
TANGENT PLANES AND NORMAL VECTORS TO LEVEL SURFACES F (x, y, z) = c
We begin by considering the problem of finding tangent planes to level surfaces of a func-
tion F(x, y, z). These surfaces are represented by equations of the form F(x, y, z) = c.
We will assume that F has continuous first-order partial derivatives, since this has an im-
portant geometric consequence. Fix c, and suppose that P0(x0, y0, z0) satisfies the equation
F(x, y, z) = c. In advanced courses it is proved that if F has continuous first-order partial
derivatives, and if ∇F(x0, y0, z0) �= 0, then near P0 the graph of F(x, y, z) = c is indeed a
“surface” rather than some possibly exotic-looking set of points in 3-space.

We will base our concept of a tangent plane to a level surface S: F(x, y, z) = c on the
y
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we would expect a tangent plane to S at a point P0 to be composed of the tangent lines at P0

of all curves on S that pass through P0
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All tangent lines at P0 lie
in the tangent plane.

F(x, y, z) = c 

P0

P0

that is parametrized by x = x(t), y = y(t), z = z(t) with x0 = x(t0), y0 = y(t0), and
z

0

= z(t0). The tangent line l to C through P0 is then parallel to the vector

r′ = x ′(t0)i + y ′(t0) j + z′(t0)k

where we assume that r′
we have

c = F(x(t), y(t), z(t)) (1)

Computing the derivative at t0

x(x0, y0, z0)x
′(t0) + Fy(x0, y0, z0)y

′(t0) + Fz(x0, y0, z0)z
′(t0)

We can write this equation in vector form as

0 = (Fx(x0, y0, z0)i + Fy(x0, y0, z0) j + Fz(x0, y0, z0)k) � (x ′(t0)i + y ′(t0) j + z′(t0)k)

or
0 = ∇F(x

0, y0, z0) � r′ (2)

It follows that if ∇F(x0, y0, z0) �= 0, then ∇F(x0, y0, z0) is normal to line l. Therefore,
the tangent line l to C at P0 is contained in the plane through P0 with normal vector
∇F(x0, y0, z0). Since C was arbitrary, we conclude that the same is true for any curve on
S through P0 0 to

y

x

z

(x0, y0, z0)

F(x, y, z) =  c

∇F(x0, y0, z0)

S
be the plane through P0 whose normal vector is

n = ∇F(x0, y0, z0) = 〈Fx(x0, y0, z0), Fy(x0, y0, z0), Fz(x0, y0, z0)〉
Using the point-normal form , we have the followingdefinition.

(Figure 4.3.3). Thus, it makes sense to define the tangent plane to S at P

Figure 4.3.3

�= 0 . Since C is on the surface F(x, y, z) = c,

of both sides of (1), we have by the chain rule that

0 = F

Figure 4.3.2

(Figure 4.3.2). Suppose C is a curve on S through

more elementary notion of a tangent line to a curve C in 3-space (Figure 4.3.1). Intuitively,

Figure 4.3.1

4.3 TANGENT PLANES AND NORMAL VECTORS
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0(x0, y0, z0) is a point on the level surface S: F(x, y, z) = c. If
∇F(x0, y0, z0) �= 0, then n = ∇F(x0, y0, z0) is a normal vector to S at P0 and the
tangent plane to S at P0 is the plane with equation

Fx(x0, y0, z0)(x − x0) + Fy(x0, y0, z0)(y − y0) + Fz(x0, y0, z0)(z − z0) = 0 (3)

The line through the point P0 parallel to the normal vector n is perpendicular to the
tangent plane (3). We will call this the normal line, or sometimes more simply the normal
to the surface F(x, y, z) = c at P0. It follows that this line can be expressed parametrically
as

x = x0 + Fx(x0, y0, z0)t, y = y0 + Fy(x0, y0, z0)t, z = z0 + Fz(x0, y0, z0)t (4)

Example 1 Consider the ellipsoid x2 + 4y2 + z2 = 18.

