
length as v but with the opposite direction.
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■ Geometric Description of Vectors ■ Vectors in the Coordinate Plane 

58

  Dr.Mohanad Nafaa   Dr.Suaad Gedaan  Asst.Lect.Masa Mohammed  Asst.Lect. Enas Emad 



The difference of two vectors u and v is defined by u  v  u  1v 2 . Figure 6 
shows that the vector u  v is the other diagonal of the parallelogram formed by u and v.

v1
3_ _2v_v2vv1

2v

FiGurE 5 Multiplication of a vector by a scalar

u+v

_v

v

u

uu-v

FiGurE 6 Subtraction of  
vectors

■ Vectors in the Coordinate Plane
So far, we’ve discussed vectors geometrically. By placing a vector in a coordinate plane, 
we can describe it analytically (that is, by using components). In Figure 7(a), to go from 
the initial point of the vector v to the terminal point, we move a1 units to the right and 
a2 units upward. We represent v as an ordered pair of real numbers.

v  8a1, a29
where a1 is the horizontal component of v and a2 is the vertical component of v. 
Remember that a vector represents a magnitude and a direction, not a particular arrow 
in the plane. Thus the vector a1, a2 has many different representations, depending on 
its initial point (see Figure 7(b)).

(a) (b)
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FiGurE 7

Using Figure 8, we can state the relationship between a geometric representation of 
a vector and the analytic one as follows.

CoMPonEnT ForM oF a VECTor

If a vector v is represented in the plane with initial point P1x1, y1 2  and terminal 
point Q1x2, y2 2 , then

v  8x2  x1, y2  y19

ExaMPLE 1 ■ Describing Vectors in Component Form
(a)  Find the component form of the vector u with initial point 12,  5 2  and terminal 

point 13,  7 2 .
(b)  If the vector v  3, 7 is sketched with initial point 12,  4 2 , what is its terminal 

point?

(c)  Sketch representations of the vector w  2, 3 with initial points at 10,  0 2 , 
12,  2 2 , 12,  1 2 , and 11,  4 2 .

Note the distinction between the vector 
a1, a2 and the point 1a1, a2 2 .
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soLuTion

(a) The desired vector is

u  83  12 2 , 7  59  85,  29
(b) Let the terminal point of v be 1x, y 2 . Then

8x  2, y  49  83,  79
  So x  2  3 and y  4  7, or x  5 and y  11. The terminal point is 15,  11 2 .
(c) Representations of the vector w are sketched in Figure 9.
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MaGniTuDE oF a VECTor

The magnitude or length of a vector v  8a1, a29 is
0  v 0  "a1

2  a2
2

ExaMPLE 2 ■ Magnitudes of Vectors
Find the magnitude of each vector.
(a) u  2, 3      (b) v  5, 0      (c) w  3

5,  
4
5

soLuTion

(a) 0  u 0  "22  13 2 2  !13

(b) 0  v 0  "52  02  !25  5

(c) 0  w 0  #A35B2  A45B2  # 9
25  16

25  1

x

y

a⁄

a¤
v= a⁄, a¤��

|v |=œ∑∑∑∑∑∑a™⁄+a™¤

0

FiGurE 10

aLGEbraiC oPEraTions on VECTors

If u  8a1, a29 and v  8b1, b29, then

 u  v  8a1  b1, a2  b29
 u  v  8a1  b1, a2  b29

 cu  8ca1, ca29  c [ R
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ExaMPLE 3 ■ operations with Vectors
If u  2, 3 and v  1, 2, find u  v, u  v, 2 u, 3 v, and 2 u  3 v.

soLuTion  By the definitions of the vector operations we have

 u  v  82,  39  81,  29  81,  19
 u  v  82,  39  81,  29  83,  59

 2 u  282,  39  84,  69
 3 v  381,  29  83,  69

2 u  3 v  282,  39  381,  29  84,  69  83,  69  81,  09

The following properties for vector operations can be easily proved from the 
definitions. The zero vector is the vector 0  0, 0. It plays the same role for addition 
of vectors as the number 0 does for addition of real numbers.

ProPErTiEs oF VECTors

Vector addition Multiplication by a scalar

u  v  v  u c1u  v 2  cu  cv

u  1v  w 2  1u  v 2  w 1c  d 2u  cu  du

u  0  u 1cd 2u  c1du 2  d1cu 2
u  1u 2  0 1 u  u

Length of a vector 0 u  0

0  cu 0  0  c 0  0  u 0  c0  0

A vector of length 1 is called a unit vector. For instance, in Example 2(c) the vector 
w  3

5, 
4
5 is a unit vector. Two useful unit vectors are i and j, defined by

i  81,  09  j  80,  19
(See Figure 12.) These vectors are special because any vector can be expressed in terms 
of them. (See Figure 13.)

VECTors in TErMs oF i anD j

The vector v  8a1, a29 can be expressed in terms of i and j by

v  8a1, a29  a1 i  a2 
j

ExaMPLE 4 ■ Vectors in Terms of i and j
(a) Write the vector u  5, 8 in terms of i and j.

