a5 Up - gy Sy Gl g, 3,1 —a S Jeash dabald 3

Group theory

References

1) Introduction to modern abstract algebra
By David M. Burton

2) A first course in abstract algebra
By J.B. Fraleigh

3) Group theory
By M. Suzuki

4) Cuaall 2l pall 8 desis

pln el die 4o 55 ()8 50 2iad Cals




a5 Up - gy Sy Gl g, 3,1 —a S Jeash dabald 3

Chapter one

Binary Operations

Definition 1.1
Let A be a non empty set. A binary operation on a set A is a function

from A X A into A. (i.e.)
x: A X A — Aisabinary operation iff
1. axb € AVa,b e A (Closure)
2. Ifa,b,c,d € A suchthata=cand b =d,thena*xb =c*d
(well-define).
Example 1.2
1) The operations {4, —,x} are binary operationson R, Z, Q, C.
But " — " is not binary operation on N.
2) The operations {4+, —} are not binary operations on O (odd
number).
3) The operation -is abinary operation on R\{0}, Q\{0}, C\{03}.
Example 1.3
Letaxb=a+b+2,Va,b € Z*. Is x abinary operation on Z*?

Solution:

ezt
1) Closure: leta,b € Z*, thenaxb=a+b+2€ Z™ .

2) well-define: a,b,c,d € A suchthata = cand b = d, then
ax*xb=a+b+2=c+d+2=cxd
= « is a binary operation on Z*.
Example 1.4
Leta x b = a®,a, b € Z. Show thatxis abinary operation on Z.

Solution:
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1) Closure: ifa =3 and b = —1. Thena *b = 37! =§¢Z:>*is

not a binary operation on Z.

Remark 1.5: Some time we used the symbols *, ,,#, 0, ...to
denote abinary operation.

Exercises: which of the following are binary operations?

1) a*b =a+ b,Va,b € R\{0}.

2) a®b==,Va,beZ

) a#tb=a+b—3,Va,b EN.
4) a,b=a+2b—-5Va,b€ER.

c

a ac a C
5) b 'E‘E'V 57 € Q\{0}.

Definition 1.6 (Commutative)

A binary operation * on a setA is called a Commutative if and only if
axb=>b=aVa,b € A.
Definition 1.7 (Associative)
A binary operation = on a set A is called an associative if
(a *b) xc =a *(b *c) va, b, c €EA.
Example 1.8 Let R be a set of real numbers and * be a binary operation
on R definedasa xb = a+ b — ab , then * is commutative and
associative.
Solution:
(i) ax*b=a+b—ab=b+a—-ba=bxa
Which implies that * is commutative.
(i) Leta,b,c €R,then
(axb)xc=(a+b—ab)xc=(a+b—ab)+c—(a+b—ab)c
=a+b+c—ab—ac—bc+abc...(1)
ax(bxc)=ax(b+c—bc)
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=a+(b+c—bc)—a(b+c—bc)
=a+b+c—bc—ab—ac+abc..(2)
= (1)=(2)
=>* IS an associative.
Exercises: which of the following binary operations is a comm., asso.?
() axb=a-bVabeLZ.
(i) aO®Ob=2ab,Va,b€EE.
(iii) a#b=a3+b3va,b €R.
Definition 1.9 (Mathematical System)
A Mathematical System or (Mathematical Structure) is a non-empty set
of elements with one or more binary operations defined on this set.
Example 1.10
(R,+),(R,.),(R,—), (R\{0},),(R,+,.), (N, +), (E, +,x) are Math.
System. But (N, —), (R,+), (0, +, —) are not Math. System.
Definition 1.11 (Semi group)
A semi group is a pair (S,*) in which S is an empty set and = is a binary
operation on S with associative law.
(i.e.) (S,*) is semi group<= (1) S # @,
(2) = is a binary operation,

(3) Va,b,c € S, (ab) xc =a *(b xc).

Example 1.12
(1) (Z,+),(Z,x),(N,+),(N,x),(E,+), (E,x) are semi groups.
(2)(0,+),(Z,-), (E,—), (R\{0},+) are not semi groups.

Definition 1.13 (The identity element)
Let (S,*) be a Mathematical System and e € S. Then e is called an

identity elementifa*xe =exa =a,Va € S.
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Definition 1.14 (The inverse element)
Let (S,*) be a Mathematical Systemand a,b € S. Then b is called an
inverseofaifa*xb=bx*xa =e.
Definition 1.15 (The Group)
The pair (G,*) is a group iff (G,*) is a semi group with identity in which
each element of G has an inverse.
Definition 1.16 (The Group)
A group (G,*) is a non-empty set G and a binary operation * , such that
the following axioms are satisfied:
(1) The binary operation * is associative.
(i.e.) (a *b) *c =a x(b =c), va,b,c € G

(2) There is an element e in G such that

axe=exa=a,Va€QG.

This element e is an identity element for * on G.
(3)for each a in G, there is an element b in G such that
axb=>bx*xa=e.
The element b is an inverse of a and denoted by a™1.

Remark 1.17
Every group is a semi group but the converse is not true as in the
following example shows.
(N, +) is a semigroup but not group because Za~! € N,Va € N.
Definition 1.18 (Commutative group)
A group (G,*) is called a Commutative group iffa* b = b *a,Va,b €
G.
Example 1.19

. (Z,+),(E,+),Q,+),(N,x),(C,+) are commutative groups .

ii. (Z7T,+) isnot a group because there is no identity element for

+inZ™t.
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iii.  (Z*,x) is not a group because there is an identity element 1 but
no inverse of 5.

iv. (G ={1,0,—1,2},+) is not group since + is not a binary
operation on G, 1+2=3¢G.

V. (G ={1,—-1},%) iscomm. Group.

vi.  (R\{0},%), (Q\{0},%),(C\{0},x) are comm. Groups.

Example 1.20
Let G = {a, b, c,d} be a set. Define a binary operation * on G by the

following table.

* la | b | c|d
al|la|b|c|d
b | b |c|d]|a
c | c|d|a]|b
d | d| a C

Is (G,*) a commutative group?
Solution:
(1) Closure is true.
(2) Asso.
(a xb) xc =a *(b *c) ?
b c=a +d
d=d
bx(axc)=bxc=d=(b*a)*c
cx(axb)=cxb=d=(c*a)*b
dx(axc)=d+c=b=(d*a)*c ....—>

—>* IS aSS0.
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(3) The identity: To provede € G s.t.axe =e*a =a,Va € G.
axa=a,bxa=b,cxa=c,d*xa=d.
= e = ais an identity element of G.
(4) The inverse:
axa=a=al=a
bxd=a=b"1=d

cxc=a=c1l=c

a*xa=a=a?
dxb=a=d1=b

(5) Comm.
ax*b=bxa?

b="»b

=a

axc=c*xa==~¢

axd=d*xa=d

bxc=cxb=d

bxd=d=*b=a

cxd=dx*xc=0b

= *Isacomm.

Therefore (G,*) is a comm. Group and called Klein 4-group.
Example 1.21

Let G = {1,—1,i,—i} be asetand "." be abinary operation.

Is (G,.) agroup ?
Solution:
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1- Closure is true.
2- Asso. Law is true
3- 1isan identity element.
4-171=1, -1 =—1,it=—j, it =i
5- Comm .is true
~ (G, .)Iisacomm.group.
Example 1.22
LetG=Z,axb=a+Db+2,showthat (G, * )is acomm. group.
Solution:
1- Closure : let a,b €Z, Then
axb= a+b+2 €Z —Closure is true
2- asso. Low : Let a,b,c€Z, then
ax(bxc)=a*x(b+c+2)=a+(b+c+2)+2
=a+tb+tc+4...... (1)

(axb)*xc=(a+b+2)*xc=(a+b+2)+C+2
=at+tb+c+4..... (2)

=~ (1) =(2) = * isasso.

3- Identity : leteeZ>axe=exa=a,then

a*e=a+e+2=a—e=-2

exa=e4+a+2=a=—e=-2

~ -2 is an identity element of G.

4- Inverse:let a,b €eZ3 axb=bxa=e
a*b=a+b+2=-2=b=-a—-4
bxra=b+a+2=-2 =b =-a-14
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nat=—(at4)ez
=~ (G, =) isagroup.
5- Comm. Toprove axb=Db *xa Va,b €Z
a*b=a+b+2=b+a+2=Db=x*a
~ (G, *) isa comm. Group.
Example 1.25

Let (G, *) be an arbitrary group .The set of the function from G into G
with the composition (F¢, 0) is forms a group , where

Fe={ f.:ae G}, G- G st.
fo(x)=axx ,x€ G , prove that
Proof : (1) Closure: letf,, fLe F ,a,b € G
(faofy) ) =1 (fr(x))= fa(b*Xx)
=ax*(b*x)
=(ax*b)=*x, since Gisagroup.
= f, (X) € Fg, since axbe G
(2) asso : Let f,, fy, f.e Fg,a,b,ce G
(faofy)ofe="Tuy 0fc=Fam
Since * is asso. on G
= farprey =fa0fpe=fa0(fa0f)
(3) identity : f. is an identity of FG, since
foofe=fue=feu=fc0 fo=1,
(4) inverse : The inverse of f, in Fg is f,*, since
Fao fii= fui= ity = filo f, =1,

Also, if G isa Comm . group, then (Fg, 0) is a comm. group .
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(Exercises ): Determine the systems (G, *) described abelian (comm..)
group

1) G=Z,ax*b=ath+3

2) G=RxR={(a,b):a,beR}st
(a, b) * (c,d) = (at+b, b+d + 2bd).

3) (G ={fy, f,, 5, 4, f5, fs }, 0) , where

f1(x) =x, f, (X) = i T3 (X) =1-x, f4(X) = xx;l  f5(X) = xle  fo(X) = i

4) G ={(ab):a,beR,a+0,b+0}s.t.
(a,b) = (c,d) = (ac,bd)

5 (G={an:nez}, K +)

6) G=Q",axb=2

Some properties of Groups:

Theorem (1) : If G is a group with a binary operation x, then the left and
right cancellation laws hold in G, that is:

1) axb=axcimplies b=c
2)bxa=cxa implies b=c
Foralla,b,c €G.
Proof :
1) suppose axb = axc
3a'eG s.t. a'x(axb)=a'x(@axc)
(a'xa)*b=(a'xa)*c
exb=exc
~b=c

2) H.W

10
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Theorem(2): Inagroup (G, *), there is only one elemente in

Gsuchthatexa=a*xe=a, VaeG.