(a) Find an equation of the tangent plane to the ellipsoid at the point (1, 2, 1).

(b) Find parametric equations of the line that is normal to the ellipsoid at the point (1, 2, 1).

(c) Find the acute angle that the tangent plane at the point (1, 2, 1) makes with the xy-plane.

2 + 4y2 + z2 and
(x0, y0, z0) = (1, 2, 1). Since

∇F(x, y, z) = 〈Fx(x, y, z), Fy(x, y, z), Fz(x, y, z)〉 = 〈2x, 8y, 2z〉
we have

n = ∇F(1, 2, 1) = 〈2, 16, 2〉
Hence, from (3) the equation of the tangent plane is

2(x − 1) + 16(y − 2) + 2(z − 1) = 0 or x + 8y + z = 18

Solution (b). Sincen = 〈2, 16, 2〉 at the point (1, 2, 1), it follows from (4) that parametric
equations for the normal line to the ellipsoid at the point (1, 2, 1) are

x = 1 + 2t, y = 2 + 16t, z = 1 + 2t

Solution (c). To find the acute angle θ between the tangent plane and the xy-plane, we
will apply Formula (9) of Section 11.6 with n1 = n = 〈2, 16, 2〉 and n2 = 〈0, 0, 1〉. This
yields

cos θ = |〈2, 16, 2〉 � 〈0, 0, 1〉|
‖〈2, 16, 2〉‖ ‖〈0, 0, 1〉‖ = 2

(2
√

66 )(1)
= 1√

66

Thus,
θ = cos−1

(
1√
66

)
≈ 83◦

4.3.1 definition Assume that F(x, y, z) has continuous first-order partial deriva-
tives and that P

(Figure 4.3.4).

40−4
x

−2
0

3
y

−4

0

4

z

(1, 2, 1)

Figure 4.3.4

Solution (a). We apply Definition 4.3.1 with F(x, y, z) = x
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TANGENT PLANES TO SURFACES OF THE FORM z = f (x, y)
To find a tangent plane to a surface of the form z = f(x, y), we can use Equation (3) with
the function F(x, y, z) = z − f(x, y).

2y at the point (2, 1, 4).

Solution. Let F(x, y, z) = z − x2y. Then F(x, y, z) = 0 on the surface, so we can find
the find the gradient of F at the point (2, 1, 4):

∇F(x, y, z) = −2xyi − x2 j + k

∇F(2, 1, 4) = −4i − 4 j + k

From (3) the tangent plane has equation

−4(x − 2) − 4(y − 1) + 1(z − 4) = 0 or − 4x − 4y + z = −8

and the normal line has equations

x = 2 − 4t, y = 1 − 4t, z = 4 + t

Suppose that f(x, y) is differentiable at a point (x0, y0) and that z0 = f(x0, y0). It can
be shown that the procedure of Example 2 can be used to find the tangent plane to the surface
z = f(x, y) at the point (x0, y0, z0). This yields an alternative equation for a tangent plane
to the graph of a differentiable function.

0, y0), then the tangent
plane to the surface z = f(x, y) at the point P0(x0, y0, f (x0, y0)) [or (x0, y0)] is the
plane

z = f(x0, y0) + fx(x0, y0)(x − x0) + fy(x0, y0)(y − y0) (5)

Example 2 Find an equation for the tangent plane and parametric equations for the
normal line to the surface z = x

4.3.2 theorem If f(x, y) is differentiable at the point (x
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CHAIN RULES FOR DERIVATIVES
If y is a differentiable function of x and x is a differentiable function of t , then the chain
rule for functions of one variable states that, under composition, y becomes a differentiable
function of t with

dy

dt
= dy

dx

dx

dt

We will now derive a version of the chain rule for functions of two variables.
Assume that z = f(x, y) is a function of x and y, and suppose that x and y are in turn

functions of a single variable t , say

x = x(t), y = y(t)