(b) If u  3 i  2 j and v  i  6 j, write 2 u  5 v in terms of i and j.

soLuTion

(a) u  5 i  18 2 j  5 i  8 j

1

1

y

x0

j

i
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(b)  The properties of addition and scalar multiplication of vectors show that we can 
manipulate vectors in the same way as algebraic expressions. Thus

 2 u  5 v  213 i  2 j 2  51i  6 j 2
  16 i  4 j 2  15 i  30 j 2
  i  34 j

HorizonTaL anD VErTiCaL CoMPonEnTs oF a VECTor

Let v be a vector with magnitude 0  v 0  and direction u.
Then v  8a1, a29  a1 i  a2 j, where

a1  0  v 0  cos u  and  a2  0  v 0  sin u

Thus we can express v as

v  0  v 0  cos u i  0  v 0  sin u j

ExaMPLE 5 ■ Components and Direction of a Vector
(a)  A vector v has length 8 and direction p/3. Find the horizontal and vertical  

components, and write v in terms of i and j.

(b) Find the direction of the vector u  !3 i  j.

soLuTion

(a) We have v  a, b, where the components are given by

a  8 cos  

p

3
 4  and  b  8 sin  

p

3
 4!3

  Thus v  84,  4 !3 9  4 i  4!3 j.

(b) From Figure 15 we see that the direction u has the property that

tan u 
1

!3
  

!3

3

   Thus the reference angle for u is p/6. Since the terminal point of the vector u is 
in Quadrant II, it follows that u  5p/6.
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■ The Three-Dimensional rectangular Coordinate system ■ Distance Formula in Three 
Dimensions ■ The Equation of a sphere

■ The Three-Dimensional rectangular Coordinate 
system

To represent points in space, we first choose a fixed point O (the origin) and three di-
rected lines through O that are perpendicular to each other, called the coordinate axes 
and labeled the x-axis, y-axis, and z-axis. Usually we think of the x- and y-axes as being 
horizontal and the z-axis as being vertical, and we draw the orientation of the axes as in 
Figure 1. 

The three coordinate axes determine the three coordinate planes illustrated in Fig-
ure 2(a). The xy-plane is the plane that contains the x- and y-axes; the yz-plane is the 
plane that contains the y- and z-axes; the xz-plane is the plane that contains the x- and 
z-axes. These three coordinate planes divide space into eight parts, called octants. 

(b) Coordinate “walls”

z

right wall

left w
all

y
x floor

0

(a) Coordinate planes

yz-plane

xy-plane

xz-p
lane

0

x

z

y

FiGurE 2

Because people often have difficulty visualizing diagrams of three-dimensional fig-
ures, you may find it helpful to do the following (see Figure 2(b)). Look at any bottom 
corner of a room and call the corner the origin. The wall on your left is in the xz-plane, 
the wall on your right is in the yz-plane, and the floor is in the xy-plane. The x-axis runs 
along the intersection of the floor and the left wall; the y-axis runs along the intersection 
of the floor and the right wall. The z-axis runs up from the floor toward the ceiling along 
the intersection of the two walls.

Now any point P in space can be located by a unique ordered triple of real numbers 
1a, b, c 2 , as shown in Figure 3. The first number a is the x-coordinate of P, the second 
number b is the y-coordinate of P, and the third number c is the z-coordinate of P. The 
set of all ordered triples 5 1x, y, z 2  0  x, y, z [ R6  forms the three-dimensional rectan-
gular coordinate system. 

ExaMPLE 1 ■ Plotting Points in Three Dimensions 
Plot the points 12, 4, 7 2  and 14, 3, 5 2 .
soLuTion  The points are plotted in Figure 4. 
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FiGurE 3 Point P 1a, b, c 2

3.3 THrEE-DiMEnsionaL CoorDinaTE GEoMETry
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In two-dimensional geometry the graph of an equation involving x and y is a curve 
in the plane. In three-dimensional geometry an equation in x, y, and z represents a sur-
face in space.

ExaMPLE 2 ■ surfaces in Three-Dimensional space 
Describe and sketch the surfaces represented by the following equations:

(a) z  3          (b) y  5 

soLuTion 

(a)  The surface consists of the points P1x, y, z 2  where the z-coordinate is 3. This is the 
horizontal plane that is parallel to the xy-plane and three units above it, as in Figure 5.

(b)  The surface consists of the points P1x, y, z 2  where the y-coordinate is 5. This is 
the vertical plane that is parallel to the xz-plane and five units to the right of it, as 
in Figure 6.

FiGurE 5 The plane z  3 FiGurE 6 The plane y  5
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■ Distance Formula in Three Dimensions
The familiar formula for the distance between two points in a plane is easily extended 
to the following three-dimensional formula.

