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I YW PARTIAL DERIVATIVES

FUNCTIONS OF TWO OR MORE VARIABLES
GRAPHS OF FUNCTIONS OF TWO VARIABLES LIMITS ALONG CURVES

4.1.1 DEFINITION A function f of two variables, x and y, is a rule that assigns a

By extension, one can define the no- unique real number f(x, y) to each point (x, y) in some set D in the xy-plane.
tion of “n-dimensional space” in which
a "point” is a sequence of n real num-

bers (x1, x7, ..., x,,), and a function of
n real variables is a rule that assigns a
unique real number f(x|, x2, ..., Xn) 4.1.2 DEFINITION A function f of three variables, x, y, and z, is a rule that as-
to each point in some set in this space. signs a unique real number f(x, y, z) to each point (x, y, z) in some set D in three-
dimensional space.
\ AY i 5 » Example1 Let f(x,y)=y+1+ In(x>& ). Find f (e, 0) and sketch the natural
‘\ i 17=F domain of f.
- I
\
L I
\\ | II Solution. By substitution,
\
I
Vol /! fle,00) =0+ +In(®—0)=+1+InE>)=142=3
\ L/
. ‘\ 4., ., , x To find the natural domain of f; we note that /y + 1 is defined only when y > —1, while
In(x? — y) is defined only When 0 < x> — y or y < x. Thus, the natural domain of f
y=-1 consists of all points in the xy-plane for which —1 <y < x2. To sketch the natural domain,
The soli o we first sketch the“parabola y = x? as a “dashed” curve and the line y = —1 as a solid
e solid boundary line is . . . . .
included in the domain, while curve. Ee natural domain of f is then the region lying above or on the line y = —1 and
the dashed boundary is not below the'parabola y = x> (Figure 4.1.1). <

included in the domain.

A Figure 4.1.1

» Example 2/ Let
f(X,y,Z)Z\/l—x2_y2_Z2

) and the natural domain of f.

Find f (0, 5, —3

Solution. By substitution,

FO.5 =) =\1-02 - ) - (-3 =3

2

Because of the square root sign, we must have 0 < 1 — x? — y? — z? in order to have a real
value for f(x, y, z). Rewriting this inequality in the form

x24+y24+z2 <1
we see that the natural domain of f consists of all points on or within the sphere

X+ y*+z22=1 =
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M GRAPHS OF FUNCTIONS OF TWO VARIABLES
Recall that for a function f of one variable, the graph of f(x) in the xy-plane was defined
to be the graph of the equation y = f(x). Similarly, if f is a function of two variables, we
define the graph of f(x, y) in xyz-space to be the graph of the equation z = f(x, y). In
general, such a graph will be a surface in 3-space.

» Example 3 Ineach part, describe the graph of the function in an xyz-coordinate system.

@ fx,y)=1—x—3y (b) f(x,y) =1 —x2— 2
© flx,y) =—/x2+ y2

Solution (a). By definition, the graph of the given function is the graph of the equation
z=1—x — %y

which is a plane. A triangular portion of the plane can be sketched by plotting the intersec-
tions with the coordinate axes and joining them with line segments (Figure 4.1.2a).

Solution (b). By definition, the graph of the given function'is the& graph of the equation

z = 1 — x2 — y2 [@))

After squaring both sides, this can be rewritten as
xR e =1
which represents a sphere of radius. 1, centered at the origin. Since (2) imposes the added

condition that z > 0, the graph is just,the upper hemisphere (Figure 4.1.2b).