Proof:

Suppose that G has two identity elements e and e’ that mean

Ya € G. Then
_ _ I_
a*e=—exa=—aand axe'=e'xa=a

Since each e and e’ belong to G, so

exe'=elx eze  (vsepace’; ac g)

and

elsxe=exe'=¢ (Yo paic @ 5 _paic e/)

It follows that e’ =e.

Theorem(3): Inagroup (G, *), the inverse element of each

element in G is unique.
Proof :

Leta€ G and a has two inverse x and X . Suchthat a*xx= x*a=¢e
axX=x+xa=¢e

—x=x*xe=xx*(a*x)
=(x*a)*x
—exx

x = x' = the inverse is an unique element.
Theorem( 4): If (G, *)isgroup, then
1- e't=¢e

2- @)'=a VaegG
3- (a*b)'=b'x a'v a,be G

11
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Proof :-

1- Let e'=x

e is the identity elementof G = X *e=e*xx =X ---- (1)
xistheinverseofe—=e x x=x*xe =g ----—--- (2)

from (1) and(2) = x=e= e’ =e.

2- (ah)t=(aM)'xe
=@"" @'+ a)
=(@h'+ah) xa
=e€xad=ad.
3) (axb)'=b'xa? va,beG

Proof :
Since (a*b)eG=(ax*h)'eG

(a*xb)*(@x*h)'=(axb)’*(@axb)=e(def.of inverse)
(axb)*(axb)! =e
alx(axb)x(axb)'=alxe
(a'xa)*bx*(a*xb)'=a"

ex bx@xb)'=a’
btxbx(axb)'=b'xa’

ex(axb)'=b'xa’

~(axb)l=bxal

Theorem(5) : Let (G, =) be agroup . Then

i-  (axb)'= alx bt < G iscomm. group.

12
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Proof :

(=) Let (G, *) beagroupand (a * b)*=ax b . To prove G is
comm.

Let a,be G .Toproveaxb=Dbx*xa,va,beG

axb=((axb)”)” (by @) =2)

— (blsa)? (by Th.4)
— (b-l)-l>l< (a-l)-l
=b=xa (by (@) '=a)

~ G iscomm. gp.

(<) Let(G,*)isacomm.gp. Toprove (a*b)*=a'xb™
(axb)’= b'xa® (byTh.4)

= a'xb*  (bycomm.)

ii) if a=a’then G isacomm.gp. (Is the converse true? )
proof :
Let a=a' T.P.axb=bxa, Va,beG
Let a,beG and a*beG = (a*b)=(axb)*
=b'xa’ (by Th.4)
=b=xa

~ G isacomm. Group.
The converse of this part is not true.
(i-e.)if (G, *)isacomm.# a=a"’

13
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For example:
Let(G={1,-1,i,-1},.)beacomm. group,
Leta=i = a’=-i

cazal

Give another example (H. W.)

Theorem (6): Inagroup (G, =), the equations axx=band y*a=»b

have a unique solution.
Definition.(The integral powers of a)
Let (G, *) be agroup . The integral powers of a, a € G is defined by :

1- a"=ax*xa..xa
| —
n—times

2-a’=e
3-at*=(@H"neZ

4- a1 =q"x a ,nez’.

For example :
D In(R, +),
3.0,
3P=3+3+3=9,
372=(371)2=(=3)+(-3)
=—6.
(2 In(R,.),
2° =1,

0

|
X

|
X
N | =

X

|

14
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B)In(G={1,-1,i,-i},.),

i°=1, f=ixi=-1, i%= (Y= (-i)?

=-1X-

=-1

Theorem:

Let (G, *) beagroupand a€ G, m,n€Z,then:

1-
2.
3-
4-

a* a"=a"" vn,mez (H. W)

@™ =a"" vn,meZzZ

a"=(@"" vnez'

(@axb)"=a"h" Vv n e Z & Gisacomm. group.

Definition: (( The order of a group))

The number of elements of a group G is called the order of G and
isdenoted by |G| oro (G).

G is called a finite group if | G| < oo and infinite group otherwise
Definition: (The order of an element)

The order of an element a, a € G is the least positive integer n
such that a" =e, where e is the identity element of G . We
denoted to ordera by |a|oro(a).

(ie) |a| =n if a"=e, neZ’

Example (1): (Z, +) is an infinite group
Example (2): the trivial group G={0}

|G|=1, Gistheonly group of order 1.

15
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Example (3): find the order of G and the order of each element of
(G,.).SuchthatG={1,-1,i,-i}.

AnNs.
|G| =4 and

|al|:a=1,then|a|=|1|=1(since e=1)
If a=-1,then |-1]:(-1)°=1=]|-1]|=2
If a=i,then|i|:i*=-1,i'=1= |i|=4
If a=-i, then|-i|:-i°=-1,-i¥=i, -i'=1

-] =4

CThe group of integers modulon ”

Definition: Let a,beZ,n>0.Thenais congruentto b modulo n if

a—b=nk,keZanddenoted bya=bor a=b(modn)

17=5 (mod6),sinel7-5=12=(6) (2)

8 =4(mod2 ), since 8 —4=4=(2) (2)
-12=3(mod 3) , since -12-3=-15=(3) (-5)

5 # 2 (mod2), since 5-2=3#2)Kk),Vv keZz

Theorem: The congruence module n is an equivalence relation on the set

of integers.

Definition:

Leta€e Z, n> 0. The congruence class of a module n, denoted by [ a ]

Is the set of all integers that are congruent to a module n .

(ie)

16
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[a]={z€ Z:z=a(modn)}
={ze€eZ.:z=a+kn,keZ}

Example(1):
If n=2,find[0],[1]

[0]={z€Z:z=0(mod2)}

={zeZ :z=0+2K,Ke Z}

[1]={z€eZ:z=1(mod2)}
={ze€eZ.z=1+2k,k €}
={+1,+3,+5,....}.

Example(2):
Ifn=3,find[1],[7]
[1]={z€eZ:z=1(mod 3) }
={1,1¥3,1F6....}
= {1,-2,4,7,-5,....}.
[7] (H.W.)
Definition:
The set of all congruence classes module n is denoted by Z,, (which is
read Z mod n). Thus
Z,={[0],[11,[21,...... ,[n-11%} or
Z,={0,1,2,..,n—1}
Z, has n elements.
Example:
Z,={0}
Z,={0,1}

17
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Z;-{0,1,2}

Now, we define addition on Z, ( write +, ) by the following : For any [a] ,

[o] € Z, [a] +n [b] = [@ +4 D]

Similarly, we define multiplication on Z, (write "., " by the following :
[a] .n[b]=[a..b],VI[a],[b] € Z,

It is easy to see that (Z,, +,) is an abelian group with identity [ 0 ] and

forevery[a] €Z,, [a]*=[n-a]. This group is called the Additive

Group of integers modulon .

Also, ( Z,, .,) is abelian semi group with identity [ 1] . It is called the

multiplicative semi group of integers modulo n.

Example (1): (Z,, +4)

7z,={0,1,2,3}

(1) Closure is true

(2) Asso. is true +,10 |1 |2 |3

(3) 0 is an identity element o (0 (1 |2 |3
1 /1 (2 [3 |0

(4) Inverse: - . ° 3 0
2 12 [3 |0 |1

1_1 = l_l- -T = § _ - -
3 3 |0 1 |2

z ! = L_l. - z = Z

g ! 24_1- —_ § = T
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.. (Z4,+4) isa Comm. group.

Example (2): (Z,,.4)

+ 10 |1 |2 |3
0 |0 [0 |0 |O
1 [0 |1 |2 |3
2 |0 |2 |0 |2
3 /0 (3 |2 |1

It is clear that we cannot have a group. Since the number 1 is
identity but the numbers 0 and 2 have no inverse. It follows
that

(Z4,.4) is not a group, but it is semi group.

The Permutations : (@)

Definition: A Permutation or symmetric of a set A is a function

from A in to A that is both one to one and on to.

1-1,0nt :
Symm (A) = {f] f:A — ", A} the set of all permutation
on A . If A is the finite set {1,2,..., n}, then the set of all

permutation of A is denoted by S, or P, and o(S,)) = n! , where n!

=n(n-1)... 3)2) (1)

19
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Example (1): Let A= {1,2} . Write all permutation on A.
A A A A

@ | g | e 43
2

symm(A) ={i . f}={(! 2),(} 2)}
Example (2): Let A={1, 2, 3} . Write all Perm. on A.

=Gz Dh=G 5 DA=G T2

A= 3 Dr=( 3 Da=C 2 )

Py = Symm(A) = {f1, f2, 3, far f5, fo}
o(P)=31=(3)(2) =6

Theorem : If A # ¢, then the set of all permutation on A

Forms agroup with composition of Mapps.

(i.e.) Let # ¢, then (Symm(4), o) is a group.

Proof :

1—1,onto

Symm (A) = {f| f:A—— A isamapp.},
T.P. (Symm(A) ,0) is a group.

1—1,onto

since3iyj:A——— > A aperm.onA
~ iy € Symm(4A) = Symm(4) # ¢.
(1) Closure:Let f, g € symm(A), it follows that
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1—1,onto

= fog:A — A= fog € Symm(A)

(2)
3)

(4)

Asso. : True since the composition of maps is an asso.
The identity : since iy € symm(A) and iyjof = foiy =

f forall f in symm(A) = iy is an idenetity element

1—1,onto 1—1,onto

Theinverse : Vf:A—— A, 3f A—— A

. f~teSymm(4)and fof ! = flof =iy,

.. (Symm(A), o) is a group.
Is (Symm(A), o) comm. group ? (H.W.)

Example: Let A = {1,2,3}, then
S3= {fi, fo. f5. fu. f5. fo} and (Ss, 0) is a group.

This group is called symmetric group.

Ol Al BB A ||
VA BB ||| f
LA | A A | fol fi |f
LA AR | k| f|f
il f | | fo| || f
folfs | fo | fo | | A | F
folfo | fi | fs | | fs | f

(Ss, 0)is not Comm. Group.

21
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Also (S3,0) is called the group of symmetries of on equilateral

triangle .

(Q#LJ\L;)MAM i \)Luzs)g)

! &t

mirror images
Lash oo cbudsad)

3 2 |
A5 Ludl igie sladl (e Al g8 wlisal
A rotations
1 2 3 . 2 3
2 1 3
Definition : (The dihedral group D, of order 2n)

The n™ dihedral group is the group of symmetries of the regular

n-gon. o(D,) = 2n

D; : is the third dihedral group.