The composition z = f(x(t), y(t)) then expresses z as a function of the single variable t .
Thus, we can ask for the derivative dz/dt and we can inquire about its relationship to the

derivatives ∂z/∂x, ∂z/∂y, dx/dt , and dy/

dz

dt
= lim


t →0


z


t
,

dx

dt
= lim


t →0


x


t
, and

dy

dt
= lim


t →0


y


t

It follows from (3) of Section 13.4 that


z ≈ ∂z

∂x

x + ∂z

∂y

where the partial derivatives are evaluated at (x(t), y(t)). Dividing both sides of (1) by 
t

yields

z


t
≈ ∂z

∂x


x


t
+ ∂z

∂y


y


t
(2)

Similarly, we can produce the analog of (2) for functions of three variables as follows:
assume that w = f(x, y, z) is a function of x, y, and z, and suppose that x, y, and z are
functions of a single variable t . As above we define 
w, 
x, 
y, and 
z to be the changes
in w, x, y, and z that correspond to a change of 
t in t . Then (7) in Section 13.4 implies
that


w ≈ ∂w

∂x

x + ∂w

∂y

y + ∂w

∂z

z (3)

and dividing both sides of (3) by 
t yields


w


t
≈ ∂w

∂x


x


t
+ ∂w

∂y


y


t
+ ∂w

∂z


z


t
(4)

Taking the limit as 
t → 0 of both sides of (2) and (4) suggests the following results.
(A complete proof of the two-variable case can be found in Appendix D.)

dt . Letting 
x, 
y, and 
z denote the changes
in x, y, and z, respectively, that correspond to a change of 
t in t , we have


y (1)

4.4 THE CHAIN RULE
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dz

dt
= ∂z

∂x

dx

dt
+ ∂z

∂y

dy

dt
(5)

where the ordinary derivatives are evaluated at t and the partial derivatives are evalu-
ated at (x, y).

If each of the functions x = x(t), y = y(t), and z = z(t) is differentiable at t, and
if w = f(x, y, z) is differentiable at the point (x, y, z) = (x(t), y(t), z(t)), then the
function w = f(x(t), y(t), z(t)) is differentiable at t and

dw

dt
= ∂w

∂x

dx

dt
+ ∂w

∂y

dy

dt
+ ∂w

∂z

dz

dt
(6)

where the ordinary derivatives are evaluated at t and the partial derivatives are evalu-
ated at (x, y, z).

t t

x y

z

dx
dt

�z
�x

�z
�y

dy
dt

dz
dt

�z
�x

dx
dt

�z
�y

dy
dt

=             +

Figure 4.4.1

Example 1 Suppose that

z = x2y, x = t2, y = t3

Use the chain rule to find dz/dt , and check the result by expressing z as a function of t and
differentiating directly.

Solution. By the chain rule [Formula (5)],

dz

dt
= ∂z

∂x

dx

dt
+ ∂z

∂y

dy

dt
= (2xy)(2t) + (x2)(3t2)

= (2t5)(2t) + (t4)(3t2) = 7t6

Alternatively, we can express z directly as a function of t ,

z = x2y = (t2)2(t3) = t7

and then differentiate to obtain dz/dt = 7t6. However, this procedure may not always be
convenient.

4.4.1 theorem (Chain Rules for Derivatives) If x = x(t) and y = y(t) are differen-
tiable at t, and if z = f(x, y) is differentiable at the point (x, y) = (x(t), y(t)), then
z = f(x(t), y(t)) is differentiable at t and
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Example 2 Suppose that

w =
√

x2 + y2 + z2, x = cos θ, y = sin θ, z = tan θ

Use the chain rule to find dw/dθ when θ = π/4.