Solution (c¢). The graph ofithe given function is the graph of the equation

z=—/x%>+y? (3)

After squaring, we obtain
q g 22 — x2 4+ yz

Since (3) imposes the conditionthat z < 0O, the graph is just the lower nappe of the cone

-
(Figure 4.1.2¢).
Ve z zZ
— 1 — 2 _ ZT
(0,0,1)I Zzl_x_%y < XT=y7|1 ,
° > z=—x%+y?
' y
0, 2,0) R >
(1,0,0) —1 )
»x/ /x 1 x |
)
(a) (b)
A Figure 4.1.1
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If C is asmooth parametric curve in 2-space or 3-space thatis represented by the equations
x =x(), y=y@ or x =x(), y=y@, z=2z@)
and if xg = x(79), yo = y(t9), and zg = z(zp), then the limits
Iim S(x,y) and lim fx,y,2)
(x, y) — (x0, Yo) (x, y,2) = (x0, Yo, 20)
(along C) (along C)

are defined by

(x, y) — (x0, Yo
(along C)

lim
(x,y,z)—> (x0, Y0, Z0)
(along C)

fx,y,

» Example 4

lim [5x3y2 — 9]

(x.,y)— (1.4

THEOREM 4.1.1

) SCe y)i= lim £Ge (@), y () (D
) = lim f(x@), y(@), z(2)) >

9

Iim
(x,y)— (1,4)

2
y] —9

lim [5x3 y2
(x,y)— (1.4)

L] |

= 5(1)4)? —9 =71 =

Iim
(x,y)— (1,4

Iim
(x,y) — (1,4

is continuous at yo, then f(x,y) = g(x)h(y)

If h(x, y) is continuous at (xgo, yo) and g(u) is continuous at u = h(xg, yo), then

the composition f (x,y) = g(h(x, y)) is continuous at (xg, yo)-

(a) If g(x) is continuous at xo\end h(y)
is continuous at (xg, Yo)-

b)

(3]

If f(x, y) is continuous at (xqo, yo), and if x(t) and y(t) are continuous at to with

x(to) = xo and y(t9) = vyo, then the composition f(x(t), y(t)) is continuous at tg.

» Example 5 Use Theorem 4.1.1 to show that the functions f(x,y) = 3x2y5 and
f(x,y) = sin(3x?y°) are continuous everywhere.

Solution.

The polynomials g(x) = 3x? and h(y) = y° are continuous at every real num-

ber, and therefore by part (a) of Theorem 4.1.1, the function f(x, y) = 3x 2y is continuous
at every point (x, y) in the xy-plane. Since 3x2y° is continuous at every point in the xy-plane
and sin u is continuous at every real number u, it follows from part (b) of Theorem 4.1.1

that the composition f(x, y) = sin(3x%y°)
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x
» Example 6 Evaluate lim %
x.N—>(—1,2) x* +y

Solution. Since f(x, y) = xy/(x?> + y?)is continuous at (—1, 2) (why?), it follows from
the definition of continuity for functions of two variables that

xy b 2

= (=12 x2 4+ y2  (—1)2 + (2)2 5

» Example 7 Since the function

3,,2
X"y
J&» =1—-

is a quotient of continuous functions, it is continuous except where 1 — xy = 0. Thus,
f(x, y) is continuous everywhere except on the hyperbola xy = 1. «

¥ PARTIAL DERIVATIVES

B PARTIAL DERIVATIVES OF FUNCTIONS"@FTWO VARIABLES
B THE PARTIAL DERIVATIVE RUNCTIONS

PARTIAL DERIVATIVES OF FUNCTIONS OF TWO VARIABLES

4.2.1 _ DEFINMFION If z= f(x,y) and (x o> Y3 is a point in the domain of f, then
the partial derivative of f with respect to x at (x 0. yo) [also called the partial derivative

of z with respect to x at (xg, yo)] is the derivative at xo of the function that results when
vy = yo is held fixed and x is allowed to vary. This partial derivative is denoted by

Jfx(x0, y0) and is given by

(D

d . A, ) — ,
Jx(xo0, yo) = a[f(x, yo)]l = Al)}r—l;lo S (xo A ZO; S (xo, yo)

X=Xx0
Similarly, the partial derivative of f with respect to y at (xg, yo) [also called the partial
derivative of z with respect to y at (xg, yo)] is the derivative at yg of the function that
results when x = x¢ is held fixed and y is allowed to vary. This partial derivative is
denoted by f,(xo, yo) and is given by