A , O (D3) = (2) (3) =6 elements

Example . The group of symmetries of square D, or Gs, o (
D4): 8

22
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Gs = D= {ry, 1y, 13, 14, v, Dy, Dy}, where r; are a clockwise
rotation

V, h, D4, D, are mirror images

4 3
e g sl
1 2
4 3 3 2 2 1 1 4
1 2 4 1 3 4 ) A
ri r2 I ra
1
3 4 1 2 2 3 4
3
h D+ D:

(1) Write all elements of Gs as a permutation.
(2) Is(Gs, 0) comm. group? Use table (H.W.)
Definition: A permutation f of a set A is called a cycle of length

n if there exist ay, a, ...... , a,€ A such that

fl(a))=a,,f(a))=as, ..., f(an1)=a,,f(a,) =a;and f (X) = x

forx e Abutx ¢{a a,, ...... ,an y. Wewritef=(ay, ay, ...,

a,) .

Example: If A ={1, 2, 3, 4, 5}, then

5\ _ _
4) = (1354)(2) = (1354)

VN
w =
NN
Ul W
—_

Observe that

23
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(1354) = (3541) = (5413) = (4135).

Example: (2) Let A={1, 2, 3, 4, 5, 6} be a set of a group S; .
Then

Yoy
NI
_ DN

g ‘2* 2 g) = (142)0(3)0(56) = (142)0(56)

And

(123456

e 1 3t )= (16)0(245)0(3) = (16)0(245)
These permutations above are not cycles.

Theorem: Every permutation f of a finite set A is a product of
disjoint cycles.

Definition: A cycle of length 2 is a transposition.

Example: The permutation

(1 2 34N _ : .
f_(l L 3 2) = (24) is a transposition.

Property: any permutation can be expressed as the product of

transpositions.

(i.e) (aia; ... ay) = (a1a) (a1a3) .....(a1a,)
Therefore any cycle is a product of transpositions.
Example: We see that (16 ) (2 5 3) = (16) (25) (2 3).

Definition: A permutation is even or odd according as it can be
written as the product of an even or odd number of

transpositions .

1 2 3

Example (1) Let f = (3 1 2) € P;

24
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Is f even or odd permutation .

as. f=(; 7 5) =(132=09@)

f has 2 transpositions = f is an even perm.

Example(2): Determine an even and odd permutations of Py.
(HW)

Definition: “Alternating group “ okl 3 5 )

The Alternating group on n letters, denoted by A, is the group
consisting of all even permutations in the symmetric group S,.
0 (An) - n?' , AcC Sy

Examglegll: Let S;= { fl, f2, f3, f4, f5, f6} , then
Ax={i,f,, fz} is a sub group of S;

6
0(Ag)= 5 =3

Example(2): Find A, from S,
(H. W.)

25
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Chapter Two
Subgroups and Cyclic Groups 4l s 31 g 4 jadl a3

Definition (1):
Let (G,*) be a group and HEG, H is anon-empty subset of G. Then (H,*) is a
subgroup of (G,*) if (H,*) is itself a group.

Definition (2)

Let (G,*) be a group and H €G, Then (H,*) is subgroup of G if :
(1) va,be H= a*xbeH

(2)The identity element of G is an element of H. eeG= e€H
(3)VaeH=a'eH

Remark (1):
Each group (G,*) has at least two subgroup ({e},*) and (G,*), these subgroups
are known trivial subgroup and improper, any subgroup different from these

subgroups known a proper subgroup.

Examples (1):
1. (Z,+) is a proper subgroup of (R,+)

2. H={1,-1}y < {1,-1,i,-i}, then (H,.) is a subgroup of ({1,-1,1 ,—i},.)

3. H={0,2}cZ,
(H,+,) is a proper subgroup of (Z,,+4). But {0, 3} is not subgroup of (Z,,+).
Since 3+,3 = 6 (Mod4) = 2 ¢ {0, 3}, it follows that closure is not true in
{0,3}.

4. (Q\W0},x)is a subgroup of (R\{0},x).

27
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Theorem (1): Let (G,*) be a group and H#p, HEG. Then (H,*) is a subgroup
of (G,*) iff axb~'€ H,V a, b eH
Proof:
(=) let (H,*) be a subgroup and a,b € H, then
a,b~1e H = a*b~'€ H (since *closure)
(<) Let axb~te HT.P. (H,*) is subgroup
(1) Since H#p=13 beH s.t. b*b~1e H= e€H.
(2) Since beH and eeH= exb~'e H=b"le H
(3)Let ae H and b~te H [by (2)] =a* (b 1)"'e H = a*be H
~By definition (2) (H,*) is a subgroup of (G,*)

Example (2): Let (Z,+) be a group and H={5a: aeZ}. Show that (H,+) is a
subgroup of (Z,+)

Solution: By The above, letx ,y € H, T.P. x+y te H

XE H= x=5a,aeZ , y€ H=y=5b ,be Z

x+y~1=5a+ (5b) ~'=5a+5(-b)

=5(a- b)eH
€Z

= (H,+) is a subgroup of (Z,+)
Theorem (2): If (H;,*) is the collection of subgroups of (G,*), then (NH;,*)) is
also subgroup of (G,*)
Proof:
(1)Since 3 eeH; ,Vi=e € NH=NH; # ¢
(2) Let x, y €NH; T.P. x*xy~te NH;

Since x ,ye NHj= X,y €H; Vi
=x*y~LeH;, Vi (since H;subgroups)
=>X*y_1€ﬂHi

=~ (NH;,*) is subgroup of (G,*)
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Theorem (3):Let (H;,*) is the collection of subgroups of (G,*) and let H, and
H;e {H} such that 3H,€ {H}, H,SH, and H;SH, then (UH;*) is also
subgroup.

Proof. (1)Since 3 eeH; for some i =e eUH{=UH; # ¢

(2) Let X,y €UH;, then X,y €Hy or X,y €Hj, so X,y €H,

=x*y~L€H,, (since H,subgroup)

=x*y~leUH,;

~ (UH;,*) is subgroup of (G,*)

Theorem (4): Let (Hy,*) and (H,,*) are two subgroupsof (G,*) then
(H;UH,,*), is asubgroup of (G,*) iff H{< H, or H,CH; .
Proof. (=) Let(H;UH,,*) is a subgroup, T.P. H;€H,or H,CH,
Suppose that H;zH, and H,zH;
~3 ae H;, a¢H,and 3 be H,,b & H;
~a*b €H,;UH,= a*b~1€H, UH,
= a*b~'€H,ora*b~1€H,
= a, be H,or a, beH,C! (u=8)
~H{€H, or H,€ H;
(<) LetH;SH,or H,<SH;T.P. (H;UH,,*) is a subgroup
If HiSH,=H; U H,=H, is a subgroup.
If H,CH,;=H; U H,= H; is a subgroup

~H;UH, is a subgroup in two cases.

Remark (2): (H; UH,,*) need not be a subgroup of (G,*).
For example:H;={r;, r3} is a subgroup of G, and H,={r;, v} is a subgroup of
Ge.

But H; UH, ={ry, r3,v} is not a subgroup of G, since r; o v =h ¢H; UH,
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Definition (3): Let (G,*) be a group and (H,*) , (K,*) be two subgroups of G,
then the product of H and K is the set:
H+K={h*k : h € H, ke K}

Notes(1):

(1) H*H is write H?

(2) If H={a}, then HxK=a*K . If K ={b}, then HxK=Hx*D .
(3) HUK CH*K .

Theorem (5): Let (G,*) be a group and (H,*), (K,*) are two subgroups of
(G,*), then
(1) H*K #¢ A H*K SG
(2) HEH*K and KEH*K
(3) (H*K,*) is a subgroup of (G,*) iff HxK=K=*H
(4) If (G,*) is commutative group, then (H*K,*) is a subgroup of (G,*). ( &skis
L)
Proof:
(1)veeH AneeK=ex*e=ee€ H*xK
~ H*K #0
And let xe HxK = x=a*b 3 aeH €G and be KC G
—=aeG A beG
=axb =xeG
~H*K G

(2) Let x EH = x=xx*e € HxK
=XeE H*K

~ HEH*K
Similarly K € H+K
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(3) () suppose (H*K,*) is asubgroup of (G,*) T.P. HxK=Kx*H
(ie) HxK < K#HA KxH cH*K
Letx € H*K =x =a*b 2aeHAb e K
Since H*K is subgroupof G=x"1€ H*K
Letx~'=c *d >3 c eHAdeEK
X=(x"1)"1=(cxd)" ! =d *c1ad"! eKAc"leH
~x =d txc7le K«H
~HxKCSK+*H
K*H € H*K (H.W.)

(&) Let HxK=K=*H T.P.( H*K,*) is subgroup of(G,*)
H*xK+# ¢and H*K<G (by 1)
Let X,y EH*K T.P.x*y leH*K
XeH*K =x=a*b 3a€ H Ab € K
yeH*K =y=cxd3ce HAd e K
x*y = (axb)*(cxd) ™!
=(a*b)*(d " +c ")

=ax(b*d 1)*c!
N—— —
ekK eH

~(b*d™1) *cle KxH=H=*K
~(b*d™1) *c e HxK
=3peH, L eKd (b*d™ 1) *c! =p*L

~ax(bxd™1) *c! =axp* £ eH*K
TH €K

~xxy~1eH*k
~(H=K,*) is subgroup of (G,*)

31




L (58 Uup - g g8y Clga a0 - S Juad dakald 200

Example (3): In (Zg,+s), Let H={0, 4} and K={0, 2, 4, 6}. Find H +3K
Solution: H+gK={0, 2, 4, 6}.