Solution. From Formula (6) with θ in the place of t , we obtain

dw

dθ
= ∂w

∂x

dx

dθ
+ ∂w

∂y

dy

dθ
+ ∂w

∂z

dz

dθ

= 1

2
(x2 + y2 + z2)−1/2(2x)(− sin θ) + 1

2
(x2 + y2 + z2)−1/2(2y)(cos θ)

+ 1

2
(x2 + y2 + z2)−1/2(2z)(sec2 θ)

When θ = π/4, we have

x = cos
π

4
= 1√

2
, y = sin

π

4
= 1√

2
, z = tan

π

4
= 1

Substituting x = 1/
√

2, y = 1/
√

2, z = 1, θ = π/4 in the formula for dw/dθ yields

dθ

∣∣∣∣
θ=π/4

= 1

2

(
1√
2

)
(
√

2)

(
− 1√

2

)
+ 1

2

(
1√
2

)
(
√

2)

(
1√
2

)
+ 1

2

(
1√
2

)
(2)(2)

= √
2

Confirm the result of Example 2 by ex-
pressing w directly as a function of θ . dw

REMARK There are many variations in derivative notations, each of which gives the chain rule a different look.
If z = f(x, y), where x and y are functions of t , then some possibilities are

dz

dt
= fx

dx

dt
+ fy

dy

dt

df

dt
= ∂f

∂x

dx

dt
+ ∂f

∂y

dy

dt

df

dt
= fxx

′(t) + fyy
′(t)

order partial derivatives at the point (u, v) given by

∂z

∂u
= ∂z

∂x

∂x

∂u
+ ∂z

∂y

∂y

∂u
and

∂z

∂v
= ∂z

∂x

∂x

∂v
+ ∂z

∂y

∂y

∂v
(7–8)

If each function x = x(u, v), y = y(u, v), and z = z(u, v) has first-order partial deriva-
tives at the point (u, v), and if the function w = f(x, y, z) is differentiable at the point
(x, y, z) = (x(u, v), y(u, v), z(u, v)), then w = f(x(u, v), y(u, v), z(u, v)) has first-
order partial derivatives at the point (u, v) given by

∂w

∂u
= ∂w

∂x

∂x

∂u
+ ∂w

∂y

∂y

∂u
+ ∂w

∂z

∂z

∂u
and

∂w

∂v
= ∂w

∂x

∂x

∂v
+ ∂w

∂y

∂y

∂v
+ ∂w

∂z

∂z

∂v

(9–10)

4.4.2 theorem (Chain Rules for Partial Derivatives) If x = x(u, v) and y = y(u, v)

have first-order partial derivatives at the point (u, v), and if z = f(x, y) is differen-
tiable at the point (x, y) = (x(u, v), y(u, v)), then z = f(x(u, v), y(u, v)) has first-
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u v u v

x y

z

�x
�u

�x
�v

�z
�x

�z
�y

�y
�u

�y
�v

�z
�u

�z
�x

�x
�u

�z
�y

�y
�u

=             +

Example 3 Given that

z = exy, x = 2u + v, y = u/v

find ∂z/∂u and ∂z/∂v using the chain rule.

Solution.
∂z

∂u
= ∂z

∂x

∂x

∂u
+ ∂z

∂y

∂y

∂u
= (yexy)(2) + (xexy)

(
1

v

)
=

[
2y + x

v

]
exy

=
[

2u

v
+ 2u + v

v

]
e(2u+v)(u/v) =

[
4u

v
+ 1

]
e(2u+v)(u/v)

∂z

∂v
= ∂z

∂x

∂x

∂v
+ ∂z

∂y

∂y

∂v
= (yexy)(1) + (xexy)

(
− u

v2

)
=

[
y − x

( u

v2

)]
exy =

[u

v
− (2u + v)

( u

v2

)]
e(2u+v)(u/v)

= −2u2

v2
e(2u+v)(u/v)

u v u v

x y

z

�x
�u

�x
�v

�z
�x

�z
�y

�y
�u

�y
�v

�z
�v

�z
�x

�x
�v

�z
�y

�y
�v

=             +
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u v u v

x z

w

�x
�u

�x
�v

�w
�x

�w
�z�w

�y

�z
�u

�z
�v

u v

y

�y
�u

�y
�v

�w
�u

�w
�x

�x
�u

�w
�y

�y
�u

�w
�z

�z
�u

=             +             +

�w
�v

�w
�x

�x
�v

�w
�y

�y
�v

�w
�z

�z
�v

=             +             +

Example 4 Suppose that

w = exyz, x = 3u + v, y = 3u − v, z = u2v

Use appropriate forms of the chain rule to find ∂w/∂u and ∂w/∂v.