DisTanCE ForMuLa in THrEE DiMEnsions

The distance between the points P1x1, y1, z1 2  and Q1x2, y2, z2 2  is 

d1P, Q 2  "1x2  x1 2 2  1 y2  y1 2 2  1z2  z1 2 2

Proof  To prove this formula, we construct a rectangular box as in Figure 7, where 
P1x1, y1, z1 2  and Q1x2, y2, z2 2  are diagonally opposite vertices and the faces of the box 
are parallel to the coordinate planes. If A and B are the vertices of the box that are in-
dicated in the figure, then

d1P, A 2  0  x2  x1 0     d1A, B 2  0  y2  y1 0     d1Q, B 2  0  z2  z1 0
Triangles PAB and PBQ are right triangles, so by the Pythagorean Theorem we have

 1d1P, Q 22 2  1d1P, B 22 2  1d1Q, B 22 2
 1d1P, B 22 2  1d1P, A 22 2  1d1A, B 22 2

Combining these equations, we get

 1d1P, Q 22 2  1d1P, A 22 2  1d1A, B 22 2  1d1Q, B 22 2
  0  x2  x1 0 2  0  y2  y1 0 2  0  z2  z1 0 2

Therefore

 d1P, Q 2  "1x2  x1 2 2  1y2  y1 2 2  1z2  z1 2 2 

0

z

y

P(x⁄, y⁄, z⁄)
Q(x¤, y¤, z¤)

A(x¤, y⁄, z⁄)
B(x¤, y¤, z⁄)

x

FiGurE 7
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ExaMPLE 3 ■ using the Distance Formula 
Find the distance between the points P12, 1, 7 2  and Q11, 3, 5 2 . 
soLuTion  We use the Distance Formula:

d1P, Q 2  "11  2 2 2  13  11 22 2  15  7 2 2  !1  4  4  3

■ The Equation of a sphere
We can use the Distance Formula to find an equation for a sphere in a three-dimensional  
coordinate space.

EquaTion oF a sPHErE

An equation of a sphere with center C1h, k, l 2  and radius r is 

1x  h 2 2  1
 

y  k 2 2  1z  l 2 2  r2

ExaMPLE 4 ■ Finding the Equation of a sphere 

soLuTion  We use the general equation of a sphere, with r  5, h  2, k  1, and 
l  3:

1x  2 2 2  1 y  1 2 2  1z  3 2 2  25

ExaMPLE 5 ■ Finding the Center and radius of a sphere 
Show that x2  y2  z2  4x  6y  2z  6  0 is the equation of a sphere, and 
find its center and radius.

soLuTion  We complete the squares in the x-, y-, and z-terms to rewrite the given 
equation in the form of an equation of a sphere.

 x2  y2  z2  4x  6y  2z  6  0   Given equation

 1x2  4x  4 2  1y2  6y  9 2  1z2  2z  1 2  6  4  9  1  Complete squares

 1x  2 2 2  1 y  3 2 2  1z  1 2 2  8   Factor into squares

Comparing this with the standard equation of a sphere, we can see that the center is 
12, 3, 1 2  and the radius is !8  2!2.

0

z

x
y

r

P(x, y, z)

C(h, k, l)

FiGurE 8 Sphere with radius r and 
center C1h, k, l 2

Find an equation of a sphere with radius 5 and center C12, 1, 3 2 . 
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The intersection of a sphere with a plane is called the trace of the sphere in the 
plane. 

ExaMPLE 6 ■ Finding the Trace of a sphere 
Describe the trace of the sphere 1x  2 2 2  1 y  4 2 2  1z  5 2 2  36 in  
(a) the xy-plane and (b) the plane z  9.

soLuTion 

(a)  In the xy-plane the z-coordinate is 0. So the trace of the sphere in the xy-plane 
consists of all the points on the sphere whose z-coordinate is 0. We replace z by 0 
in the equation of the sphere and get

 1x  2 2 2  1y  4 2 2  10  5 2 2  36    Replace z by 0

 1x  2 2 2  1 y  4 2 2  25  36    Calculate

 1x  2 2 2  1y  4 2 2  11    Subtract 25

  Thus the trace of the sphere is the circle 

1x  2 2 2  1 y  4 2 2  11    z  0

   which is a circle of radius !11 that is in the xy-plane, centered at 12, 4, 0 2  (see 
Figure 9(a)).

(b)  The trace of the sphere in the plane z  9 consists of all the points on the sphere 
whose z-coordinate is 9. So we replace z by 9 in the equation of the sphere and 
get

 1x  2 2 2  1 y  4 2 2  19  5 2 2  36    Replace z by 0

 1x  2 2 2  1 y  4 2 2  16  36    Calculate

 1x  2 2 2  1 y  4 2 2  20    Subtract 16

  Thus the trace of the sphere is the circle 

1x  2 2 2  1 y  4 2 2  20    z  9

   which is a circle of radius !20 that is 9 units above the xy-plane, centered at 
12, 4, 9 2  (see Figure 9(b)).

