
By extension, one can define the no-
tion of “n-dimensional space” in which
a “point” is a sequence of n real num-
bers (x1, x2, . . . , xn), and a function of
n real variables is a rule that assigns a
unique real number f(x1, x2, . . . , xn)

to each point in some set in this space.

Example 1 Let f(x, y) = √
y + 1 + ln(x2 − y). Find f(e, 0) and sketch the natural

x

y

y = x2

y = −1

The solid boundary line is
included in the domain, while
the dashed boundary is not
included in the domain.

domain of f .

Solution. By substitution,

f(e, 0) = √
0 + 1 + ln(e2 − 0) = √

1 + ln(e2) = 1 + 2 = 3

To find the natural domain of f , we note that
√

y + 1 is defined only when y ≥ −1, while
ln(x2 − y) is defined only when 0 < x2 − y or y < x2. Thus, the natural domain of f

consists of all points in the xy-plane for which −1 ≤ y < x2. To sketch the natural domain,
we first sketch the parabola y = x2

2

4.1 PARTIAL DERIVATIVES

4.1.2 definition A function f of three variables, x, y, and z, is a rule that as-
signs a unique real number f(x, y, z) to each point (x, y, z) in some set D in three-
dimensional space.

Figure 4.1.1

as a “dashed” curve and the line y = −1 as a solid
curve. The natural domain of f is then the region lying above or on the line y = −1 and
below the parabola y = x (Figure 4.1.1).

Example 2 Let
f(x, y, z) =

√
1 − x2 − y2 − z2

Find f
(
0, 1

2 , − 1
2

)
and the natural domain of f.

Solution. By substitution,

f
(
0, 1

2 , − 1
2

) =
√

1 − (0)2 − (
1
2

)2 − (− 1
2

)2 =
√

1
2

Because of the square root sign, we must have 0 ≤ 1 − x2 − y2 − z2 in order to have a real

value for f(x, y, z). Rewriting this inequality in the form

x2 + y2 + z2 ≤ 1

we see that the natural domain of f consists of all points on or within the sphere

x2 + y2 + z2 = 1

13.1■ FUNCTIONS OF TWO OR MORE VARIABLES
■ GRAPHS OF FUNCTIONS OF TWO VARIABLES  ■ LIMITS ALONG CURVES
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4.1.1 definition A function f of two variables, x and y, is a rule that assigns a
unique real number f(x, y) to each point (x, y) in some set D in the xy-plane.
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define the graph of f(x, y) in xyz-space to be the graph of the equation z = f(x, y). In
general, such a graph will be a surface in 3-space.

Example 3 In each part, describe the graph of the function in an xyz-coordinate system.

(a) f(x, y) = 1 − x − 1
2y (b) f(x, y) = √

1 − x2 − y2

(c) f(x, y) = −√
x2 + y2

Solution (a). By definition, the graph of the given function is the graph of the equation

z = 1 − x − 1
2y

Solution (b). By definition, the graph of the given function is the graph of the equation

z =
√

1 − x2 − y2 (2)

GRAPHS OF FUNCTIONS OF TWO VARIABLES
Recall that for a function f of one variable, the graph of f(x) in the xy-plane was defined
to be the graph of the equation y = f(x). Similarly, if f is a function of two variables, we

After squaring both sides, this can be rewritten as

x2 + y2 + z2

(a)

y

x

z

(0, 0, 1)

(1, 0, 0)
(0, 2, 0)

z = 1 − x −   y1
2

Solution (c). The graph of the given function is the graph of the equation

z = −
√

x2 + y2 (3)

After squaring, we obtain
z2 = x2 + y2

which is a plane. A triangular portion of the plane can be sketched by plotting the intersec-
tions with the coordinate axes and joining them with line segments (Figure 4.1.2a).

y

x

z

1
1

1

−1

z =  √1 − x2 − y2 

(b)

Since (3) imposes the conditionthat z ≤ 0, the graph is just the lower nappe of the cone

(Figure 4.1.2c).