∂w

∂u
= yzexyz(3) + xzexyz(3) + xyexyz(2uv) = exyz(3yz + 3xz + 2xyuv)

and
∂w

∂v
= yzexyz(1) + xzexyz(−1) + xyexyz(u2) = exyz(yz − xz + xyu2)

If desired, we can express ∂w/∂u and ∂w/∂v in terms of u and v alone by replacing x, y,

and z by their expressions in terms of u and v.

OTHER VERSIONS OF THE CHAIN RULE
Although we will not prove it, the chain rule extends to functions w = f (v1, v2, . . . , vn) of
n variables. For example, if each vi is a function of t , i = 1, 2, . . . , n, the relevant formula
is

dw

dt
= ∂w

∂v1

dv1

dt
+ ∂w

∂v2

dv2

dt
+ · · · + ∂w

∂vn

dvn

dt
(11)

Note that (11) is a natural extension of Formulas (5) and (6) in Theorem 4.4.1.
There are infinitely many variations of the chain rule, depending on the number of

Solution. From the tree diagram and corresponding formulas in Figure 4.4.3 we obtain

Figure 4.4.3
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Example 5 Suppose that w = x2 + y2 − z2 and

x = ρ sin φ cos θ, y = ρ sin φ sin θ, z = ρ cos φ

Use appropriate forms of the chain rule to find ∂w/∂ρ and ∂w/∂θ .

r u r f

x z

w

�x
�r

�x
�f

�y
�f

�x
�u

�w
�x

�w
�z�w

�y

�z
�r

�z
�f

rf f u

y
�y
�r

�y
�u

�w
�r

�w
�x

�x
�r

�w
�y

�y
�r

�w
�z

�z
�r

=              +              +

�w
�u

�w
�x

�x
�u

�w
�y

�y
�u

=              +           

∂w

∂ρ
= 2x sin φ cos θ + 2y sin φ sin θ − 2z cos φ

= 2ρ sin2 φ cos2 θ + 2ρ sin2 φ sin2 θ − 2ρ cos2 φ

= 2ρ sin2 φ(cos2 θ + sin2 θ) − 2ρ cos2 φ

= 2ρ(sin2 φ − cos2 φ)

= −2ρ cos 2φ

∂w

∂θ
= (2x)(−ρ sin φ sin θ) + (2y)ρ sin φ cos θ

= −2ρ2 sin2 φ sin θ cos θ + 2ρ2 sin2 φ sin θ cos θ

= 0

This result is explained by the fact that w does not vary with θ . You can see this directly by
expressing the variables x, y, and z in terms of ρ, φ, and θ in the formula for w. (Verify
that w = −ρ2 cos 2φ.)

Example 6 Suppose that

w = xy + yz, y = sin x, z = ex

Use an appropriate form of the chain rule to find dw/dx.

x

x x

z

w

y

�w
�x

�w
�z�w

�y

dy
dx

dz
dx

�w
�x

�w
�y

dw
dx

dy
dx

�w
�z

dz
dx

=        +              +  

dw

dx
= y + (x + z) cos x + yex

= sin x + (x + ex) cos x + ex sin x

This result can also be obtained by first expressing w explicitly in terms of x as

w = x sin x + ex sin x

WARNING The symbol ∂z, unlike the differential dz, has no meaning of its own. For example, if we were to
“cancel” partial symbols in the chain-rule formula

∂z

∂u
= ∂z

∂x

∂x

∂u
+ ∂z

∂y

∂y

∂u

we would obtain
∂z

∂u
= ∂z

∂u
+ ∂z

∂u

which is false in cases where ∂z/∂u �= 0.