Notes (2): Let (H,*) and (K,*) are two subgroupof (G,*), then :
(DH*K#K*H
(2)(H*K,*) need not be subgroup of (G,*). Give example (H.W.)
Exercises: Is (H,*) a subgroup of (G,*) each of the following:
(1) (Zs, +5), H={0, 6}. Find H%.
(2) (Z4, +4), H={0, 1, 2}. Find H%.
Definition (4): The center of a group (G,*) denoted by cent(G) or C(G) is the
set C(G)={c€eG: c#x =x*C, VXEG} 5l jpalic JS an Jolits Al paliall
Note (3): C(G)#d, since 3eeG s.t.
exx=x*e VXEG =ee C(G)
Examples (4):
(1) The group (R\{0}, .)
C(R)=R since R with multiplication is commutative
(2) The group (Ss,0), C(S3)={f.}
Since C(S3)={feS;: fog =gof VgeS3}={f1}
Theorem (6): Let (G,*) be a group. Then (cent(G),*) is a subgroup of (G,*).
Proof:
cent(G) #p  (by note (3))
C(G)={aeG: x*a=ax*x, VXeG}<G
Let a,b ecent(G) T.P. axb~1€ cent(G)
a€ cent(G)= a*x =x*a, VXeG
be cent(G)= b*x =xx*b, YxeG
T.P. (a*b™1) *x=x*(axb™1) VXeG
(axb™1) #x=ax(b~1*x)
= a*(x"1*b)~!
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=ax(b*x~1)"!  (since b € cent (G))
= a*(x*b~1)
=(a*x)*b~1
=(x*a)*b~! (since b € cent (G))
= x*(axb~1)
-~ (a*b~1) € cent (G)
=~ (cent (G),*) is a subgroup of (G,*).
Theorem(7):Let (G,*) be a group. Then
cent(G)=G<G is a commutative group.
Proof.
(=) VaeG =ae cent(G)
s axX =x*a, VXEG
~axX =x*a, VX, aeG
~ G Is commutative group
(<) suppose that G is commutative group T.P. cent(G) =G
(i.e) T.P. cent (G) cGAGZE cent(G)
By definition of cent(G) we have cent(G)<G.
T.P. GC cent(G)
Let XxeG, G is commutative group =x+*a = a *X, YaeG
~X€E cent(G)=>Gc cent(G)
=~ cent G=G

Cyclic Groups (Aitall a3 ) gh 3 gal) a3

Definition (5): Let (G,*) be a group and a € G, the cyclic subgroup of G

generated by the a is denoted by <a> and defined as
<a>={a*kez}={....a”1,a’ al, ..}

G=<a> is called cyclic group.

uﬂywb}‘d\j\h\j‘)@swuﬂyu&‘ \5‘3)\)3}\%}\33}}‘@-
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Definition (6):A group (G,*) is called cyclic group generated by a iff 3aeG
such that

G=<a>={a*: kez}
Examples (5): In (Zo,+¢)find the cyclic subgroup generated by2,3,1
<2>={a":keZ}={....(2)7%, ()%, ()7L (2% 2" (2% (2)°, -}
~Zg is cyclic group generated by 2
<3>={...3) BB BA B, -}

~Zqy is a cyclic group generated by 1
Examples (6): In (Z,+) fined a cyclic group generated by 1, 2, — 1
<1>={1*%:kez}={....173,172,171,1°,1%,12,13, .}
={...3,-2,-1,0,123,..}=Z
<2>={2F:kez}={....273,272,271,20,21, 22,23 .}
={...6,—4,-202486,... 47
< 1>={(-1D* : k €z}
=D EDEEDTLEDY EDL DA (D))
={...21,0,-1,-2,..}=Z
~(Z,+) is cyclic group generated by 1 and — 1
Examples (7):1s (S3,0) cyclic group ?
<f1>={f1 }#S3
<fo>={ff k€Z}={... 4 L R e}
={...fo f3 o for 3 -3 2,131 S3
<fs>={f1, fo.f3}#53
<fa>={f1, fa}#53
34
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<fs>={f1, fs}#S3
<fe>={f1, f6}#S3
= (83,0) is not cyclic group.
Examples (8): In(Z4,+s) find cyclic group generated by1,2,5(H.W.)
Theorem (8): Every cyclic group is commutative.
Proof: Let (G,*) be acyclic group
~3a€G s.t. G=<a>={a’: keZ}T.P. G is commutative group
Let x,yeG T.P.xx*y =y=*x, VX,yeG
“XEG =<a>=>x=a™3meZ andyeG =<a>=y=a"3neZ
Xxy=a™ x a® = a™t" ="M =" xa" =y xx
~G Is commutative group

The converse of this theorem is not true, for example:
(G={e,a,b,c}*) s.t. a®> = b? = c?=e
a’=e= ara=e=a '=a
b?=e= b*b=e=b"1=b
c?=e= c*c=e=>c1=¢C
e 1=e=x"1=x VXEG

=~ (G,*) is commutative group
But (G,*) is not cyclic group since:
<e>={e}#G
< a>={a*:k €z}={e,a}#G
< b >={b*:kez}={e,b}+G
< c>={ck: kez}={e,c}+G
~(G,*) is not cyclic
Theorem (9):<a>=<a~!>Va€eG
Proof:
<a>={a*:kezZ}={ (a™1)7*- —kez}

={ (a™)™=m=—keZ}
35
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=<q 1>
Theorem (10): If (G,*) is a finite group of order n generated by a, then G=
<a>={a*:kez} ={al,a?, ....,a" = e}such that n is least positive integer
Sa" =e,(i.e.)

0(a)=n= 0(G) (= 4, =15 )l A g A yaiall 43 ))
Examples (9): Show that (Z,,,+,) is cyclic group.

P ISl S Aie B e 3l () Lay
o(Z,)=n TP. Z, =<1>
<I>={(D*kezZ}={(D", (D? (1)*, (D" = 0}
={1,2,3,..,n=0}=Z,
Z,.=<1>and o(Z,)= o(1)=n.

Definition (7):(Division Algorithm for Z) 4wl 4 ) sa

Let a and b be two integer numbers with b>0, then there is a unique pair of
integers g and r such that:

a=bg+r where0<r<b

The number q is called the quotient and r is called the remainder when a is
divided by b.

Examples (10): Find the quotient g and remainder r when 38 is divided by 7
according to the division algorithm.

Answer: 38=7(5)+3 0<3<7

~Q =5 and r=3.

Examples (11):a=23 ,b=7
23=7(3)+2 0<2<7
q=3,r=2.
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Examples (12): a=15 , b=2
15=(2)(7)+1 0<1<2
q=7,r=1
Theorem (11): A subgroup of acyclic group is cyclic. (g 2Ua>\)
Corollary (1): If (G,*) is a finite cyclic group of order n generated by a , then
every subgroup of G is cyclic generated bya™ 3m|n
Proof: Suppose (G,*) is a finite, then o(G)=n
G=<a>={al,a? ....,a"=e}
Let (H,*)be a subgroup of (G,*). Then (H,*) is cyclic (by Theorem 11) such
that H=<a™>
T.P. mn(n=mg , g € 2)
e EH =a"€H,a™€H, by division algorithm of n and m
=n=mg+r 0<r<m
r=n-mg=a" =a" *(a™) "’
=>a” = (a™) %eH

But 0<r<m
= If r=0 =n=mg
~mn
Examples (13): Find all subgroup of (Z;5,+1s)
Answer: 0(Z;5)=15 , H=<(1)™>3m|n

H=<(1)">3m|15
m=1,3,5,15
If m=1 =H,=<1>=Z;
If m=3= H,=<(1)3>={3,6,9,12,0}
If m= 5= Hy=<(1)>>={5, 10, 0}
If m= 15= H,=<(1)?*>={0} = <0>
(H.W.) Find all subgroup of (Zg,+s).
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Corollary (2):1f (G,*) is finite cyclic group of prime order, then G has no
proper subgroup.

Proof: Let (G,*) be a finite group such that
0(G)=p (p prime number)

G=<a>={al,d?, .....,aP=¢€}

Let (H,*) be cyclic subgroup
~H=<a™>3am|p=>m=1 or m=p

If m=1 = H=<a>= G (not proper subgroup)

If m=p =>H=<aP=e>= {e} (not proper subgroup)
G has no proper subgroup.

Examples (14): Find all subgroup of (Z7,+;)
Answer: 0(Z;)=7, let H=<(1)™>3m|7

~m=1 ,m=7

If m=1 =H,=<1>=Z,

If m=7= H,=<(1)">={0}

Definition (8): [g.c.d(X,y)] _sS¥I &l jidall ausll

A positive integer c is said to be a greatest common divisor of two non-zero
number x and y iff

(1) clx Acly

(2) ifajx Analy =alc

(g.c.d(x,y) =c)

Examples (15): Find (g.c.d.(12,18))
Answer: g.c.d(12,18)=6 since
(1) 612 A 6|18
(2) 3112A 3118 = 3I6
or 2|12 A2|18 =2|16
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Remark (3): If (G,*) is finite cyclic group of order n generated by a ,then the

generators of G is a*such that g.c.d (k,n) =1.

Examples (16): Find all generators of (Zg,+s)
Answer: o (Zs) =6 , Zg=<1>
Zs=<<(1)*>s.t. g.c.d(k,6)=1,k=1,2,3,4,5
k=1 =g.c.d(16)=1 =Zz=<1>

k=2 = g.c.d(2,6)# 1=Zs#<(1)?> =<2>
k=3=g.c.d(3,6)£ 1 =Zs#<(1)3>=<3>
k=4= g.c.d(4,6)#1 =Z¢# <<(1)*> =<4>
k=5 = g.c.d(5,6)=1 =Z¢=<(1)>>=<5>
The generators of Zgare {1,5}

Theorem (12): If (G,*) is an infinite cyclic group generated by a, then:
(1) a and a™ are only generators of G

(2) Every subgroup of G except {e} is an infinite subgroup.

Definition (9):  H d&jadl 3 a3l AS jLdial) e gaall
Let (H,*) be a subgroup of a group (G,*).The set
axH={a = h : h € H}of G is the left coset of H containing a, while the subset

H* a={ h* a:h € H} is the right coset of H containing a.

Examples (17): If (Zs,+),a=1, H={0,2,4}, then
i +6H = {i,g,g} , H+61={i,§,§}
3+¢H={3,5, 1}, H+:3 ={3,5, 1}.

Notes(4):

(1) a*H is not subgroup in general. Give an example (H.W.)
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(2) axH # H =a in general, for example
(S3,0),H={f1,fs} , a=f,
f20H :{fz,f5} , Hofzz{fzyfa}

f,oH#H o f,

Theorem (13): Let (H,*) be a subgroup of (G,*) and a€G, then
(1) His itself left coset of H in G.

Proof: (1) e € G, exH={e*h:h € H} =H

(2) If (G,*) is abelian group, then axH =H=a

Proof: axH={a*h :heH}={h *a:heH}=H=*a

The converse is not true, for example: (S3,0), H={f,,f,,f;} a="1,
fs o H={f4,f5,fe} and Hof,={f,fs,fs}

~ T4 o H=Hof but (Ss,0) is not abelian group.
(3) a€ axH
Proof: a=a*e € axH
(4) a*H=H < a€H
Proof: (=) Suppose a*H =H, then by (3) we geta € H
(<) Suppose aeH T.P. axH=H
We must prove that axHcH A HcaxH
T.P. axHcH
Let x € a*H= x=a*h €H (since a € H AheH)
.'.a*HgH
T.P.Hca*H
Letb eH = b=exb

=(a*a )*b

=a*(a” !+ b)=be a*H

€H
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~Hca*H

Thus axH=H

(5) a*H =b*H «<a '+beH

Proof: (=)a*xH="b *H

a 'x(axH)=a 'x(bxH)

(a 'xa)xH=(a '*b)*H

H=(a *#b)*H

By (4) =a b eH

(<) Suppose that a *xb € H

By (4) = (a 'xb)xH=H

=b*H=a*H

Remark (4): Every coset (left or right) of a subgroup H of a group (G,*) has
the same number of elements as H.