0

(x-2)2+(y-4)2=11, z=0

(a) (b)

0

(x-2)2+(y-4)2=20, z=9

z=9

z=0

z

y
x

z

y
x

FiGurE 9 The trace of a sphere in the planes z  0 and z  9
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■ Vectors in space ■ Combining Vectors in space ■ The Dot Product for Vectors  
in space ■ Direction angles of a Vector

■ Vectors in space

v  8a1, a2, a39
where a1, a2, and a3 are the components of v (see Figure 1). Recall also that a vector has 
many different representations, depending on its initial point. The following definition 
gives the relationship between the algebraic and geometric representations of a vector.

CoMPonEnT ForM oF a VECTor in sPaCE

If a vector v is represented in space with initial point P1x1, y1, z1 2  and terminal 
point Q1x2, y2, z2 2 , then

v  8x2  x1, y2  y1, z2  z19

ExaMPLE 1 ■ Describing Vectors in Component Form 
(a)  Find the components of the vector v with initial point P11, 4, 5 2  and terminal 

point Q13, 1, 1 2 .
(b)  If the vector w  82, 1, 39 has initial point 12, 1, 1 2 , what is its terminal point? 

soLuTion 

(a) The desired vector is

v  83  1, 1  14 2 , 1  59  82, 5, 69
   See Figure 2.

(b) Let the terminal point of w be 1x, y, z 2 . Then 

w  8x  2, y  1, z  11 2 9
   Since w  82, 1, 39, we have x  2  2, y  1  1, and z  1  3. So 

x  0, y  2, and z  2, and the terminal point is 10, 2, 2 2 .

0

(a⁄, a¤, a‹)

v

z

yx

FiGurE 1 v  8a1, a2, a39

0

(3, 1, _1)

(1, _4, 5)

v= 2, 5, _6��

z

x y

FiGurE 2 v  82, 5, 69

Recall from Section 3.1 that a vector can be described geometrically by its initial point
 and terminal point. When we place a vector v in space with its initial point at the origin,
 we can describe it algebraically as an ordered triple:

The following formula is a consequence of the Distance Formula, since the vector 
v  8a1, a2, a39 in standard position has initial point 10, 0, 02 and terminal point 1a1, a2, a3 2

.

3.4 VECTors in THrEE DiMEnsions
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MaGniTuDE oF a VECTor in THrEE DiMEnsions

The magnitude of the vector v  8a1, a2, a39 is 

0  v 0  "a2
1  a2

2  a2
3 

ExaMPLE 2 ■ Magnitude of Vectors in Three Dimensions
Find the magnitude of the given vector.

(a) u  83, 2, 59    (b) v  80, 3, 19    (c) w  80, 0, 19
soLuTion 

(a) 0  u 0  "32  22  52  !38

(b) 0  v 0  "02  32  11 2 2  !10

■ Combining Vectors in space
We now give definitions of the algebraic operations involving vectors in three dimensions.

aLGEbraiC oPEraTions on VECTors in THrEE DiMEnsions

If u  8a1, a2, a39, v  8b1, b2, b39, and c is a scalar, then

 u  v  8a1  b1, a2  b2, a3  b39
 u  v  8a1  b1, a2  b2, a3  b39

 cu  8ca1, ca2, ca39  

ExaMPLE 3 ■ operations with Three-Dimensional Vectors 
If u  81, 2, 49 and v  86, 1, 19 find u  v, u  v, and 5 u  3 v.

soLuTion  Using the definitions of algebraic operations, we have

 u  v  81  6, 2  1, 4  19  87, 3, 59
 u  v  81  6, 2  11 2 , 4  19  85, 1, 39

 5 u  3 v  581, 2, 49  386, 1, 19  85, 10, 209  818, 3, 39  813, 7, 179

Recall that a unit vector is a vector of length 1. The vector w in Example 2(c) is an 
example of a unit vector. Some other unit vectors in three dimensions are

i  81, 0, 09    j  80, 1, 09    k  80, 0, 19
as shown in Figure 3. Any vector in three dimensions can be written in terms of these 
three vectors (see Figure 4).

k
j

i

z

yx

FiGurE 3

v

a⁄ i

a¤ j

a‹ k

(a⁄, a¤, a‹ )

x

z

y

FiGurE 4

(c) 0  w 0  "02  02  11 2 2  1
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ExPrEssinG VECTors in TErMs oF i, j, anD k

The vector v  8a1, a2, a39 can be expressed in terms of i, j, and k by 

v  8a1, a2, a39  a1 i  a2 j  a3 k

ExaMPLE 4 ■ Vectors in Terms of i, j, and k
(a)  Write the vector u  85, 3, 69 in terms of i, j, and k.