= 1

which represents a sphere of radius 1, centered at the origin. Since (2) imposes the added
condition that z ≥ 0, the graph is just the upper hemisphere (Figure 4.1.2b).

y

x

z

z =  −√x2 + y2

(c)

Figure 4.1.1
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IfC is a smooth parametric curve in 2-space or 3-space that is represented by the equations

x = x(t), y = y(t) or x = x(t), y = y(t), z = z(t)

and if x0 = x(t0), y0 = y(t0), and z0 = z(t0), then the limits

lim
(x, y)→(x0, y0)

(along C)

f(x, y) and lim
(x, y, z)→(x0, y0, z0)

(along C)

f(x, y, z)

are defined by

lim
(x, y)→(x0, y0)

(along C)

f(x, y) = lim
t → t0

f(x(t), y(t)) (1)

lim
(x, y, z)→(x0, y0, z0)

(along C)

f(x, y, z) = lim
t → t0

f(x(t), y(t), z(t)) (2)

LIMITS ALONG CURVES

(x,y)→(1,4)
[5x3y2 − 9] = lim

(x,y)→(1,4)
[5x3y2] − lim

(x,y)→(1,4)
9

= 5

[
lim

(x,y)→(1,4)
x

]3[
lim

(x,y)→(1,4)
y

]2

− 9

= 5(1)3(4)2 − 9 = 71

Example 4

lim

0 and h(y) is continuous at y0, then f(x, y) = g(x)h(y)

is continuous at (x0, y0).

(b) If h(x, y) is continuous at (x0, y0) and g(u) is continuous at u = h(x0, y0), then
the composition f (x, y) = g(h(x, y)) is continuous at (x0, y0).

(c) If f (x, y) is continuous at (x0, y0), and if x(t) and y(t) are continuous at t0 with
x(t0) = x0 and y(t0) = y0, then the composition f (x(t), y(t)) is continuous at t0.

(a) If g(x) is continuous at x

2y5

2y5) are continuous everywhere.

Solution. The polynomials g(x) = 3x2 and h(y) = y5

2y5 is continuous
at every point (x, y) in the xy-plane. Since 3x2y5

2y5) is continuous everywhere.

theorem 4.1.1

are continuous at every real num-
ber, and therefore by part (a) of Theorem 4.1.1, the function f(x, y) = 3x

Example 5 Use Theorem 4.1.1 to show that the functions f(x, y) = 3x and
f(x, y) = sin(3x

is continuous at every point in the xy-plane
and sin u is continuous at every real number u, it follows from part (b) of Theorem 4.1.1
that the composition f(x, y) = sin(3x

81
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(x,y)→(−1,2)

xy

x2 + y2
.

Solution. Since f(x, y) = xy/(x2 + y2) is continuous at (−1, 2) (why?), it follows from
the definition of continuity for functions of two variables that

lim
(x,y)→(−1,2)

xy

x2 + y2
= (−1)(2)

(−1)2 + (2)2
= −2

5

f(x, y) = x3y2

1 − xy

is a quotient of continuous functions, it is continuous except where 1 − xy = 0. Thus,
f(x, y) is continuous everywhere except on the hyperbola xy = 1.

Example 6 Evaluate lim

Example 7 Since the function

0
, y

0

0, y0

0, y0)] is the derivative at x0 of the function that results when
y = y0 is held fixed and x is allowed to vary. This partial derivative is denoted by
fx(x0, y0) and is given by

fx(x0, y0) = d

dx
[f(x, y0)]

∣∣∣∣
x=x0

= lim

x →0

f(x0 + 
x, y0) − f(x0, y0)


x
(1)

Similarly, the partial derivative of f with respect to y at (x0, y0) [also called the partial
derivative of z with respect to y at (x0, y0)] is the derivative at y0 of the function that
results when x = x0 is held fixed and y is allowed to vary. This partial derivative is
denoted by fy(x0, y0) and is given by

fy(x0, y0) = d

dy
[f(x0, y)]

∣∣∣∣
y=y0

= lim

y →0

f(x0, y0 + 
y) − f(x0, y0)


y
(2)

) is a point in the domain of f, then

■ PARTIAL DERIVATIVES OF FUNCTIONS OF TWO VARIABLES  
■  THE  PARTIAL  DERIVATIVE  FUNCTIONS  

4.2.1 definition If z = f(x, y) and (x

4. 2 PARTIAL DERIVATIVES

■ PARTIAL DERIVATIVES OF FUNCTIONS OF TWO VARIABLES

the partial derivative of f with respect to x at (x ) [also called the partial derivative
of z with respect to x at (x

82
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Example 1 Find fx(1, 3) and fy(1, 3) for the function f(x, y) = 2x3y2 + 2y + 4x.