(6) axH =b*H v (a*H) » (b*H)=¢

(7) The set of all distinct left coset of H in G form a partition on G.
Proof: T.P. G=Usca* H anda*xH najxH =¢

“aixH , a;xH are distinct

~axH MapekH =¢ T.P. G=U,eca*x H

a* Hc G Vae G (bydefinition of coset)

SUgegaxr He G ...(1)

VaeE G= a€a*H = a€uzgaxH

~GcUecax H ...(2)

From (1) and (2) =>G=Ugecax H

Example (17): The group (Zs,+¢) is abelian. Find the partition of Zg into coset
of the subgroup H={0,3}

Answer: Z¢={0,1,2, 3,4,5}
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0 +¢H={0,3} =H

1 +sH={1,4}

2 +¢H={2,5}

3 +sH={3,0}

4 +sH={4,1}

5 +¢H={5,2}

~All the cosets of H are :{0,3}, {1,4}, {2,5} and since (Zs,+¢) is abelian
group, then the left coset is equal the right coset.

Example (18):(H.W.)

In (Ss,0),let H= {f,,f;}.Find the partitions of S; into left cosets of H and the

partitions into right cosets of H.

Definition (10): Let (H,*) be a subgroup of a group (G,*).The number of left
cosets or right cosets of H in G is called the index of H in G and denoted by
[G:H].

Remark (5):1f (G,*) is a finite group. Then [G:H]=%.

Example (19):(Sz,0),H= {f,,f,, f3}

. 1 =2G3) _ 6 _
~ [S3iH] o) — 3 2.

Example (20):(Zs,+¢), H={0,3}
#[ZeH =2 =

Theorem (14): ( Lagrange Theorem)

Let H be a subgroup of a finite group (G,*).Then the order of H is a
divisor of the order of G .
Proof:

Let G be a finite group 20(G)=n and H be a subgroup of G 3 o(H)=m.
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T.P.o(H) |o(G) (T.P.min, n=mk)

Since G is finite=[G:H] = k

Let a;* H,a,*H, ...,a.:xH are left cosets of H
a* H va,*Hu ... va*H =G and

apkH MajxH=¢

o(a;* H) + o(a,*H) + ... + o(axxH) = 0(G)

m + m +--+ m=n

k—times

mk=n = mijn =0(H)| o( G)

Corollary (1): If (G,*) is finite group, then the order of any element of G
divides the order of G.
Proof. Suppose that (G,*) is finite 20(G) =n.
Letae G = aisfinite order such that o(a) =m T.P.o(a)| o(G).
Since a€ G =H =<a> cyclic group.
H={a,a’...,a"=e}
o(H) =o(a) =m =0(H)| o(G) (by Lagrange theorem)
= 0(a)] o(G)

Corollary (2): If (G,*) is a finite group, then a°®=e Vv a € G.
Proof.

Suppose that o(G)=n, leta€ G 3 0(a) =m

By Corollary (1) of Lagrange theorem=-0(a) | 0(G)

—=min

= n=mk

2@ =a"=(a*=e =

~a’®=evac€eG.
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Corollary (3): Every group of prime order is cyclic.

Corollary (4): Every group of order less than 6 is commutative.
Exercises:

(1) Find all subgroupsof (Zs,+s).

(2) Let (Zs,+35) be agroup and H=<2>. Is H a subgroup of Zg?

(3) If H={0,6,12,18}, show that (H,+,4) is a cyclic subgroupof (Z,4,+24). Also
list the elements of each coset of H in Z,,
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Chapter Three
Normal Subgroups and Quotient Groups
(danal) a9 Agmyadal) dgisadl s 31))

Def (1). Let (G,*) be agroup and a, b € G, then “a is conjugate to b ”” and
denoted by a~b iff 3x € G 3 b =x*a*x™"and b~a iff 3 x € G 3 a=x*b*x™.

atb ©b+# x*a*xVx €G.

ex.(1) In (S3,0) . Is f3~1, ?

Ans. fi~f, & 3x €S;3f,=x0fox*
x=f,= f; 0 fs0 f, '=f3#1,

x=F,>f, 0 f5 of,'=f; of , '=fsf,

x=f3= f30 3 0 f3'=f, 0 f,=Fsf,
x=f,;>f, 0 f30f,'=f5 0 f,=f,

x =fz= fs 0 f; ofs ' =f, 0 f=f,

x=fs=f5 0 f5 0 fs'=f, 0 f=f,

~ Jx €S33 xo f3 0 X*=f,

g~

1S f~ f, and fi~ f,? (H.W)

ex.2) In(zs+s) . 1sT~2 ? 2= & +4,1+, X"
x =1 = T+,1+,(1)'=2+,3=5 = 1#2
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x =2 = 2+,1+, (2)'=3+,2=5=1#2
x=3 = 3+,1+,(3)'=0+,1=1#2
x=0 = 0+41+4(0)'=1#2
"142
Remark(1): if (G,*) is a belian group and a,b € G, thena~ b & a=b
Proof: Suppose a~be 3x € G sb=x*a*x*
ob=x*x'xa=exa
S b=a
Theorem (1): The relation (Conjugate) is an equivalent relation.
Proof: (1) Reflexive (da\S23Y))
Leta eG,T.P a~a
Je €G3 ag=e*aq*e’
La~a
(2) Symmetric (Ll
Leta,be Gand a~b ,T.P b ~a
a~b= 3 x €G3 b=x*a*x™
= x " *p=q*x
= x*p*x=q
=b~a
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(3) Transitive (d:axis)

Let a,b,c € Gs.t.a~bAb~c ,T.P a~c

a~b = 3x € G s.t b=x*a*x™*............ (1)
b~c= 3y € G st c=y*bryt........... (2)
put (1) in (2)

c=y*(x * a * x7)*y*

c=(y *x) xax*(y*x)"

c=z*axz" (where z=y *x € G)
oa~c

Def(2). Let (G,*) be a group and a € G , then the conjugate of a is denoted by

c(a) and defined as

c(a)={be G: a~b} (a3 Al ralialldc seas)

or c(a)={b€ G:b=x*a*x"}

or c(a)={x * a*x*Vx € G}.

The set of all elements conjugate to a is called the conjugate class of a.
EXx(3). Find the conjugate class of each element in the following groups:
1) (G={1,-1,i-i},) 3 i*=-1

Ans. c(i)={x.i.x*, Vx € G}

={10.27%(-2)0.(-1) % i, ().l (-i)
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= {1.1.1, (=1).1. (=1, i.i. (=), (=i).i.1}
={i, i, i, i}={i}
= o()={1}, c(-1)={-1} , c(-i) ={-i} .
2) (Ss0)  (H.W)
3) (Gs°)  (H.W)
EX(4). Find c(3) in (z4,+4)

Ans. ¢c(3) = {0, +,3+,0", 1+,34,1"24+,3+,2", 3+,3+,3"}

~¢(3)={3} (byremark if G is comm. group and a~b then a=b)
Note. Let (G,*)be a group and a€ G, then c(a) need not be a subgroup of (G,*).
For example: In (Ss,0)
c(f3)={f,,fs} is not subgroup of S;

Theorem(2): Let (G,*)be a group and a,be G ,then

1) a €c(a) Va €G

2) c(a)=c(b) ® a~bVabea

3) c(a)nc(b)=@iffa~b (H.W)

4) c(a) nc(b)=@ or c(a)=c(b) (H.W)
5) be c(a)e c(a)=c(b)

6) c(a) ={a} Va € G G isacomm. group.
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7) c(@)={a}= a ecent (G) (H.W)
8)c(e) ={e} (HW)
Proof: (1) a € c(a) Va €G
Since a~a Va €G (~ is ref.)
= a € c(a)> c(a)*D
(2) c(@)=c(b) & a~b Vab € G
(=) Suppose c(a)=c(b) T.P a~b
By (1) ,a € c(a)=c(b)= a € c(b) = a~b
(=) suppose a~b T.P c(a)=c(b)
(i.e.) c(a) cc(b) A c(b) =c(a) ?
Letx € c(a)= X~a A a~b = X~b
= x€ c(b) = c(@)cc(h) ......... (1)
Let x € c(b) = x~b A a~b
= x~a = x €c(a) = c(O)c (@) ........(2)
By (1) and (2)= c(a)=c(b)
(5) be c(a)= c(a)=c(b)
(=) Let b ec(a)= b~a =c(a)=c(b)(by Th.)
(=) c(a)=c(b)= a~b = b~a = be c(a).

(6) c(a) ={a} Va € G G is a comm. group.

49




Lna (5 Uup - g gSay Claga,d,, 0 - S Juad dakild 30

c(a)={a}VaeG
©x*axx'=a VXxEG
Sxxa=axx

& G isacomm. group.

Def(3). Let (G,*) be agroup and a € G, then the normalizer of a is denoted by
N(a) and defined as: N(a) = {x € G: x *a = a * x}

EX5. In (zg,+5) . find N(3)

Theorem(3): Let (G,*) be a groub and a € G, then

1) (N(a), =) is a subgroup of (G,*) .

2) cent(G)=NN(a) VaeG (HW)

3) N(a) =G ,Va€eG < (G,x)isacomm.

HNa)=Goaeg (H.W)

5) The Cardinal number of c(a)= the index of N(a) in G (b8 Gshi)
6) If (G,*) is a finite group, then o (c(a)) / o(G)). (Ladé §5haia)

Proof: (1)N(a) ={x €G:x*xa =axx}cG
Sincee xa = a *e = e€ N(a)

~ N(a)20

(i) Closure: Letx,y € N(a) T.P x*y € N(a)
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x€EN(@)=xxa=ax*x

yEN(a)=>y*a=axy

(y)xa =x+(y*xa)=xx*(axy)
=@*xa)xy =(axx)xy=ax(xx*y)

~x*y €N(a)

(ii) Let x € N(a) T.P.x'e N(a)

Since x EN(a) =>x*a=ax*x

=S x*a*x'=a

= axxl=xlxq

= x'e N(a)

~ (N(a),*) is a subgroup .