(2)

_ d I S (xo0, yo + Ay) — f(xo0, Yo)
Sfy(xo0, yo) = E[f(xo, 1 . = AI;IEO Ay
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» Example 1 Find f,.(1, 3) and f, (1, 3) for the function f(x,y) = 2x3y2 + 2y + 4x.
Solution. Since
fo(x,3) = i[f(x, 3)] = i[18x3 + 4x + 6] = 54x% + 4
dx dx

we have f,(1,3) = 54 + 4 = 58. Also, since

d d 5

Sy, y) = d—[f(l, W= —[R2y " +2y +4] =4y +2

y dy
we have f,(1,3) =43) +2 = 14. =«
H THE PARTIAL DERIVATIVE FUNCTIONS

Formulas (1) and (2) define the partial derivatives of a function at a specific point (xo, yo)-

However, often it will be desirable to omit the subscripts and think of the partial derivatives
as functions of the variables x and y. These functions are

0 Ax y Y= 5o Ay

x 5 = I
Sx(x, ) Jlim

The following example gives an alternative way .of performing the computations in
Example 1.

» Example 2 Find f.(x, y)and f,(x, y) for,f(x, y) = 2x>y? + 2y + 4x, and use those
partial derivatives to compute f, (1, 3) and f, (1, 3).

Solution. Keeping y fixed and differéntiating with respect to x yields
d
VAYER ) Aa,—[z)ﬁy2 +2y 4+ 4x] = 6x7y> + 4
x
and keeping x fixed.and differentiating with respect to y yields

d
fy(x,y) = 5[2x‘°’y2 + 2y +4x] = 4x3y + 2

Thus,
fe(1,3) =6(1)3%) +4 =58 and f,(1,3) =4(1>)3+2 =14

which agree with the results in Example 1. <«

l PARTIAL DERIVATIVE NOTATION
If z = f(x, y), then the partial derivatives f, and f) are also denoted by the symbols

The symbol 9 is called a partial deriva-

tive sign. It is derived from the Cyrillic af 0z af az
Iphabet 300 m.  and o om o
alphabet. ox ox dy  dy

Some typical notations for the partial derivatives of z = f(x, y) at a point (x¢, yo) are

of 5z of o B
ax ax dx T T PR

9
X=X0,y=)0 (x0,¥0) (x0,Y0)
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» Example 3 Find 9z/90x and 9z/9y if z = x* sin(xy?).

Solution.

0 0 0 0

92 _ 9 it sin(xy?)] = 2L [sin(xy?)] + sin(xy®) - ——(x*)

0x 0x ox 0x

= x* cos(xy3) . y3 + sin(xy3) CA4x3 = x4y3 cos(xy3) + 4x3 sin(xy3)

0 0 0 0

2 = [kt sin(xy®)] = x* ——[sin(xy®)] + sin(xy?) - — (x*)

ay ay ay ay

= x4 cos(xyS) . 3xy2 + sin(xys) -0 = 3x5y2 cos(xy3) <

» Example 4 Let f(x,y) = x2y + 5y°.

(a) Find the slope of the surface z = f(x, y) in the x-direction at the point (1, —2).
(b) Find the slope of the surface z = f(x, y) in the y-direction at the point (1, —2).

Solution (a). Differentiating f with respect to x with, y*held fixed yields
falx,y) =2xy
Thus, the slope in the x-direction is f,(1, =2).="—4; that is, z is decreasing at the rate of
4 units per unit increase in x.
Solution (b). Differentiating\f with respect to y with x held fixed yields
frlx,y) = x* + 15y°

Thus, the slope in‘the y-direction is f,(1, —2) = 61; that is, z is increasing at the rate of 61
units per unit increase in y. <«

PARTIAL DERIVATIVES OF FUNCTIONS WITH MORE THAN TWO VARIABLES
For a function f(x, y, z) of three variables, there are three partial derivatives:

frx,y, 2, filx,y,2), fAx,y,2)