Solution. Since

fx(x, 3) = d

dx
[f(x, 3)] = d

dx
[18x3 + 4x + 6] = 54x2 + 4

we have fx(1, 3) = 54 + 4 = 58. Also, since

fy(1, y) = d

dy
[f(1, y)] = d

dy
[2y2 + 2y + 4] = 4y + 2

we have fy(1, 3) = 4(3) + 2 = 14.

0, y0

fx(x, y) = lim

x →0

f(x + 
x, y) − f(x, y)


x
fy(x, y) = lim


y →0

f(x, y + 
y) − f(x, y)


y

The following example gives an alternative way of performing the computations in
Example 1.

Example 2 Find fx(x, y) and fy(x, y) for f(x, y) = 2x3y2 + 2y + 4x, and use those
partial derivatives to compute fx(1, 3) and fy(1, 3).

Solution. Keeping y fixed and differentiating with respect to x yields

fx(x, y) = d

dx
[2x3y2 + 2y + 4x] = 6x2y2 + 4

fy(x, y) = d

dy
[2x3y2 + 2y + 4x] = 4x3y + 2

Thus,

fx(1, 3) = 6(12)(32) + 4 = 58 and fy(1, 3) = 4(13)3 + 2 = 14

which agree with the results in Example 1.

and keeping x fixed and differentiating with respect to y yields

).
However, often it will be desirable to omit the subscripts and think of the partial derivatives
as functions of the variables x and y. These functions are

PARTIAL DERIVATIVE NOTATION
If z = f(x, y), then the partial derivatives fx and fy are also denoted by the symbols

The symbol ∂ is called a partial deriva-
tive sign. It is derived from the Cyrillic
alphabet.

∂f

∂x
,

∂z

∂x
and

∂f

∂y
,

∂z

∂y

Some typical notations for the partial derivatives of z = f(x, y) at a point (x0, y0) are

∂f

∂x

∣∣∣∣
x=x0,y=y0

,
∂z

∂x

∣∣∣∣
(x0,y0)

,
∂f

∂x

∣∣∣∣
(x0,y0)

,
∂f

∂x
(x0, y0),

∂z

∂x
(x0, y0)

THE PARTIAL DERIVATIVE FUNCTIONS

Formulas (1) and (2) define the partial derivatives of a function at a specific point (x

83
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Example 3 Find ∂z/∂x and ∂z/∂y if z = x4 sin(xy3).

Solution.
∂z

∂x
= ∂

∂x
[x4 sin(xy3)] = x4 ∂

∂x
[sin(xy3)] + sin(xy3) · ∂

∂x
(x4)

= x4 cos(xy3) · y3 + sin(xy3) · 4x3 = x4y3 cos(xy3) + 4x3 sin(xy3)

∂z

∂y
= ∂

∂y
[x4 sin(xy3)] = x4 ∂

∂y
[sin(xy3)] + sin(xy3) · ∂

∂y
(x4)

= x4 cos(xy3) · 3xy2 + sin(xy3) · 0 = 3x5y2 cos(xy3)

2y + 5y3.

(a) Find the slope of the surface z = f(x, y) in the x-direction at the point (1, −2).

(b) Find the slope of the surface z = f(x, y) in the y-direction at the point (1, −2).

Solution (a). Differentiating f with respect to x with y held fixed yields

fx(x, y) = 2xy

Thus, the slope in the x-direction is fx(1, −2) = −4; that is, z is decreasing at the rate of
4 units per unit increase in x.

Solution (b). Differentiating f with respect to y with x held fixed yields

fy(x, y) = x2 + 15y2

Thus, the slope in the y-direction is fy(1, −2) = 61; that is, z is increasing at the rate of 61
units per unit increase in y.