(b)  If u  i  2 j  3 k and v  4 i  7 k, express the vector 2 u  3 v in terms of 
i, j, and k.

soLuTion 

(a) u  5 i  13 2 j  6 k  5 i  3 j  6 k

(b)  We use the properties of vectors to get the following:

 2 u  3 v  212 i  2 j  3 k 2  314 i  7 k 2
  4 i  4 j  6 k  12 i  21 k

  16 i  4 j  15 k

■ The Dot Product for Vectors in space

DEFiniTion oF THE DoT ProDuCT For VECTors in THrEE DiMEnsions

If u  8a1, a2, a39 and v  8b1, b2, b39 are vectors in three dimensions, then their 
dot product is defined by 

u # v  a1b1  a2b2  a3b3

ExaMPLE 5 ■  Calculating Dot Products for Vectors  
in Three Dimensions

Find the given dot product.

(a) 81, 2, 39 # 86, 5, 19    
(b) 12 i  3 j  k 2 # 1i  2 j  8 k 2
soLuTion 

(a) 81, 2, 39 # 86, 5, 19  11 2 16 2  12 2 15 2  13 2 11 2  1

(b)  12 i  3 j  k 2 # 1i  2 j  8 k 2  82, 3, 19 # 81, 2, 89
    12 2 11 2  13 2 12 2  11 2 18 2  16

69

All the properties of vectors in section 3.1 hold for vectors in three dimensions 
as well. We use these properties in the next example.

  Dr.Mohanad Nafaa   Dr.Suaad Gedaan  Asst.Lect.Masa Mohammed  Asst.Lect. Enas Emad 



anGLE bETwEEn Two VECTors

Let u and v be vectors in space, and let u be the angle between them. Then

cos u 
u # v
0  u 0 0  v 0

In particular, u and v are perpendicular (or orthogonal) if and only if 
u # v  0.

ExaMPLE 6 ■ Checking whether Two Vectors are Perpendicular
Show that the vector u  2 i  2 j  k is perpendicular to 5 i  4 j  2 k.

soLuTion  We find the dot product.

12 i  2 j  k 2 # 15 i  4 j  2 k 2  12 2 15 2  12 2 14 2  11 2 12 2  0

Since the dot product is 0, the vectors are perpendicular. See Figure 5.

■ Direction angles of a Vector
The direction angles of a nonzero vector v  a1 i  a2 j  a3 k are the angles a, b, 
and g in the interval 30, p 4  that the vector v makes with the positive x-, y-, and z-axes 
(see Figure 6). The cosines of these angles, cos a, cos b, and cos g, are called the  
direction cosines of the vector v. By using the formula for the angle between two vec-
tors, we can find the direction cosines of v: 

cos a 
v # i
0  v 0 0  i 0 

a1

0  v 0     cos b 
v # j

0  v 0 0  j 0 
a2

0  v 0     cos g 
v # k
0  v 0 0  k 0 

a3

0  v 0

DirECTion anGLEs oF a VECTor

If v  a1 i  a2 j  a3 k is a nonzero vector in space, the direction angles a, b, 
and g satisfy

cos a 
a1

0  v 0     cos b 
a2

0  v 0     cos g 
a3

0  v 0
In particular, if 0  v 0  1, then the direction cosines of v are simply the compo-
nents of v. 

ExaMPLE 7 ■ Finding the Direction angles of a Vector
Find the direction angles of the vector v  i  2 j  3 k.

soLuTion  The length of the vector v is 0  v 0  "12  22  32  !14. From the 
above box we get

cos a 
1

!14
    cos b 

2

!14
    cos g 

3

!14

v
a⁄

�
�

�

z

yx

FiGurE 6 Direction angles of the 
vector v

u= 2, 2, _1��
v= 5, _4, 2�� z

y

x

FiGurE 5 The vectors u and v are 
perpendicular.
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Since the direction angles are in the interval 30, p 4  and since cos1 gives angles in 
that same interval, we get a, b, and g by simply taking cos1 of the above equations.

a  cos1
 

1

!14
 74  b  cos1

 

2

!14
 58  g  cos1

 

3

!14
 37

The direction angles of a vector uniquely determine its direction but not its length. 
If we also know the length of the vector v, the expressions for the direction cosines of 
v allow us to express the vector as

v  8 0  v 0 cos a, 0  v 0 cos b, 0  v 0 cos g9

From this we get 

 v  0  v 0 8cos a, cos b, cos g9

 
v
0  v 0  8cos a, cos b, cos g9

Since v/ 0  v 0  is a unit vector, we get the following.

ProPErTy oF DirECTion CosinEs

The direction angles a, b, and g of a nonzero vector v in space satisfy the fol-
lowing equation:

cos2
 a  cos2

 b  cos2
 g  1

This property indicates that if we know two of the direction cosines of a vector, we 
can find the third up to its sign. 

ExaMPLE 8 ■ Finding the Direction angles of a Vector
A vector makes an angle a  p/3 with the positive x-axis and an angle b  3p/4 
with the positive y-axis. Find the angle g that the vector makes with the positive 
z-axis, given that g is an obtuse angle.

soLuTion  By the property of the direction angles we have 

 cos2
 a  cos2

 b  cos2
 g  1

 cos2 
p

3
 cos2 

3p

4
 cos2

 g  1

 a 1

2
b

2

 a 

1

!2
b

2

 cos2
 g  1

 cos2
 g 

1

4

 cos g 
1

2
    or     cos g   

1

2

 g 
p

3
    or     g 

2p

3

Since we require g to be an obtuse angle, we conclude that g  2p/3.