(3)(=) Suppose N(a) = GVa € GT.P G isacomm,
VxeG = N(a) >x €N(a) VaeG
=>x € N(a)Vx,a €EG

>x*xa=ax*xxVx,a €G
~ (G,x) is a comm. group .
(&=)Suppose(G,*) isa comm.group T.P. N(a)=G
T.P. N(a)cG N GcN(a)

N(a)c G (bydef.)
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T.P. GeN(a)

LetxeGA Gisacomm. > x*xa=ax*xx Vx,a€Gl
=>XeE N(a) Vaea

= GcN(a) = N(a) =G Va€Qa.

Def(4). Let (H,*), (K,*) be two subgroups of (G,*), then H is a conjugate
subgroup K iff 3x€ G 3 K=x * H * x™* and denoted by H~K.

HAKSKEx*H*x" VXx€EG.

Ex.(6) In (S5,0), H={f,,fe}, K ={f,,fs} . IsH~K ?

Ans.(i.e) Is3x € $33 xo Hox™ =K ?

x=f,=f; off.,fs} o f;'={f,0 f,0 f,; "' f,0 feo f, }={f,,fs} =K
x=f,=%,0{f,,fs} 0 f,’={f,0 f,0 f,*,f,0 fe0 £, " }={f,f,} =K

x = fy= f,0{f,fs} 0 f'={ f;0 fi0 f37, f30 foo £ }={f,.fs}=K
~ 3x =f;2 H~K.

ex(7): In (Z1p,+12), H={0,4,8}, K ={0,3,6,9} ISH~K ?
Ans. (i.e.) 3% €Z1,3 T+, H+,7 =K

¥=1=1+,{0,4,8} +,1°t =1+,,{0,4,8}+1,11=H ={0,4,8} #K
(i.e) 1+1,{0,4,8}+,1" =T+,1"+,,{0,4,8}={0,4,8}=H
~H~ K V¥ € Zp,

Since X +1o H+12.7z_1=f+12f-1 +, H=H#K
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ex.(8): In (Gs,0), let H={ry,r.}, K={ry,r.}. IsH~K ? (H.W)

Theorem (4) : Let (H,*), (K,*)be two finite subgroups of(G,*) and H~K, then
o(H)=0(K). (b 35hie )

Theorem(5) : Let (H,*)be a subgroup of (G,*) and x€G then (xxH#x" %)
Is a subgroup of (G,*).
Proof: Since exHxe™ =H#0 = xxH*x'+0
x*Hx'={x * h* x :vh € H}c G
Letabe x *x H*x* T.P axbe x« H * x™
a€ xxHxx's>a=xx+hxxDheH
bex*xHxx'=>b=x*hxx'2heH
a * b=(0 * hox x)*(x * hox x™)?
= (x * hyx x™)*(X* h )
= (2% hy) * (7% %) * (hy % x7)
= X * (hl*hz'l) *x1€ x x Hxx*
~ (x * H * x’V) is a subgroup of (G,*).

Remark(2): The relation “conjugate” is an equivalent relation on the set of all
subgroups of G.  (H.W)

Def(5). Let (H,*) be a subgroup of (G,*), then the conjugate class of H is
denoted by C(H) and defined as

C(H)={x*H=x" :Vx € G}
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(HE8 5 Al aniadl e 3l de sana)

Ex(9). (S3,0), H={f,f4} , find C(H)
Ans. C(H)={xoHox™ :vx € S5}
={f,o{f,,f,}of, ", fo{f,,f.}o f,",... foo{f,f.}ofs "}
={ {f,f,.} {f1.Te},.....{f1,Fs} }
Ex.(10) : (G = {e,a, b, c},*) is afour Klien group.
G is comm. group , a’=b*=c’=e .
H = {e,a}=G , find C(H)
Ans. C(H)={x * H * x™" :vx € G}

={x *x* H :Vx € G }={H}

Def(6). Let (H,*) be a subgroup of (G,*), then the normalizer of H is denoted by
N(H) and defined as: NH)={x€G:x*H=H x*x}

Ex(11). (Gs,0) , H={r,,r3} , find N(H)

N(H) = {x € Gs3 xoH = Hox}

x=n=>roH=Hon

x=1r=2noH=Hor, ....—> NMH)= {1,314 h,v,Dy, D, }=Gs
Exercises: Find C(H), N(H) to each of the following:

1)(S3,0) Hi={f,fs} , H={f,fs}

2)(Gs,0) , Hi={rs,r;,v,n} , H,={r;,D:}
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3)(Z12, +12) , H={0,4,8}

Theorem(6): Let (H,*) be a subgroup of a group (G,*), then

1) (N(H),*) is a subgroup of(G,*) contianing H.

2) If (G,*) is a commutative group, then N(H)=G

3) The cardinal number of C(H) =the index of N(H) inG . (H.W)
4) If (G,*) is finite group , then o(C(H))/(o(G)). (H.W)

Proof: (1) Sinceex H=Hxe=>e € N(H) +# &
NH) ={xeG3x*H=H=*x}cG
Letab € N(H),to prove a*b™' € N(H)
(i.e)(a*b") *H = H*(a*b™)
Sinceae N(H) > axH=H=+a
be N(H)=>b*H=H=*b
b+ H *b'=H
H*b'=b™x H
~ble N(H)
(a*b™)*H =ax*(b"*H)
=a*(H*b" (b*e N(H))
=(a*H)*b"
=(H=*a)*b"

:H*(a*b'l)
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= a*b'e N(H) = (N(H),*) is a subgroup of (G,x) T.P Hc N(H)
Lleta€e H=>a+*H=H NHxa=H

~a*xH=Hx*a=a€e N(H)

~Hc N(H)

(2) Suppose G is comm. To prove N(H)=G i.e. N(H) c G A G < N(H).
By definition N(H) cG.

Letxe G >x*H =H*x => x € N(H)

~ G cN(H), ~G=N(H)

Note : If N(H)=G, then (G,*) is comm. group ? (H.W)

Def(7). A subgroup (H,*) is called self-conjugate iff C(H)=H.

(ile) x*H+x'=H Vx€G.

Ex(12). In (Ss,0) ,Hi={f;,f,,f3}, H={f,,f5,fc}

C(Hy)=H, = H; isself-conjugate

C(H,)#H, = H, is not self-conjugate.

Def(8). : A subgroup (H,*) is called normal subgroup of(G,*) and denoted by
HAG <H is self-conjugate

OrHAG © x = H * x'=H Vx € G.
HAG © 3x € G 3 x*H*x*#H

Ex(13). (1) (Gs,0) , H = {ry,r4,v,n}
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C(H)=H=HA G,

(2)(S3,0), = Hy={f,,fs}, H={f.,f,,fs}

C(Hy)#H;& HAS; ,C(Hp)=H,_H, A S;
1) (Zs+4) ,H={0,2}

C(H)=H= HA Z,

Theorem(7): Let (H,*) be a subgroup of (G,*) , then

1) HAG ©® xxH=Hx*x Vx€G

2) HAG < N(H)=G

3) HAG & c(da)cH Va € H

4) HAG & (x+«H)*(y+xH) = (x*y)*H Vx,y €

Proof: (1) HAG @ x *H *x'=H VXEG
o x+xH=Hx*xx VXEG

(2) (=) Suppose that HAG T.P. N(H)=G
TP.NHcG A GcN(H)

N(H)c Gby definition

T.P. GcN(H)

Letx€e G > x*H =H xx = X € N(H)
~GcN(H)
= G=N(H)

(<) Suppose N(H)=G ,T.P. HAG
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VxXE€EG=>XENH)» x+*H=Hx*x VxeG = HAG (by(1))
(3) (=) Suppose HAG . T.P.c(a) cH VYa€H
Since HAG so by definition
x*xHxx'=H
x * H * x'lg H
vc(a)={x*axx'VaeH} cH
(<) Suppose c(a) cH Va € H T.P. HAG (i.e) x*H*x'= H
TP.Xx*H*x'cHAHcx «H # x*
c@)cH=x+Hx*x'cH ....(1)
T.P. Hc x*H*x*
Letbhe H=>b=exbxe’
b=(x*x")*bx*(x*x")
= x % (X% b * x) =
b=x+hsxx'€x*Hxx" (h=x"%b*x)
cHex«Hxx™...... (2)
From(l)and Q)=>H=x*Hx*x"' Vx€G = HAG

Theorem(8): Let (G,*) be agroup , then

1) {e}AG

2) GAG
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3) cent (G) AG .

Theorem(9): Every subgroup of a comm. group is a normal subgroup.
Proof: Let (G,*) be a comm. group and (H,*) be a subgroup of (G,*).
Toprovex * H*x'=H Vx€G
xxHsxx'=(xxx)«H=e+H=H VX€EG ~HA G

Note: The converse of this theorem is not true

For example:

(G=[£1, +i, +j, +k],) 3 i*=j=k’=-1

ij=K , ji=-K=ij#i

G is not a comm.

The subgroup of G are : {1}, G, {£1}, {1, 1,i, i}, {1,-1,,-j}.{1,-1,k,-k}and
All subgroup of G are normal of G, since C(H;) = H; Vi

Theorem(10):Let (H,*) be a subgroup of (G,*) such that[G:H]=2 , then HAG.

(48 st )
Note: The converse of this theorem is not true
For example : (Gs,0) , H={r1,74}
HAGsbut [GaH]=4#2
Remark(3): IfFHA G, then HN KA G A (H*K) 4G

Where H and K are two subgroups of the group (G,*)
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Consider (Ss,0)

H={f} A Sg, K={f,,f;} X S;, then

HxK={f;,f;} XS;

In (Gs,0) , H={ry,r3,h,v}, K={r,v}s.t. HAG , K X G, then
HN K ={r,v}AG;.

Def(9). A group (G,*) is called simple group iff G has no proper normal

subgroup.

Ex(14).

1) (S3,0) is not simple H={f,f,,f3} A s;

2) (Gs,0) not simple since H={r,,r4,v,h} proper subgroup and HA G..
3) (Zs,+¢) is not simple , H={0,3} A Z

4) (Zs,+3) Is simple group since Z; has no proper normal subgroup. {0} A Z;and
Z3A\Z;.

Def(10). Let HAG and G\H={x * H: x€ G} define ® on G/H as follows:
(x*xH)®y*H)=(x*xy)*H Vx,y€EG
(G/H,®) is called quotient group of G by H .

Theorem(10): Let HAG, then (G|H,®) is a group .