PARTIAL DERIVATIVES OF FUNCTIONS WITH MORE THAN TWO VARIABLES
For a function f(x, y, z) of three variables, there are three partial derivatives:

fx(x, y, z), fy(x, y, z), fz(x, y, z)

The partial derivative fx is calculated by holding y and z constant and differentiating with
respect to x. For fy the variables x and z are held constant, and for fz the variables x and
y are held constant. If a dependent variable

w = f(x, y, z)

∂w

∂x
,

∂w

∂y
, and

∂w

∂z

is used, then the three partial derivatives of f can be denoted by

Example 4 Let f(x, y) = x
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3y2z4 + 2xy + z, then

fx(x, y, z) = 3x2y2z4 + 2y

fy(x, y, z) = 2x3yz4 + 2x

fz(x, y, z) = 4x3y2z3 + 1

fz(−1, 1, 2) = 4(−1)3(1)2(2)3 + 1 = −31

2 cos φ sin θ , then

fρ(ρ, θ, φ) = 2ρ cos φ sin θ

fθ (ρ, θ, φ) = ρ2 cos φ cos θ

fφ(ρ, θ, φ) = −ρ2 sin φ sin θ

In general, if f(v1, v2, . . . , vn) is a function of n variables, there are n partial derivatives
of f , each of which is obtained by holding n − 1 of the variables fixed and differentiating
the function f with respect to the remaining variable. If w = f(v1, v2, . . . , vn), then these
partial derivatives are denoted by

∂w

∂v1
,

∂w

∂v2
, . . . ,

∂w

∂vn

where ∂w/∂vi is obtained by holding all variables except vi fixed and differentiating with
respect to vi.

Example 5 If f(x, y, z) = x

Example 6 If f(ρ, θ, φ) = ρ

HIGHER-ORDER PARTIAL DERIVATIVES
Suppose that f is a function of two variables x and y. Since the partial derivatives ∂f /∂x

and ∂f /∂y are also functions of x and y, these functions may themselves have partial
derivatives. This gives rise to four possible second-order partial derivatives of f , which
are defined by

∂2f

∂x2
= ∂

∂x

(
∂f

∂x

)
= fxx

∂2f

∂y2
= ∂

∂y

(
∂f

∂y

)
= fyy

Differentiate twice
with respect to x.

Differentiate twice
with respect to y.

∂2f

∂y∂x
= ∂

∂y

(
∂f

∂x

)
= fxy

∂2f

∂x∂y
= ∂

∂x

(
∂f

∂y

)
= fyx

Differentiate first with
respect to x and then
with respect to y.

Differentiate first with
respect to y and then
with respect to x.

WARNING Observe that the two notations for the mixed second partials have opposite conventions for the order
of differentiation. In the “∂” notation the derivatives are taken right to left, and in the “subscript”
notation they are taken left to right. The conventions are logical if you insert parentheses:

∂2f

∂y∂x
= ∂

∂y

(
∂f

∂x

)
Right to left. Differentiate
inside the parentheses first.

fxy = (fx)y
Left to right. Differentiate
inside the parentheses first.
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2y3 + x4y.

Solution. We have

∂f

∂x
= 2xy3 + 4x3y and

∂f

∂y
= 3x2y2 + x4

so that
∂2f

∂x2
= ∂

∂x

(
∂f

∂x

)
= ∂

∂x
(2xy3 + 4x3y) = 2y3 + 12x2y

∂2f

∂y2
= ∂

∂y

(
∂f

∂y

)
= ∂

∂y
(3x2y2 + x4) = 6x2y

∂2f

∂x∂y
= ∂

∂x

(
∂f

∂y

)
= ∂

∂x
(3x2y2 + x4) = 6xy2 + 4x3

∂2f

∂y∂x
= ∂

∂y

(
∂f

∂x

)
= ∂

∂y
(2xy3 + 4x3y) = 6xy2 + 4x3

Third-order, fourth-order, and higher-order partial derivatives can be obtained by suc-
cessive differentiation. Some possibilities are

∂3f

∂x3
= ∂

∂x

(
∂2f

∂x2

)
= fxxx

∂4f

∂y4
= ∂

∂y

(
∂3f

∂y3

)
= fyyyy

∂3f

∂y2∂x
= ∂

∂y

(
∂2f

∂y∂x

)
= fxyy

∂4f

∂y2∂x2
= ∂

∂y

(
∂3f

∂y∂x2

)
= fxxyy

2ex + y. Find fxyy.

Solution.

fxyy = ∂3f

∂y2∂x
= ∂2

∂y2

(
∂f

∂x

)
= ∂2

∂y2
(y2ex) = ∂

∂y
(2yex) = 2ex

Example 7 Find the second-order partial derivatives of f(x, y) = x

Example 8 Let f(x, y) = y

xy and fyx

xy = fyx on that disk.
are continuoustheorem Let f be a function of two variables. If f

on some open disk, then f
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