An angle u is acute if 0  u  p/2 
and is obtuse if p/2  u  p.
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■ The Cross Product ■ Properties of the Cross Product ■ area of a Parallelogram  
■ Volume of a Parallelepiped

In this section we define an operation on vectors that allows us to find a vector which 
is perpendicular to two given vectors.

■ The Cross Product
Given two vectors u  8a1, a2, a39 and v  8b1, b2, b39, we often need to find a vector w 
perpendicular to both u and v. If we write w  8c1, c2, c39, then u # w  0 and 
v # w  0, so 

 a1c1  a2c2  a3c3  0

 b1c1  b2c2  b3c3  0

You can check that one of the solutions of this system of equations is the vector 
w  8a2b3  a3b2, a3b1  a1b3, a1b2  a2b19. This vector is called the cross product of 
u and v and is denoted by u 3 v.

THE Cross ProDuCT

If u  8a1, a2, a39 and v  8b1, b2, b39 are three-dimensional vectors, then the 
cross product of u and v is the vector 

u 3 v  8a2b3  a3b2,  a3b1  a1b3,  a1b2  a2b19

We can write the definition of the cross product using determinants as

 †
i j k

a1 a2 a3

b1 b2 b3

†  ` a2 a3

b2 b3
` i  `  a1 a3

b1 b3
` j  `  a1 a2

b1 b2
` k

  1a2b3  a3b2 2 i  1a1b3  a3b1 2 j  1a1b2  a2b1 2k

ExaMPLE 1 ■ Finding a Cross Product 
If u  80, 1, 39 and v  82, 0, 19, find u 3 v. 

soLuTion  We use the formula above to find the cross product of u and v:

 u 3 v  †
i j k
0 1 3

2 0 1

†

  `  1 3

0 1
` i  `  0 3

2 1
` j  `  0 1

2 0
` k

  11  0 2 i  10  6 2 j  10  12 22k
  i  6 j  2 k

So the desired vector is i  6 j  2 k.

3.5 THE Cross ProDuCT
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■ Properties of the Cross Product
One of the most important properties of the cross product is the following theorem.

Cross ProDuCT THEorEM

The vector u 3 v is orthogonal (perpendicular) to both u and v. 

Proof  To show that u 3 v is orthogonal to u, we compute their dot product and 
show that it is 0.

 1u 3 v 2 # u  `  a2 a3

b2 b3
` a1  `  a1 a3

b1 b3
` a2  `  a1 a2

b1 b2
` a3

  a11a2b3  a3b2 2  a21a1b3  a3b1 2  a31a1b2  a2b1 2
  a1a2b3  a1a3b2  a1a2b3  a2a3b1  a1a3b2  a2a3b1

u and to v. ■

ExaMPLE 2 ■ Finding an orthogonal Vector 
If u  j  3 k and v  2 i  k, find a unit vector that is orthogonal to the plane 
containing the vectors u and v. 

soLuTion  By the Cross Product Theorem the vector u 3 v is orthogonal to the 
plane containing the vectors u and v. (See Figure 1.) In Example 1 we found 
u 3 v  i  6 j  2 k. To obtain an orthogonal unit vector, we multiply u 3 v by 
the scalar 1/ 0  u 3 v 0 : 

u 3 v
0  u 3 v 0 

i  6 j  2 k

"12  62  22


i  6 j  2 k

!41

So the desired vector is 
1

!41
 1 i  6 j  2 k 2 .v= 2, 0, _1 ��

u= 0, _1, 3 ��

u � v= 1, 6, 2��

z

y
x

FiGurE 1 The vector u 3 v is per-
pendicular to u and v.

  0

A similar computation shows that 1u 3 v 2 # v  0. Therefore u 3 v is orthogonal to  
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ExaMPLE 3 ■ Finding a Vector Perpendicular to a Plane 
Find a vector perpendicular to the plane that passes through the points P11, 4, 6 2 , 
Q12, 5, 1 2 , and R11, 1, 1 2 .
soLuTion  By the Cross Product Theorem the vector PQ

>
3 PR

>
 is perpendicular to 

both PQ
>
 and PR

>
 and is therefore perpendicular to the plane through P, Q, and R. We 

know that 

 PQ
>
 12  1 2 i  15  4 2 j  11  6 2k  3 i  j  7 k

 PR
>
 11  1 2 i  11  4 2 j  11  6 2k  5 j  5 k

We compute the cross product of these vectors:

 PQ
>
3 PR

>
 †  

i j k
3 1 7

0 5 5

†

  15  35 2 i  115  0 2 j  115  0 2k  40 i  15 j  15 k

So the vector 840, 15, 159 is perpendicular to the given plane. Notice that any 
nonzero scalar multiple of this vector, such as 88, 3, 39, is also perpendicular to 
the plane.