Proof: GIH ={a*H : a € G}

SinceexH =H € G|H # ¢
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Closure: LetaxH ,b*H € G|H
(axH)®Mb+H)=(axb)*H Vx,y € G|H
Asso. LetaxH,b+xH,cxH € G|H
[(axH)®(b*H)]®(c*H) =[(a*b)*H]® (c*H)
= ((axb) xc) xH
=(ax(b*c))*H
= (a x H)®[(b * ¢) * H]
= (a* H)®[(b * H) ® (c * H)]
Identity:exH = H € G|H
(axH)®(exH)=(axe)xH=axH VaxHE€EGH
(exH)®(axH)=(e*xa)*H =a*H
~ e *H is an identity element of G|H.
Inverse: Letax H € G|H T.P.(a*H"Y=a'+H
(a*H)® (@ *H)=(a*a)*H=exH=H
(@'*H)® (a*H)=(a'*a)*H=e+xH =H
~VYaxH€EG|H 3Ja'+HEG|H.
~(G|H,®) is a group.
Ex(15). (Zs,+s) , H={0,3} , find Z¢H (if exist)
“HA Z¢= Z¢|H exist
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0+sH=H

1+¢H={1, 4}
2+¢H={2, 5}
3+¢H={ 3,0} =H
4+¢H={4,1}=1+¢H
5+sH={5,2}=2+¢H

SO, 26|H:{H,I+6H,Z+GH }

O(Ze|H)=3

&® H i+5H 2+6H
(Z¢|H,®) is a quotient group. _ _

H H 1+¢H 2+6H
H is an identity . T+gH T+H 2+H H
(TeH)'=(D) SeH=B+eH=24H | 2*eH | 2%eH H T+sH

(2+6H)'=(2) +eH=4+sH=T+cH
EX(16). 1) (Z0,%20) , H=<5>
Find Z,H  (if exist) (H.W)
2) (S3,0) H={f1,f>,fs}

Since HA S; = S;|H (exist)

f,o H=H

f, 0 H={f,,f5,f;} =H

f3 o H= {f3,f1,f2}:H
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40 H={f,,f5,fs}

fs o H={fs,f,,fs}=f,0H

fe oH= {fe,fs,f,}=F,0H

= Sg|H={H,f,0 H}

Butif H={f,f,} , HAS;
~Sg|H is not exist

Theorem(11): The quotient group of comm. group is comm.

Proof: Suppose (G,*) is a comm. group and (H,*) is a subgroup of (G,*) such
that HAG.

~G|H is a group.
Leta+xH,b*H € G|H
(axH)®(Mb*H)=(axb)*H
=(b*xa)*H (since G is comm.)
= (b*xH)®(a*H)
= (G|H,*) is a comm. group.

Theorem(12):If (G,*) is a cyclic group , then (G|H,*) is a cyclic group.  Gshki

The converse of this theorem is not true.

For example: (S3,0) , H={f,f,,f3}AS;
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~S3|H is a group.

Ss|H={H,f,0H}

o(S3|H)=2 (prime order)

Ss|H is a cyclic group but (S3,0) is not cyclic.
Ss|H=<f,0H>={f, 0 H, (f,oH)*}
={f,oH,f,0H}

Theorem(13):Let (G,*)be a group and (G\cent(G),®) is a cyclic group. Then

(G,*) iscomm. (o _» osw)

The converse of this theorem is not true.

For example:

G={e,a,b,c} 3 a’=b*=c’=e

G is comm. (not cyclic)
Cent(G)=G=G\cent(G)= (G\G) ={G}={e,a,b,c}

~G\ cent(G) is not cyclic.
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Chapter 4
Isomorphic groups
(LA Jstaa asLinal) >3

Definition(1). Let (G,*) and (G',o) be two groups and f : (G,*) — (G,o) be a

mapping, then f is called a homomorphism iff

fxy) =f0°f), Vx,vy €G.

Example(1). Let f : (R,+) = (Rt,.),s.t. f(a) =2%,Va€ER.Isfa

homomorphism map.?
Ans. Leta,b € R = f(a+b) = 24P =2%.20 = f(a). f(b)
< f 1S a homomorphism map.

Example(2). Let f: (Z,+) = (Z,4),st. f(x) =3x+2,Vvx € Z.Is fa

homomorphism map.?
Ans. Letx,y€Z = f(x+y) =3(x+y)+2=3x+3y+2.....(1)
fO)+f(y)=Bx+2)+By+2)=3x+3y+4....(2)
= (1) # (2)
= fx+y) # [+ ()
« f is not a homomorphism map.

Example(3). Let g : (S3,0) = (S3,0),s.t. g(x) =x,Vx €S3.Isga
homomorphism map.? (H.W.)

Example(4). Let f : (Zg, +¢) = (Zg, +4), S.t. f(X) = Xx,Vx €Zg. Is fa
homomorphism map.? (H.W.)
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Example(5). Let f:(Z,+) = ({1,-1},.), s.t.

if ais even

1 .
f(a) = {_1 if ais odd}’va € Z. Is f a homomorphism map.?

Ans.LetabeZ=>ab€E or abe0O ora€EANbEO

(1)Ifa,b €E :
fla+b)=1 (sincea+b€EE)
f@).f(h)y=11=1
(lIfa,be 0 >a+beEE
fla+b)=1
f@.f(h)y=-1.-1=1
3)ifa€e EAbEO>a+bEOD
fla+b)=-1
f@.f(h)y=1.-1=-1
In all cases f(a + b) = f(a). f(b)

= f is @ homomorphism map.

Example(6). Let £ : (G,*x) = (G,*),s.t. f(a) =x*axx"L,Va€G.Is fa

homomorphism map.?

Ans. Leta, b€ G = f(axb) =xx*(a*xb)*x 1 ... (1)
f@*f(b) = (x*xa*xx"")x(x*xb*x"")
=x*ax*x(xtxx)xbxx!
=xx(axb)*xx"1.. .. (2)
= (1) =(2)

= f is @ homomorphism map.

Example(7). Let f : (G,*) = (G ,0),s.t. f(a) = e ,Va€G.Is fa

homomorphism map.?
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Ans.Leta,b € G = f(axb)=é .....(1)
And f(@)o f(b) =€ oce =e .....(2)

Then £ is a trivial homomorphism map.
Example(8). Let HAG and f: (G,*) = (G/H,®), s.t.
f(a) =a=*H,Va € G. Is f ahomomorphism map.?

Ans.Leta,be G = f(axb)=(axb)*H.... (D)
And f(a)®f(b) = (a+*H)@(b*H) =(axb)*H......(2)
= (1) = (2)

=~ f is @ homomorphism map.

Definition(2). Let (G,*) and (G',o) be two groups and f : (G,x) — (G,°) be a
mapping, then

(1) f is called a monomorphism (mono.) iff f is a homomorphism and (1-
1) map.

(2) f is called an epimorphism (epi.) iff f is a homomorphism and (onto)
map.

(3) f is called an isomorphism (iso.) iff f is a homomorphism, (1-1) and (

onto) map.

Definition(3). Any two groups (G,*) and (G ,°) are called isomorphic iff there

exist an isomorphism map between them and denoted by G = G'.

(ie) G=G ©3f:(Gx) - (G,0)and f isan isomorphism.

Example(9). Let (G = {2*:x € Z},.), show that (Z,+) = (G, .).
Ans. Define f:(Z,+) = (G,.) s.t. f(x)=2*Vx€eZ
homo.? Letx,y € Z, then

fle+y) =27 =2%2" = f(x).f ).
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=~ f1s homo.

(1-1) ?Letf(x) = f(y) TP.x=y
f&) =1
2 =2V =x=y= fis(1-1)
(onto)?
Re={f(x):x€Z}={2":x€Z} =G
=~ f is (onto)
=~ f is an isomo.
~(Z,+) = (@,.).
Theorem(1). Let f : (G,x) = (G/,.) be an isomorphism map. Then

(1)f(e) = €', s.t. e is an identity of G and
e isan identity of G'.

@) f@™) = (f(@)™", Vaeg.

(3) If (H,*) is asubgroup of a group (G,*), then (f(H),.) is a subgroup of a
group (G.).

(4)If (K,.) is a subgroup of a group (G),.), then (f ~1(K),*) is a subgroup
of a group (G,*).

(5)IfFHA Gand fisonto,then f(H)AG'

(6)IFKAG), then f~1(K) AG.

Proof.

D fle)=e

LletaeG>a*xe=a
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= f(axe)=f(a) (fismap)
= f(a).f(e) = f(a) (fishomo.)....... (1)

Let f(a) € G’

= f(a).e = f(a) (def. of identity).....(2)
(1) = (2), then
f(@.f(e) = f(a).e

~ f(e)=e  (by cancellation law).

(2) fa™) = (f(@) ™", VaeG.
Leta€e G=>axa !l =e (def of inverse)
= flaxa™) =fle)=¢

= fla).fa) =f(e)=e ....(1)
Let f(a) € G’

> f@.(f(@) =€ ... )
(1) = (2), then

f@.f@@™ = f(a).(f@) "
~fla™) = (fla)™ (by cancellation law).

(3)If (H,*) is a subgroup of a group (G,*), then (f(H),.) is a subgroup of a
group (G,.).

Proof. f(H) = {f(x):x e H} € G
fley=e ef(H)=f(H) # ¢
Let f(x), fO) € fF(H) TP. f().fO) ™" € f(H)
fO).fONT=F0).fO™) (by(2)
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=flxxy™ 1) (f is homo.)
since(H,*) is subgroup, thenx x y 1 € H = f(x xy™1) € f(H)

So, f(x).f(») " € f(H)
~ (f(H),.) is a subgroup of a group (G’,.).

(4)If (K,.) is a subgroup of a group (G',.), then (f 1 (K),*) is a subgroup of a
group (G,*).

Proof. f"Y(K)={x€G:f(x) EK}SG

Since (K,.)is a subgroup of agroup G' = e = f(e) EK = e € f"1(K)
So, f7H(K) # ¢

Letx,y € f71(K) TP.xxylef1(K)

x€f1(K)=> f(x) €K

yEfTIE) = f() EK

Since (K, .)is a subgroup of a group G’

= f().fO) T €K

=>f().fO™)EK

= fxxy ) EK=>xxy ™t € fTH(K)

~ (f1(K),*) is a subgroup of a group (G,*).

(5)If HA Gand f is onto, then f(H) AG..

Proof. Suppose that H A Gand fisonto T.P. f(H)AG'
By (3), (f(H),.) is a subgroup of a group (G),.).

Lety €G Aa€ f(H) TP. y.a.y ! € f(H)
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y € G and f isonto, then3dx € G s.t. f(x) =y
a € f(H),thena = f(h) s.t. h€H.

y.a.y ™t =fC).f().f)™ =fCO.f(W).f(x™) = fxxh*x7")

Since H AG, then x *x h x x~! € H. It follows that f(x x h x x™1) € f(H)

~y.a.y ' ef(H)= f(H)AG.