Solution. From the tree diagram and corresponding formulas in Figure  4.4.4 we obtain

Solution. From the tree diagram and corresponding formulas in Figure 4.4.5 we obtain

Figure 4.4.5
and then differentiating with respect to x; however, such direct substitution is not always
possible.

One of the principal uses of the chain rule for functions of a single variable was to
compute formulas for the derivatives of compositions of functions. Theorems 4.4.1 and
4.4.2 are important not so much for the computation of formulas but because they allow us
to express relationships among various derivatives. As an illustration, we revisit the topic
of implicit differentiation.

Figure 4.4.4
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IMPLICIT DIFFERENTIATION
Consider the special case where z = f (x, y) is a function of x and y and y is a differentiable
function of x. Equation (5) then becomes

dz

dx
= ∂f

∂x

dx

dx
+ ∂f

∂y

dy

dx
= ∂f

∂x
+ ∂f

∂y

dy

dx
(12)

This result can be used to find derivatives of functions that are defined implicitly. For
example, suppose that the equation

f (x, y) = c (13)

defines y implicitly as a differentiable function of x and we are interested in finding dy/dx.
Differentiating both sides of (13) with respect to x and applying (12) yields

∂f

∂x
+ ∂f

∂y

dy

dx
= 0

Thus, if ∂f /∂y �= 0, we obtain

dy

dx
= −∂f /∂x

∂f /∂y

In summary, we have the following result.

13.5.3 theorem If the equation f(x, y) = c defines y implicitly as a differentiable
function of x, and if ∂f /∂y �= 0, then

dy

dx
= −∂f /∂x

∂f /∂y
(14)

Example 7 Given that
x3 + y2x − 3 = 0

find dy/dx using (14), and check the result using implicit differentiation.

Solution. By (14) with f(x, y) = x3 + y2x − 3,

dy

dx
= −∂f /∂x

∂f /∂y
= −3x2 + y2

2yx

Alternatively, differentiating implicitly yields

3x2 + y2 + x

(
2y

dy

dx

)
− 0 = 0 or

dy

dx
= −3x2 + y2

2yx

which agrees with the result obtained by (14).

The chain rule also applies to implicit partial differentiation. Consider the case where
w = f(x, y, z) is a function of x, y, and z and z is a differentiable function of x and y. It

= ∂f

∂x
+ ∂f

∂z

∂z

∂x
(15)

.4.2 that

∂w

∂x

 4follows from Theorem
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defines z implicitly as a differentiable function of x and y, then taking the partial derivative
of each side of (16) with respect to x and applying (15) gives

∂f

∂x
+ ∂f

∂z

∂z

∂x
= 0

If ∂f /∂z �= 0, then
∂z

∂x
= −∂f /∂x

∂f /∂z

A similar result holds for ∂z/∂y.

tiable function of x and y, and if ∂f /∂z �= 0, then

∂z

∂x
= −∂f /∂x

∂f /∂z
and

∂z

∂y
= −∂f /∂y

∂f /∂z

Example 8 Consider the sphere x2 + y2 + z2 = 1. Find ∂z/∂x and ∂z/∂y at the point(
2
3 , 1

3 , 2
3

)
.

2 + y2 + z2,

∂z

∂x
= −∂f /∂x

∂f /∂z
= −2x

2z
= −x

z
and

∂z

∂y
= −∂f /∂y

∂f /∂z
= −2y

2z
= −y

z

At the point
(

2
3 , 1

3 , 2
3

)
, evaluating these derivatives gives ∂z/∂x = −1 and ∂z/∂y = − 1

2 .

If the equation
f(x, y, z) = c (16)

4.4.4 theorem If the equation f(x, y, z) = c defines z implicitly as a differen-

Solution. By Theorem 4.4.4 with f(x, y, z) = x
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