If u and v are represented by directed line segments with the same initial point (as 
in Figure 2), then the Cross Product Theorem says that the cross product u 3 v points 
in a direction perpendicular to the plane through u and v. It turns out that the direction 
of u 3 v is given by the right-hand rule: If the fingers of your right hand curl in the 
direction of a rotation (through an angle less than 180°) from u to v, then your thumb 
points in the direction of u 3 v (as in Figure 2). You can check that the vector u 3 v 
in Figure 1 satisfies the right-hand rule.

¨u
v

u � v

FiGurE 2 Right-hand rule

Now that we know the direction of the vector u 3 v, the remaining thing we need 
is the length 0  u 3 v 0 . 

LEnGTH oF THE Cross ProDuCT 

If u is the angle between u and v (so 0  u  p), then

0  u 3 v 0  0  u 0 0  v 0 sin u

In particular, two nonzero vectors u and v are parallel if and only if

u 3 v  0
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Proof  We apply the definitions of the cross product and length of a vector. You can 
verify the algebra in the first step by expanding the right-hand sides of the first and 
second lines and then comparing the results.

 0  u 3 v 0 2  1a2b3  a3b2 2 2  1a1b3  a3b1 2 2  1a1b2  a2b1 2 2    Definitions

  1a2
1  a2

2  a2
3 2 1b2

1  b2
2  b2

3 2  1a1b1  a2b2  a3b3 2 2    Verify algebra

  0  u 0 2 0  v 0 2  1u # v 2 2     Definitions

  0  u 0 2 0  v 0 2  0  u 0 2 0  v 0 2 cos2
 u     Property of Dot Product

  0  u 0 2 0  v 0 211  cos2

  0  u 0 2 0  v 0 2  sin2
 u     Pythagorean Identity

The result follows by taking square roots and observing that "sin2
 u  sin u because 

sin u $ 0 when 0  u  p. ■

We have now completely determined the vector u 3 v geometrically. The vector 
u 3 v is perpendicular to both u and v, and its orientation is determined by the right-
hand rule. The length of u 3 v is 0  u 0 0  v 0 sin u.

■ area of a Parallelogram
We can use the cross product to find the area of a parallelogram. If u and v are repre-
sented by directed line segments with the same initial point, then they determine a 
parallelogram with base 0  u 0 , altitude 0  v 0 sin u, and area

A  0  u 0 1 0  v 0 sin u 2  0  u 3 v 0
(See Figure 3.) Thus we have the following way of interpreting the magnitude of a cross 
product.

arEa oF a ParaLLELoGraM 

The length of the cross product u 3 v is the area of the parallelogram deter-
mined by u and v.

ExaMPLE 4 ■ Finding the area of a Triangle 
Find the area of the triangle with vertices P11, 4, 6 2 , Q12, 5, 1 2 , and R11, 1, 1 2 .
soLuTion  In Example 3 we computed that PQ

>
3 PR

>
 840, 15, 159. The area of 

the parallelogram with adjacent sides PQ and PR is the length of this cross product:

0  PQ
>
3 PR

> 0  "140 2 2  115 2 2  152  5!82

The area A of the triangle PQR is half the area of this parallelogram, that is, 5
2!82.

u
¨

|v | ß ¨

FiGurE 3 Parallelogram determined 
by u and v.

 u 2     Factor
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■ Equations of Lines ■ Equations of Planes

In this section we find equations for lines and planes in a three-dimensional coordinate 
space. We use vectors to help us find such equations. 

■ Equations of Lines
A line L in three-dimensional space is determined when we know a point P01x0, y0, z0 2  
on L and the direction of L. In three dimensions the direction of a line is described 
by a vector v parallel to L. If we let r0 be the position vector of P0 (that is, the vec-
tor OP0

>
), then for all real numbers t the terminal points P of the position vectors 

r0  t v trace out a line parallel to v and passing through P0 (see Figure 1). Each 
value of the parameter t gives a point P on L. So the line L is given by the position 
vector r, where

r  r0  t v

for t [ R. This is the vector equation of a line.
Let’s write the vector v in component form v  8a, b, c9 and let r0  8x0, y0, z09 and 

r  8x, y, z9. Then the vector equation of the line becomes 

 8x, y, z9  8x0, y0, z09  t 8a, b, c9
  8x0  ta, y0  tb, z0  tc9

Since two vectors are equal if and only if their corresponding components are equal, we 
have the following result.

The position vector of a point 
1a1, a2, a3 2  is the vector 8a1, a2, a39; 
that is, it is the vector from the origin 
to the point.

0

v
P‚

P

L r‚ � tvr‚

tv

z

y
x

FiGurE 1

ParaMETriC EquaTions For a LinE

A line passing through the point P1x0, y0, z0 2  and parallel to the vector 
v  8a, b, c9 is described by the parametric equations 

 x  x0  at

 y  y0  bt

 z  z0  ct

where t is any real number. 