Theorem(2). The relation "isomorphic™ is an equivalent relation.
Theorem(3).

(1) Every two finite cyclic groups of the same order are isomorphic.

(2) Every finite cyclic group is isomorphic to (Z,, +,).

(3) Every two infinite cyclic groups are isomorphic.

(4) Every infinite cyclic group is isomorphic to (Z, +).
Definition(4). Let (G,*) be a group, then
(1) Hom(G) ={f]| f:(Gx) - (Gx*) 3 f is homo.}
(2) Aut(G) ={f|f:(Gx*) = (G,*) 3 f is isomo.}
Theorem (4). Let (G,*) be a group, then

(1) (Hom(G),0) is a semigroup with identity.

(2) (Aut(G),°) isagroup (HW.)

(3) (Aut(G),0) is a subgroup of (symm(G),°).

Proof. (1) Hom(G) = { f| f: (G*) = (G,*) 3 f is homo.}
3 i:(Gx) - (Gx*) 2 i(x)=x Vx € G,andiishomo.
s~ Hom(G) # ¢.

Closure: let f,g € Hom(G) T.P.fog € Hom(G)
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Since f:(G,*) - (G,*) 3 f is homo. and
g:(G,*) - (G,x) 3 gis homo.
o fog:(Gx) - (Gx) is homo.
s fog€Hom(G)
Asso. Is true since (feg)och = fo(goh)
Identity: 3 i € Hom(G) and foi=iof =f Vf € Hom(G)

It follows that (Hom(G),°) is semigroup with identity.

(3) T.P.(Aut(G),?) is a subgroup of (symm(G),°).

Aut(G) ={f]| f:(Gx*) - (G*x) 3 f is isomo.}
Symm(G) = { fIf: (G*) = (Gx) > f is bij.}

Since 3 i: (G*) - (G,*) 2 i(x) =x Vx € G,andiis homo.

W Aut(G) # ¢, Aut(G) € Symm(G) and by (2) (Aut(G),0) is a group.
~ (Aut(G),o) is a subgroup of (symm(G),°).

Definition(5). Let (G,*) be a group and x € G . Define

f:(Gx) > (Gx*) df,(a) =x*a*x"1 Va€G.Then f, is called an

inner automorphism of G and the set
Inn(G) ={f,:Vx € G} or I(G) ={f:Vx €G} (Aah L dsun)

Theorem (5). Let (G,*) be a group and x € G, then
(1) f, is an isomorphism map.
(2) (I(G),°) is a subgroup of (Aut(G),°)
(3)I(G) A Aut(G).
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Proof. (1)T.P. f, is (1-1), onto and homo.

Let £, (a) = f,(b), Va,b € G, then

1 1

X*a*xx ~ =x*xbx*xx~
> q= b o f;c |S (1'1)

Re ={fi(@):Va€e G}={x*xa*x":Va€ G} =G
. f, isonto

fe(@) = fo(b) = (x*axx"") * (x*b*x7")

1 1

=xxax(x" " xx)*bx*xx"
=x*a*b*x_1=f;c(a*b)

~ f, 1shomo. = f, isan isomo. Map.

(2) (I(G),0) is a subgroup of (Aut(G),°)
Proof. T.P. (I(G),0) is a subgroup of (Aut(G),°)
1(G) = {f|fr: (Gx) - (G*) isanisomo.}

Aut(G) = {fIf: (Gx*) - (Gx*) 3 f is anisomo.}

SinceeeG= f, €I(G)# ¢

f,(a)=exaxel=a

=~ 1(G) € Aut(G)

Closure: Let f,, f, € I(G), T.P. fyof, € I(G)
(fof)@ = £ (@)= filyxasy™)

1

=x*(y*a*y_1)*x_
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=(xxy)rax(xxy)”
= fry (@) €1(G)

Inverse: Let f, € I(G)

Sincex e G = f,-1 €I(G)

feofet = frat = fo> firo = fir = [

2 (f) = foa = (1(G),0) is a subgroup of (Aut(G),°).

(3) I(G) A Aut(G).
Proof. We have (I(G),°) is a subgroup of (Aut(G),°) and
Aut(6) ={ glg: (G*) = (G*) 3 g is an isomo.},

1(G) = { £.1f.: (G*) > (G*) is an isomo.}.
Let g € Aut(G), f, €I1(G) T.P.go f.og 't €l(G)
(ge fieg D@ =g fi(g7" (@)

=gl f(97"(@)]

=g(xxg (@) *x7")

=g(x)xaxg(x™)

= fyw(@) €1(G)

+ 1(G) A Aut(G)

Definition(6). Let f: (G,x) — (G',.) be a homomorphism, then the kernel of f

is denoted by kerf and defined as follows kerf = {x € G| f(x) = e'}.
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Example(9). Find kerf for the following mappings:
D f:(R+) > (RF,.) 3 f(x)=3"

Ans. fis homo. (Check)
= kerf exist
kerf ={x €eR:f(x) =1} ={x € R:3* = 1} = {0}

(2)f: (G,*) = (G,.) 3 f is atrivial homo.
f(x) = e Vx€eG
Since f is homo., then kerf is exist
kerf ={x €G|f(x)=e'}=G
RVf:(Z+) = (Zs,+3) 3f(x)=[x] VxeZ

Ans. fis homo. (Check)

kerf ={x € Z: f(x) = [0]} = {x € Z: [x] = [0]}
={x €Z:x =50}
={x€Z:x=0+3k Vk € Z}
=1{0,73,76,...} £ Z

Theorem (6). Let f: (G,*) = (G,.) be a homomorphism, then

(1) (kerf ) is a subgroup of (G,*)
(D kerf AG
(3) kerf = {e} iff fis (1-1).

Proof. (1) kerf ={x €G| f(x) =e} <SG
Since f(e) =e = e Ekerf # ¢

Let a,b € kerf T.P.axb 'e€kerf TP.f(axb ) =¢€
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flaxb™) =f(a).f(b™")
= f@.(F®) ™
=e.(e)l=¢
« flaxb™)=e = axb~! €kerf
~  (kerf,x) is asubgroup of (G,*).
(2) T.P. kerfAG
By (1), (kerf,*) is a subgroup of (G,*)
letx € Ganda € kerf T.P. x*axx"! € kerf
(ile) TP. flxxaxx VD =¢
flexaxx™) =fx).f(a) f(x™)

= f@).e . (f(0)"
.y
wxxaxx'€kerf = kerfAG
(3) kerf = {e} iff f is (1-1).
(=) Suppose kerf ={e} TP. fis(1-1)
Let f(a) = f(b)
= f(@).(fO)™ = fB).(Fb)™
= f(@.fb™) =¢
= f(axb ) =e (since f is ahomo.)
= axb™!€kerf
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Since kerf ={e}>axbl=e=a=b

s fis (1-1)

(<) Suppose f is (1-1) T.P. kerf = {e}
Leta € kerf TP.a=e

Since f is (1-1) , then f(a) = f(e) > a=e
2 kerf = {e}.

The first fundamental theorem of isomorphism:

(dSall Vg9 Al 4 Hlail) )

Let f: (G,*) = (G',.) be an onto and homomorphism mapping, then
(G/kerf,®) = (G,.) .

Proof. Since f isonto = Ry = { f(a):a € G} = G

Since kerf A G = (G/kerf,®) is a group.

Define g: (G/kerf,®) = (G,.), such that g(a * kerf) = f(a),Va € G
T.P. g ismap., (1-1), onto and homo.

g ismap.

Let axkerf =bxkerf =>a ! b € kerf

= f(at*b)=¢

= fla™).f(b)=e

= (f(@).f(b) =e

= f(b) = f(a)
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= g(b * kerf) = g(a * kerf)
s g is map.
g is1-1?
Let g(a * kerf) = g(b * kerf)
= f(a) = f(b)
=e = (f(a)™.f(b)
=e =f(a™).f(b)
=e =f(a+b)
= a l*b€kerf
= a * kerf = b  kerf
&g isl-l
g isonto ?
R,={ glaxkerf):a€G}={f(a):a€G}=G
« g isonto
g ishomo. ?
gl(a * kerf)®(b * kerf)] = gl[(a * b) * kerf]

= f(a*Db)

= f(a).f(b)

= g(a * kerf). g(b * kerf)

. g 1S homo.
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. g 1sisomo.

= (G/kerf,®) = (G,.).

Corollary: Let (G,*) be a group, then (G/cent(G),®) = (I(G),°).

The second theorem of isomorphism:

Let (H,*) and (K,*) be two subgroups of (G,*) such that KAG , (H * K,*) is
subgroup of (G,*), KA(H « K) and (H N K) AH. Then

(H*K/K,®)=(H/HNK,Q).
Proof. Since KA(H * K) ,then (H * K/K,®) is a group.
And since (HN K) AH,then (H/H N K,®) is agroup.
Define f: (H * K,*) - (H/H Nn K,®) such that
flaxb)=a*x(HNK) Va€HbeK

f ismap.?

Let axb=cx*d suchthat a,c € H,b,d €K

>clxa=d=*b!

Sclxa€H A clxa€K

sclxa€eHNK

>c*x(HNK)=ax(HNK)

= f(c*d) = f(axb)

=~ f1s map.
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f isonto ?
Rr={f(axb):VaeH}={ax(HNK):Ya€e H} =H/HNK
~ f isonto
f is homo. ?
fllaxb) * (c*d)] = fl(a*(c*c™) *b) = (c*d)]
= fl(a*c)*(c b *c) *d]
Sincec€G A b €K A KAG,then(c™t+xbxc) EK
Let(c'*bxc)=rekK
“fllaxb) = (c*d)] = fl(axc)* (r=d)]
=(axc)*(HNK)
= [ax (HNK)]®[c* (HNK)]
= fla*b)®f (c *d)
« f is homo.

By the first theorem of isomo.
= (H *K/kerf,®) = (H/HNK,®).
kerf ={axb € Hx*K:f(a*xb) =HnNK)
={axb€EH+*K:a*xHNK =HNK}
={a*b€Hx+K:a€ HNK}
={a*b€H*K:a€H Aa €K}

={a*beEH+*K:a€k NbEK}=K
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~ (H+*K/K,®)= (H/HNK,Q).

The third theorem of isomorphism:

Let (H,*) and (K,*) be two normal subgroups of (G,*) such that H € K,
then

(1) HAK,
(2) (K/H,®)A(G/H,®)

3) (G/H/K/H'®) = (G/K,®).
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