The partial derivative f, is calculated by holding y and z constant and differentiating with
respect to x. For f, the variables x and z are held constant, and for f; the variables x and
y are held constant. If a dependent variable

w = f(x,y,2)
is used, then the three partial derivatives of f can be denoted by
dw ow ow
-_—, -—, and —
ox oy oz
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» Example 5 If f(x,y,z) =xy?z% 4+ 2xy + z, then
Solx,y,z) =3x%y?z* + 2y
fy(x’ Yy, Z) - 2X3yZ4 —+ 2x
folx,y,z) = 4x3y2z3 + 1
Sf(—1,1,2) =4(—D>(DH?*2)? +1 = —31 =

» Example 6 If f(p,0,@d) = p?cos¢sin b, then

So(p.0,¢) =2pcos¢sind
fo(p, 0, @) = p2cos¢cosO

f¢(p909¢):_p28in¢5in9 -

In general, if f(v;, va, ..., v,) is a function of n variables, there are n partial derivatives
of f, each of which is obtained by holding » — 1 of the variables fixed and differentiating
the function f with respect to the remaining variable. If w = f(v;, va, ..., v,), then these
partial derivatives are denoted by

ow OJw ow
dv; dva 7 dv,

where 0w /dv; is obtained by holding all variables except v; fixed and differentiating with
respect to v;.

B HIGHER-ORDER PARTIAL DERIVATIVES
Suppose that f is a function of twe-variables x and y. Since the partial derivatives 9f/dx
and 0f/dy are also functions-of x and y, these functions may themselves have partial
derivatives. This gives rise t&our possible second-order partial derivatives of f, which

are defined by
2f N 9 [of ; %f 9 [of ;
—_— = — _ = Jxx _— = — —_— =
0x%  9x \ 9x dy2 3y \ dy Y
Differentiate twice Differentiate twice
with respect to x. with respect to y.
2 2
f 9 [of ; %f 9 [of ;
= — e == x _— = e ) X
dydx  dy \dx y dxdy  dx \ dy Y
Differentiate first with Differentiate first with
respect to x and then respect to y and then
with respect to y. with respect to x.

WARNING  Observe that the two notations for the mixed second partials have opposite conventions for the order
of differentiation. In the “3” notation the derivatives are taken right to left, and in the “subscript”
notation they are taken left to right. The conventions are logical if you insert parentheses:

azf _ i g Right to left. Differentiate
Jdydx o dy \ dx inside the parentheses first.

Left to right. Differentiate
inside the parentheses first.

f‘xy = (fx)y
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» Example 7 Find the second-order partial derivatives of f(x, y) = x2y3 4 x*y.

Solution. We have

o o
—f = 2xy> +4x3y and —f = 3x2y? 4+ x*
ox oy
so that

92 o a o

bt = ax (5%) = gx @0t +axtn =237 12y

9%f o af e} 5 o 4 5

7 = 3y () =3y e ey

9%f o) of 3]

oxoy — ox Loy ) = ax GXY D =0xyT 44

9%f 3] aof
odyox dy \ 0x

o
= 8—(2xy3 + 4x3y) = 6xy° 4+ 4x> =
y

Third-order, fourth-order, and higher-order partial derivatives can be obtained by suc-
cessive differentiation. Some possibilities are

O _ D (FN _ ot _ 8. (R _

Ox3  8x \\ox2 ) I oy @y \oy3 ) TV

33 f L 3] d2f — 7 A f A o 33 f — r
dy2dx oy \dyax ) T opZax2  dy \dyoxz2 ) IV

» Example 8 Let f(x,y) = y2e* 4y \Find fi,,.

Solution.

33 3% 9 92
Fory = S (f _

o
2 _x x x
3y29x \ WOY2 (ymet) = 5, @yeD) ¢

ox )  ay?

THEOREM | 'Let f be a function of two variables. If f., and f,, are continuous
on some open disk, then f,, = f,, on that disk.
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