ExaMPLE 1 ■ Equations of a Line 
Find parametric equations for the line that passes through the point 15, 2, 3 2  and is 
parallel to the vector v  83, 4, 29.
soLuTion  We use the above formula to find the parametric equations:

 x  5  3t

 y  2  4t

 z  3  2t

where t is any real number. (See Figure 2.)

0

v= 3, _4, 2��

(5, _2, 3)

z

yx

FiGurE 2 Line through 15, 2, 3 2  
with direction v  83, 4, 29

3.6 EquaTions oF LinEs anD PLanEs
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ExaMPLE 2 ■ Equations of a Line 
Find parametric equations for the line that passes through the points 11, 2, 6 2  and 
12, 3, 7 2 .
soLuTion  We first find a vector determined by the two points:

v  82  11 2 , 3  2, 7  69  83, 5, 139
Now we use v and the point 11, 2, 6 2  to find the parametric equations:

 x  1  3t

 y  2  5t

 z  6  13t

where t is any real number. A graph of the line is shown in Figure 3.

v= 3, _5, _13��
(2, _3, _7)

(_1, 2, 6)

z

yx

FiGurE 3 Line through 11, 2, 6 2  
and 12, 3, 7 2

■ Equations of Planes
Although a line in space is determined by a point and a direction, the “direction” of a 
plane cannot be described by a vector in the plane. In fact, different vectors in a plane 
can have different directions. But a vector perpendicular to a plane does completely 
specify the direction of the plane. Thus a plane in space is determined by a point 

P01x0, y0, z0 2  in the plane and a vector n that is orthogonal to the plane. This orthogonal 
vector n is called a normal vector. To determine whether a point P1x, y, z 2  is in the 
plane, we check whether the vector P0P

>
 with initial point P0 and terminal point P is 

orthogonal to the normal vector. Let r0 and r be the position vectors of P0 and P, respec-
tively. Then the vector P0P

>
 is represented by r  r0 (see Figure 4). So the plane is de-

scribed by the tips of the vectors r satisfying 

n # 1r  r0 2  0

This is the vector equation of the plane. 
Let’s write the normal vector n in component form n  8a, b, c9 and let r0  8x0, y0, z09 

and r  8x, y, z9. Then the vector equation of the plane becomes 

8a, b, c9 # 8x  x0, y  y0, z  z09  0

Performing the dot product, we arrive at the following equation of the plane in the 
variables x, y, and z. 

P

P‚n

r‚

r-r‚

r

0

z

y
x

FiGurE 4

ExaMPLE 3 ■ Finding an Equation for a Plane 
A plane has normal vector n  84, 6, 39 and passes through the point 
P13, 1, 2 2 .
(a) Find an equation of the plane.

(b) Find the intercepts, and sketch a graph of the plane.
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soLuTion 

(a) By the above formula for the equation of a plane we have 

 41x  3 2  61 y  11 22  31z  12 22  0     Formula

 4x  12  6y  6  3z  6  0     Expand

 4x  6y  3z  12    Simplify

  Thus an equation of the plane is 4x  6y  3z  12. 

(b)  To find the x-intercept, we set y  0 and z  0 in the equation of the plane and 
solve for x. Similarly, we find the y- and z-intercepts.

x-intercept: Setting y  0, z  0, we get x  3.

y-intercept: Setting x  0, z  0, we get y  2.

z-intercept: Setting x  0, y  0, we get z  4.

   So the graph of the plane intersects the coordinate axes at the points 13, 0, 0 2 , 
10, 2, 0 2 , and 10, 0, 4 2 . This enables us to sketch the portion of the plane shown 
in Figure 5.

(0, _2, 0)

(0, 0, 4)

(3, 0, 0)

0

z

y

x

FiGurE 5 The plane 
4x  6y  3z  32

ExaMPLE 4 ■ Finding an Equation for a Plane 
Find an equation of the plane that passes through the points P11, 4, 6 2 , 
Q12, 5, 1 2 , and R11, 1, 1 2 .

soLuTion  The vector n  PQ
>
3 PR

>
 is perpendicular to both PQ

>
 and PR

>

we found PQ
>
3 PR

>
 840, 15, 159. Using the formula for an equation of a plane, 

we have 

 401x  1 2  151y  4 2  151z  6 2  0     Formula

 40x  40  15y  60  15z  90  0     Expand

 40x  15y  15z  10    Simplify

 8x  3y  3z  2     Divide by 5

So an equation of the plane is 8x  3y  3z  2. A graph of this plane is shown in 
Figure 6.

(1, _1, 1)

(1, 4, 6)

(_2, 5, _1)

0

z

y
x

FiGurE 6 A plane through three 
points
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 and is 
therefore perpendicular to the plane through P, Q, and R. In Example 3 of Section 3.5 
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